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PREFACE. 


IT  is  a  remarkable  fad  in  the  hiftory  of  fcience, 
that  the  oldeft  book  of  Elementary  Geometry 
is  ftill  confidered  as  the  beft,  and  that  the  wri- 
tings of  Euclid,  at  the  diftance  of  two  thoufand 
years,  continue  to  form  the  mod  approved  intro- 
duction to  the  mathematical  fciences.  This  pe- 
culiar diftindtion  the  Greek  geometer  owes  to 
the  elegance  and  corre&nefs  of  his  demonftrations, 
added  to  an  arrangement  moil  happily  contrived 
for  the  purpofesof  inftrudlion  ;  advantages  which, 
when  they  reach  a  certain  eminence,  fecure  the 
works  of  an  author  from  being  forgotten,  more 
effectually  than  even  originality  of  invention.  In 
paffing,  however,  through  the  hands  of  the  an- 
cient editors,  during  the  decline  of  fcience,  the 
excellence  of  his  writings  had  been  confiderably 
obfeured,  and  much  fkilland  learning  have  been 
employed  by  the  modern  mathematicians  to  deli- 
ver them  from  blemifhes,  with  which,  it  is  certain, 
that  they  were  not  originally  marked.  Of  thefe 
a  2  mathematicians, 
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mathematicians,  Dr  Simson,  as  he  may  be  ac- 
counted the  laft,  has  alfo  been  the  mod  fuccefsful, 
and  has  left  very  little  room  for  the  ingenuity  of 
future  editors  to  be  exercifed  in,  either  by  amend- 
ing the  text  of  Euclid,  or  by  improving  the 
jtranflations"  from  it. 

Such  being  the  merits  of  Dr  Simson's  edition, 
and  the  reception  it  has  met  with  having  been, 
every  way  fuited  to  them,  the  work  now  offered 
to  the  public  will  perhaps  appear  unnecefiary. 
And  indeed,  if  that  geometer,  had  written  with 
a  view  of  accommodating  the  Elements  of  Eu- 
clid to  the  prefent  ftate  of  the  mathemati- 
cal fciences,  it  is  not  likely  that  any  thing  new 
in  Elementary  Geometry  would  have  been  foon 
attempted.  But  his  defign  was  different ;  it 
was  his  objed  to  reftore  the  writings  of  Eu- 
clid to  their  original  perfection,  and  to  give  them 
to  modern  Europe  as  nearly  as  poflible  in  the 
ftate  wherein  they  made  their  firft  appearance  in 
ancient  Greece.  For  this  undertaking  no  body 
could  be  better  qualified  than  Dr  Simson  ;  who, 
to  an  accurate  knowledge  of  the  learned  languages, 
and  a  moft  indefatigable  fpirit  of  refearch,  added 
a  profound  ikill  in  the  ancient  Geometry,  and  an 
admiration  of  it  almoft  enthufiaftic.  According- 
ly, he  not  only  reftored  the  text  of  Euclid  where- 
ever  it  had  been  corrupted,  but  in  fome  cafes 
removed   imperfections    that  probably  belonged 
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to  the  original  work  ;  though  his  extreme  par- 
tiality for  his  author  never  permitted  him  to 
fuppofe,  that  this  was  an  honour  that  could  fall 
to  the  fhare  either  of  himfelf^  or  of  any  other  of 
the  moderns. 

But,  after  all  this  was  accorripliihed,  fomething 
ftill  remained  to  be  done,  fince,  notwithstanding 
the  acknowledged  excellence  of  Euclid's  Ele- 
ments, it  could  not  be  doubted,  that  fome  altera- 
tions might  be  made  upon  them,  that  would  ac- 
commodate them  better  to  a  ftate  of  the  rnathe* 
matical  fciences,  fo  much  more  improved  and 
extended  than  at  any  former  period.  This  ac- 
cordingly is  the  objeft  of  the  edition  now  of- 
fered to  the  public,  which  is  intended  not  fo  much 
to  give  to  the  writings  of  Euclid  the  form  which 
they  originally  had,  as  that  which  may  at  prefent 
render  them  moil  ufeful. 

One  of  the  alterations  that  has  been  made  with 
this  view,  refpe&sthe  Do&rine  of  Proportion,  the 
method  of  treating  which,  as  it  is  laid  down  in 
the  fifth  of  Euclid,  has  great  advantages,  accom- 
panied with  confiderable  defeats  ;  of  which,  how- 
ever, it  muft  be  obferved,  that  the  advantages 
are  eflential  to  it,  and  the  defeds  only  accidental. 
To  explain  the  nature  of  the  former,  requires  a 
more  minute  examination  than  is  fuited  to  this 
place,  and  which  muft,  therefore,  be  referved  for 
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the  notes;  and,  in  the  mean  time,  it  may  be  fuf- 
ficient  to  remark, .that  no  definition  of  proportion- 
als, except  that  of  Euclid,  has  ever  been  givcp, 
from  which  their  properties  can  be  deduced  by 
reafonings,  which,  at  the  fame  time  that  they  are 
perfectly  rigorous,  are  alfo  fimple  and  direft. 
As  to  the  defe&s,  on  the  other  hand,  the  prolix- 
nefs  and  obfcurity,  that  have  fo  often  been  com- 
plained of  in  this  book,  they  feem  to  arife  entire- 
ly from  the  nature  of  the  language ;  for,  in 
mathematics,  common  language  can  feldom  be 
applied,  without  much  tedioufnefs  and  circum- 
locution, in  reafoning  about  the  relations  of  fuch 
things  as  cannot  be  reprefented  by  means  of  dia- 
grams, which  happens  here,  where  the  fubjedt 
treated  of  is  magnitude  in  general.  It  is  plain, 
therefore,  that  the  concife  language  of  Algebra 
is  dire&ly  calculated  to  remedy  this  inconveni- 
ence ;  and  fuch  a  one  I  have,  accordingly,  endea- 
voured to  introduce,  in  the  fimpleft  form,  and 
without  changing  at  all  the  nature  of  the  reafon- 
ing, or  departing  in  any  thing  from  the  rigour  of 
geometrical  demonftration.  By  this  contrivance 
the  fteps  of  the  reafoning  which  were  before  fa 
far  feparated,  are  brought  near  to  one  another, 
and  the  force  of  the  whole  is  fo  clearly  and  di- 
reclly  perceived,  that  I  am  perfuadedno  more  dif- 
ficulty will  be  found  in  underftanding  the  pro- 
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pofitions  of  the  fifth  Book,   than  of  any  other  of 
the  Elements. 

A  few  changes  have  alfo  been  made  in  the 
enunciations  of  this  book,  chiefly  in  thofe  of  the 
fubfidiary  propofitions  which  Euclid  introduced 
for  the  fake  of  the  reft  ;  they  are  exprefled  here 
in  the  manner  that  feemed  beft  adapted  to  the 
new  notation. 

The  alterations  above  mentioned  are  the  moil 
material  that  have  been  attempted  on  the  books  of 
Euclid:  There  are,  however,  a  few  others,  which, 
though  lefs  confiderable,  it  is  hoped,  may  in  forne 
degree  facilitate  the  underftanding  of  them.  Such 
are  thofe  made  on  the  definitions  in  the  firftBook, 
and  particularly  on  that  of  a  ftraight  line.  A 
new  Axiom  is  alfo  introduced  in  the  room  of  the 
12th,  for  the  purpofe  of  demonftrating  more  eafi- 
ly  fome  of  the  properties  of  parallel  lines.  In 
the  third  Book,  the  remarks  concerning  the  angles 
made  by  a  ftraight  line,  and  the  circumference 
of  a  circle,,  are  left  out,  as  tending  to  perplex  one 
who  has  advanced  no  farther  than  the  elements 
of  the  fcience.  The  27th,  28th  and  29th  of  the 
6th  are  changed  for  eafier  and  more  fimple  pro- 
pofitions, which  do  not  materially  differ  from 
them,  and  which  anfwer  exa&ly  the  fame  pur- 
pofe. Some  propofitions  alfo  have  been  addled; 
but,  for  a  fuller  detail  concerning  thefe  changes, 
a  4  I 
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I  ffluft  refer  to  the  notes,  in  which  feveral  of  the 
more  difficult,  or  more  interefting  fubje&s  of  Ele- 
mentary Geometry  are  treated  at  confiderable 
length. 

Thus  much  for  the  part  of  the  Elements  that 
treats  of  Plane  Figures.  With  refpedl  to  the  Geo- 
metry of  Solids,  I  have  departed  from  Euclid  al- 
together, with  a  view  of  rendering  it  both  fhort- 
er  and  more  comprehenlive.  This,  however,  is 
not  attempted  by  introducing  a  mode  of  reafon- 
ing  loofer  or  lefs  rigorous  than  that  of  the  Greek 
geometer ;  for  this  would  be  to  pay  too  dear  even 
for  the  time  that  might  thereby  be  faved  \  but  it 
is  done  chiefly  by  laying  afide  a  certain  rule, 
which,  though  it  be  not  eflential  to  the  accuracy 
of  demonftration,  Euclid  has  thought  it  proper^ 
as  much  as  poffible,  to  obferve. 

The  rule  referred  to,  is  one  which  regulates  the 
arrangement  of  Euclid's  proportions  through 
the  whole  of  the  Elements,  viz.  That  in  the 
demonftration  of  a  theorem  he  never  fuppofes 
any  thing  to  be  done,  as  any  line  to  be  drawn,  or 
any  figure  to  be  conftru&ed,  the  manner  of  do- 
ing which  he  has  not  previoufly  explained.  Nowy 
the  only  ufe  of  this  rule  is  to  prevent  the  admif- 
fion  of  impoffible  or  contradictory  fuppofitions, 
whijh  no  doubt  might  lead  into  error  ;  and  it 
is  a  rule  well  calculated  to  anfwer  that  end  ;    as-. 
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it  does  not  allow  the  exiftence  of  any  thing  to  be 
fuppofed,  unlefs  the  thing  itfelf  be  a&ually  ex- 
hibited.    But  it  is  not  always  neceffary  to  make 
ufe  of  this   defence,   for  the  exiftence  of  many 
things  is  obvioufly  poffibie,  and   far  enough  from 
implying  a  contradi&ion,   where  the  method    of 
actually  exhibiting  them   may  be  altogether  un- 
known.    Thus,  it  is  plain,  that  on  any  given  fi- 
gure as  a  bafe,  a  folid  may  be  conftituted,  or  con- 
ceived to  exift,  equal  to  a  given  folid,  (becaufe  a 
folid,  whatever  be  its  bafe,  as   its  height  may  be 
indefinitely  varied,  is  capable   of  all  degrees  of 
magnitude,  from  nothing  upwards),  and  yet,   it 
may  in  many  cafes  be  a  problem  of  extreme  dif- 
ficulty to  affign  the  height  of  fuch  a  folid,  and 
actually  to  exhibit   it.     Now,   this  very  fuppofi- 
tion    is    one    of   thofe,    by  the    introdu&ion    of 
which,    the   Geometry  of  Solids  is  much  fhort- 
ened,  while  all  the  real  accuracy  of  the  de-ipon- 
.ftrations  is  preferved  ;  and   therefore,   to  follow, 
as  Euclid  has  done,  the  rule  that  excludes  this, 
and  fuch   like  hypothefes,   is  to  create   artificial 
difficulties,  and  to  embarrafs  geometrical  inveftiga- 
tion  with  more  obftacles  than  the  nature  of  things 
has  thrown  in  its   way.     It  is  a  rule,  too,  which 
cannot  always  be  followed,  and  from  which  even 
Euclid  himfelf  has  been  forced   tp    depart,    in 
more  than  one  inftance. 

In  the  two  Books,  therefore,  on  the   Properties 
of  Solids,  that  I  now  offer  to  the  public,  though 
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I  have  followed  Euclid  very  clofely  in  the  Ampler 
parts,  I  have  no  where  fought  to  fubjedl  the  de- 
monftrations  to  fuch  a  law  as  the  foregoing,  and 
have  never  hefitated  to  admit  the  exiftence  of  fuch 
folids,or  fuch  lines  as  are  evidently  poflible,  though 
the  manner  of  actually  defcribing  them  may  not 
have  been  explained.  In  this  way  alfo,  I  have  been 
enabled  to  offer  that  very  refined  artifice  in  geo- 
metrical reafoning,  to  which  we  give  the  name  of 
the  Method  of  Exhauftions,  under  a  muclr  Ampler 
form  than  it  appears  in  the  12th  of  Euclid; 
and  the  fpirit  of  it  may,  I  think,  be  beft  learned 
when  it  is  difengaged  from  every  thing  not  ef- 
fential  to  it.  That  this  method  may  be  the  bet- 
ter underftood,  and  becaufe  the  demonftrations 
that  require  it  are,  no  doubt,  the  moft  difficult  in 
the  Elements,  they  are  all  conduded  as  nearly  as 
poflible  in  the  fame  way  through  the  different  fo- 
lids,  from  the  pyramid  to  the  fphere.  The  com- 
parifon  of  this  laft  folid  with  the  cylinder  con- 
cludes the  eight  Book,  and  is  a  propofition  that 
may  not  improperly  be  confidered  as  terminating 
the  elementary  part  of  Geometry. 

In  the  beginning  of  the  Book  juft  mentioned, 
I  have  treated  pretty  fully  of  the  rectification 
and  quadrature  of  the  Circle,  fubjedts  that  are  of- 
ten omitted  altogether  in  works  of  this  kind.  The}" 
are  omitted,  however,  as  I  conceive,  without  any 
good  reafon,  becaufe,  to  meafure  the  length  of 
the   fmipleft  of  all  the  curves  which   Geometry 
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treats  of,  and  the  fpace  contained  within  it,  are 
problems  that  certainly  belong  to  the  elements 
of  the  fcience,  efpecially  as  they  are  not  more 
difficult  than  other  propofitions  where  the  method 
of  exhauitions  is  employed.  When  I  fpeak  of 
the  rectification  of  the  circle,  or  of  meafuring  the 
length  of  the  circumference,  I  mult  not  be  fup- 
pofed  to  mean,  that  a  ftraight  line  is  to  be  made 
equal  to  the  circumference  exactly,  a  problem 
which,  as  is  well  known,  Geometry  has  never  been 
able  to  refolve  :  All  that  is  propofed  is,  to  deter- 
mine two  ftraight  lines  that  differ  very  little  from 
one  another,  not  more,  for  inftance,  than  the  four 
hundred  and  ninety-feventh  part  of  the  diameter 
of  the  circle,  and  of  which  the  one  is  demonftrated 
to  be  greater  than  the  circumference  of  that 
circle,  and  the  other  to  be  lefs.  In  the  fame  man- 
ner, the  quadrature  of  the  circle  is  performed 
only  by  approximation,  or  by  finding  two  rect- 
angles, nearly  equal  to  one  another,  the  one  of 
them  greater,  and  the  other  lefs  than  the  fpace 
contained  within  the  circle. 

The  Data  of  Euclid  has  been  annexed  to  fe- 
veral  editions  of  the  Elements,  and  particularly  to 
Dr  Simson's,  but  in  this  it  is  omitted  altogether. 
It  is  omitted,  however,  not  from  any  opinion  of  its 
being  in  itfelf  ufelefs,  but  becaufe  it  does  not  be- 
long to  this  place,  and  is  not  often  read  by  begin- 
ners. It  contains*the  rudiments  of  what  is  properly 
i  called 
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called  the  Geometrical  Analyfis,  and  has  itfelf  an 
analytical  form  ;  and,  for  thefe  reafons,  1  would 
willingly  referve  it,  or  rather  a  compend  of  it, 
for  a  work  on  that  analyfis,  which  I  have  long 
meditated. 

Plane  and  Spherical  Trigonometry,  on  the 
other  hand,  make  a  part  of  this  volume,  becaufe, 
in  every  courfe  of  mathematical  ftudies,  that  is  di- 
rected toward  ufefulpurpofes,  thefe  two  branches 
neceflarily  come  after  the  Elements.  In  ex- 
plaining the  elements  of  fuch  fciences,  there  is- 
not  much  new  that  can  be  attempted,  or  that  will 
be  expe&ed  by  the  intelligent  reader.  Except, 
perhaps,  fome  new  demonftrations,  and  fome 
changes  in  the  arrangement,  thefe  two  treatifes 
have,  accordingly,  no  novelty  to  boaft  of.  The 
Plane  Trigonometry,  though  pretty  full,  is  fo  di- 
vided, that  the  part  of  it  that  is  barely  fufficient 
for  the  refolution  of  Triangles,  may  be  eafily 
taught  by  itfelf.  In  a  fcholium  the  method  of  can- 
ftructing  the  trigonometrical  Tables  is  explained, 
and  a  demonftration  is  added  of  the  properties 
of  the  fines  and  co-fines  of  the  fums  and  differ- 
ences of  arches,  which  are  the  foundation  of  thofe 
new  applications  of  Trigonometry  that  have  been 
introduced  with  fo  much  advantage  into  the  high- 
er Geometry. 
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In  the  Spherical  Trigonometry,  the  rules  for 
preventing  the  ambiguity  of  the  folutions,  where- 
ever  it  can  be  prevented,  have  been  particularly 
attended  to  ;  and  I  have  availed  myfelf  as  much 
as  poffible  of  th  t  excellent  abftrad  of  the  rules 
of  this  fcience,  which  Dr  Maskelyne  has  pre- 
fixed to  the  new  tables  of  Logarithms. 

It  has  been  objected  to  many  of  the  writers 
on  Elementary  Geometry,  and  particularly  to 
Euclid,  that  they  have  been  at  great  pains  to 
prove  the  truth  of  many  fimple  propofitions, 
which  every  body  is  ready  to  admit,  without  any 
demonftration,  and  thus  take  up  the  time,  and 
fatigue  the  attention  of  the  fludent,  to  no  purpofe. 
To  this  objedion  alfo,  if  there  be  any  force  in  it, 
the  prefent  treatife  is  certainly  as  much  expo- 
fed  as  any  other,  for,  of  all  the  alterations  that 
may  be  made  in  the  Elements,  the  laft  1  fhould 
think  of,  is  to  confider  anything  as  felf-evident 
that  admits  of  demonftration.  Indeed,  thofe  who 
make  the  objection  juft  ftated,  do  not  feein  to 
have  refle&ed  fufficiently  on  the  end  of  Mathejna- 
tical  Demonftration,  which  is  not  only  to  prove 
the  truth  of  a  certain  proportion,  but  to  fhew 
itsiieceflary  connedion  with  other  propofitions, 
and  its  dependence  on  them.  The  truths  of 
Geometry  are  all  neceffarily  connected  with  one 
another,  and  the  fyftem  of  fuch  truths  can  never 

be 
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be  rightly  explained,  unlefs  that  connexion  be 
accurately  traced,  wherever  it  exifts.  It  is  upon 
this  that  the  beauty  and  peculiar  excellence  of 
the  mathematical  fciences  depend  \  it  is  this  that 
prevents  any  one  truth  from  being  lingle  and  in- 
fulated,  and  conne&s  the  different  parts  fo  firm- 
ly, that  they  muft  all  ftand,  or  all  fall  together. 
The  demonftration,  therefore,  even  of  an  obvious 
propofition,  anfwers  the  purpofe  of  connecting 
that  propofition  with  others,  and  afcertaining  its 
place  in  the  general  fyftem  of  mathematical  truth. 
If,  for  example,  it  be  alleged,  that  it  is  needlefs 
to  demonftrate  that  any  two  fides  of  a  triangle  are 
greater  than  the  third  ;  it  may  be  replied,  that  this 
is  no  doubt  a  truth,  which,  without  prcuf,  mod 
men  will  be  inclined  to  admit  j  but,  are  we  for 
that  reafon  to  account  it  of  no  confequence  to 
know  what  the  propofitions  are,  which  would  ceafe 
to  be  true  if  this  propofition  were  fuppofed  to  be 
fai  le?  Is  it  not  ufeful  to  know,  that  unlefs  it  be  true, 
that  any  two  fides  of  a  triangle  are  greater  than 
the  tbird,  neither  could  it  be  true,  that  the  great- 
er fide  of  every  triangle  is  oppofite  to  the  greater 
angle,  nor  that  the  equal  fides  are  oppofite  to  equal 
angles,  nor,  laflly,  that  things  equal  to  the  fame 
thing  are  equal  to  one  another  ?  By  a  fcientific 
mind  this  information  will  not  be  thought  lightly 
of;  and  it  is  exadly  that  which  we  receive  from 
Euclid's   demonftration. 
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To  all  this  it  may  be  added,  that  the  mind, 
efpecially  when  beginning  to  ftudy  the  art  of 
reasoning,  cannot  be  employed  to  greater  ad- 
vantage than  in  analyfing  thofe  judgments, 
which,  though  they  appear  fimple,  are  in  rea- 
lity complex,  and  capable  of  being  diftinguifh- 
ed  into  parts.  No  progrefs  in  afcending  higher 
can  be  expeded  till  a  regular  habit  of  demon- 
ft  ration  is  thus  acquired  j  and  I  ftiould  great- 
ly fufped,  that  he  who  has  declined  the  trouble 
of  tracing  the  connedion  between  the  propo- 
lition  already  quoted,  and  thofe  that  are  be- 
low it,  would  never  be  very  expert  in  tracing  its 
connedion  with  thofe  that  are  above  it ;  and  that, 
as  he  had  not  been  careful  in  laying  the  founda- 
tion, he  would  never  be  fuccefsful  in  railing  the 
fuperftrudure. 

College  of  Edinhu^gh, 
Oft.  21.  1795. 
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DEFINITIONS. 

I. 

Point  is  that  which  has  pofition,  but  not  magni-  See  Note*, 
tude." 

II. 

i  line  is  length  without  breadth. 

Corollary.    The  extremities  of  a  line  are  points-,    and 
"  the  interfe&ions  of  one  line  with  another  are  alfo  points.'* 

HI. 

Lines  which  cannot  coincide  in  two  points,  without  coin- 
"  ciding  altogether,  are  called  ftraight  lines. 
Cor.  Hence  two  ftraight  lines  cannot  inclofe  a  fpace.  Nei- 
"  ther  can  two  ftraight  lines  have  a  common  fcgment ; 
"  that  is,  they  cannot  coincide  in  part,  without  coinciding 
"  altogether." 

IV. 

l  fuperficies  is  that  which  hath  only  length  and  breadth. 

Cor.  The  extremities  of  a  fuperficies  are  lines  ;  and  the 
•  f  interferons  of  one  fuperficies  with  another  are  ^lfo  lines." 

B  V. 


ELEMENTS 


Book  r.  V. 

~  ¥  A  plane  fuperficies  is  that  in  which  any  two  points  being  ta- 
ken, the  ftraight  line  between  them  lies  wholly  in  that  fu- 
perficies. 

VI. 

A  plane  rectilineal  angle  is  the  inclination  of  two  ftraight 
lines  to  one  another,  which  meet  together,  but  are  not  in 
the  fame  ftraight  line. 


E 

N.  B.  '  When  feveral  angles  are  at  one  point  B,  any  one 
1  of  them  is  expreffed  by  three  letters,  of  which  the  letter 
c  that  is  at  the  vertex  of  the  angle,  that  is,  at  the  point  in 
1  which  the  ftraight  lines  that  contain  the  angle  meet  one  an- 

*  other,  is  put  between  the  other  two  letters,  and  one  of  thefe 

*  two  is  fomewhere  upon  one  of  thofe  ftraight  lines,  and  the 

*  other  upon   the  other  line  :  Thus   the  angle  which  is  con- 

*  tained  by  the  ftraight  lines  AB,  CB,  is  named  the  angle 
6  ABC,  or  CBA  ;  that  which  is  contained  by  AB,  BD  is 
4  named  the  a  gle  ABD,  or  DBA  -,  and  that  which  is  con- 

*  tained  by  BD,  CB  is  called  the  angle  DBC,  or  CBD  •,  but, 
1  if  there  be  only  one  angle  at  a  point,  it  may  be  expreffed 
i  by  a  letter  placed  at  that  point j  as  the  angle  at  E.' 

VIL' 
When  a  ftraight  line  ftanding  on  an- 
other ftraight  line  makes  the  adja- 
cent angles  equal  to  one  another, 
each  of  the  angles  is  called  a  right 
angle  *,  and  the  ftraight  line  which 
ftands  o  i  the  other  is  called  a  per- 
pendicular to  it. 
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An  obtufe  angle  is  that  which  is  greater  than  a  right  angle. 


Book  I. 


IX. 

An  acute  angle  is  that  which  is  lels  than  a  right  angle. 

X. 
A  figure  is  that  which  is  inclofed  by  one  or  more  boundaries. 

XL 

A  circle  is  a  plane  figure  contained  by  one  line,  which  is 
called  the  circumference,  and  is  fuch  that  all  ftraight  lines 
drawn  from  a  certain  point  within  the  figure  to  the  circum- 
ference, are  equal  to  one  another. 


XII. 

A.nd  this  point  is  called  the  centre  of  the  circle. 

XIII. 

A.  diameter  of  a  circle  is  a  ftraight  line  drawn  through  the 
centre,  and  terminated  both  ways  by  the  circumference. 

XIV. 

k  femicircle  is  the  figure  contained  by  a  diameter  and  the 
part  of  the  circumference  cut  oiF  by  the  diameter. 

B2  XV\ 
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XV, 

Re&ilineal  figures  are  thofe  which  are  contained  by  ftraight 
lines. 

xyi. 

/Trilateral  figures,  or  triangles,  by  three  ftraight  lines. 

XVII. 

Quadrilateral,  by  four  ftraight  lines. 

XVIII. 

Multilateral  figures,  or  polygons,  by  more  than,  four  ftraigh| 
lines. 

XIX. 

Of  three  fided  figures,  an  equilateral  triangle  is  that  which 
has  three  equal  fides. 

XX. 

An  ifofceles  triangle  is  that  which  has  only  two  fides  $ qual. 


XXL 

A  fcalene  triangle,  is  that  which  has  three  unequal  fides* 

XXII. 

A  right  angled  triangle,  is  that  which  has  a  right  angle. 

XXIII. 

An  obtufe  angled  triangle,  is  that  which  has  an  obufe  angle. 


xxiv. 
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XXIV.  t  ^1^ 

An  acute  angled  triangle,  is  that  which  has  three  acute  angles. 

XXV 

Of  four  fided  figures,  a  fquare  is  that  which  has  all  its  fides 
equal,  and  all  its  angles  right  angles,     .  ' 


XXVI. 

An  oblong,  is  that  which  has  all  its  anglfes  right  angles,  btfC 
has  not  all  its  fides  equal. 

xxvii! 

A  rhombus,  is  that  which  has  all  its  fides  equal,  but  its  angles 
are  not  right  angles. 


XXVIII. 

A  rhomboid,  is  that  which  has  its  oppofite  fides  equal  to  one 
another,  but  all  its  fides  ate  not  equal,  nor  its  angles  right 
angles. 

XXIX. 

All  other  four  fided  figures  befides  thefe,  are  called  Tra- 
peziums. 

XXX, 
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fr       v    ,       9 

Parallel  ftraight  lines,  are  fuch  as  are  in  the  fame  plane,  anef 
which,  being  produced  ever  fo  far  both  ways,  do  not  meet. 


L 


POSTULATES. 

L 

ET  it  be  granted  that  a  ftraight  line  may  be  drawn  from 
any  one  point  to  any  other  point. 

II. 

That  a  terminated  ftraight  line  may  be  produced  to  any  length 
in  a  ftraight  line. 

III. 

And  that  a  circle  may  be  defcribed  from  any  centre,  at  any 
diftance  from  that  centre. 

AXIOMS. 

i. 

THINGS  which  are  equal  to  the  fame  thing  are  equal 
to  one  another. 

II. 

If  equals  be  added  to  equals,  the  wholes  are  equal. 

HI. 

If  equals  be  taken  from  equals,  the  remainders  are  equal. 

IV. 

If  equals  be  added  to  unequals,  the  wholes  are  unequal. 

V. 

If  equals  be  taken  from  unequals,  the  remainders  are  unequal 

i  VI 
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Things  which  are  double  of  the  fame,  are  equal  to  one  another, 

VII. 

Things  which  are  halves  of  the  fame,  are  equal  to  one  another. 

VIII. 

Magnitudes  which  coincide  with  one  another,  that  is,  which 
exactly  fill  the  fame  fpace,  are  equal  to  one  another. 

IX. 

The  whole  is  greater  than  its  part. 

X. 

All  right  angles  are  equal  to  one  another. 

XI. 

"  Two  ftraight  lines  cannot  be  drawn  through  the  fame  point, 
11  parallel  to  the  fame  ftraight  line,  without  coinciding  with 
"  one  another. 
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PROPOSITION  I.    PROBLEM. 

"^O  defcribe  an  equilateral  triangle  upon  a  given 
finite  ftraight  line. 

Let  AB  be  the  given  ftraight  line  ;  it  is  required  to  defcrib^ 
ah  equilateral  triangle  upon  it. 

From  the  centre  A,  at 
the  diftance  AB,  de- 
fcribe3 the  circle  BCD, 
and  from  the  centre  B,  at 
the  diftance  BA,  defcribe 
the  circle  ACE ;  and 
from  the  point  C,  in 
which  the  circles  cut  one 
another,  draw  the  ftraight 
lines  b  C  A,  CB  to  the 
points  A,  B  :  ABC  mail 
be  an  equilateral  triangle. 

Becaufe  the  point  A  is  the  centre  of  the  circle  BCD,  AC 
is  equal  c  to  AB;  and  becaufe  the  point  B  is  the  centre  of  the 
circle  ACE,  BC  is  equal  to  B  A  :  But  it  has  been  proved  that 
CA  is  equal  to  AB  \  therefore  CA,  CB  are  each  of  them 
equal  to  AB  ;  but  things  which  are  equal  to  the  fame  are 
equal  to  one  another  &\  therefore  CA  is  equal  to  CB;  where- 
fore CA,  AB,  BC  are  equal  to  one  another  ;  and  the  triangle 
ABC  is  therefore  equilateral,  and  it  is  defcribed  upon  the  gi- 
ven ftraight  line  AB.     Which  was  required  to  be  done. 


PROP.    II.      PR  OB. 


F 


>ROM  a  given  point  to  draw  a  ftraight  line  equal 
to  a  given  ftraight  line. 


Let  A  be  the  given  point,  and  BC  the  given  ftraight  line  ; 
it  is  required  to  draw  from  the  point  A  a  ftraight  line  equal 
t%  BC.  0 


From 
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From  the  point  A  to  B  draw  a 
the  ftraight  line  AB  ;  and  upon  it 
defcribe  b  the  equilateral  triangle 
DAB,  and  produce  c  the  ftraight 
lines  DA,  DB,  to  E  and  F  y  from 
the  centre  B,  at  the  diftance  BC, 
defcribe  d  the  circle  CGH,  and 
from  the  centre  D,  at  the  diftance 
DG,  defcribe  the  circle  GKL. 
AL  fliall  be  equal  to  BC. 

Becaufe  the  point  B  is  the  centre 
of  the  circle  CGH,  BC  is  equal  « 
to  BG;    and  becaufe  D  is   the 

centre  of  the  circle  GKL,  DL  is  equal  to  DG,  and  DA,  DB, 
parts  of  them,  are  equal ;  therefore  the  remainder  AL  is  equal 
te  the  remainder  f  BG :  But  it  has  been  ftiewn,  that  BC  is 
equal  to  BG;  wherefore  AL  and  BC  are  each  of  them  equal 
to  BG ;  and  things  that  are  equal  to  the  fame  are  equal  to  one 
another ;  therefore  the  ftraight  line  AL  is  equal  to  BC. 
Wherefore  from  the  given  point  A  a  ftraight  line  AL  has 
been  drawn  equal  to  the  given  ftraight  line  BC.  Which  was 
to  be  done. 
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PROP.    III.      PR  OB. 

'ROM  the  greater  of  two  given  ftraight  lines  t@ 
cut  off  a  part  equal  to  the  lefs. 

Let  AB  and  C  be  the  two  gi- 
ven ftraight  lines,  whereof  AB 
is  the  greater.  It  is  required  to 
cut  off  from  \B,  the  greater,  a 
part  equal  to  C,  the  lefs. 

From  the  point  A  draw  *  the 
ftraight  line  AD  equal  to  C  ; 
and  from  the  centre  A,  and  at; 
the  diftance  AD,  defcribe  b  the 
circle  DEF  \  and  becaufe  A  is 
the  centre  cf  the  circle  DEF,  AE  fliall  be  equal  to  AD  ;  but 
the  ftraight  line  C  is  likewife  equal  to  AD  ;  whence  AE 
and  C  are  each  of  them  equal  to  AD  ;  wherefore  the 
ftraight  line  AE  is  equal  toe  C,  and  from  AB,  the  greater 
of  two  ftraight  lines,  a  part  AE  has  been  cut  off  equal  to  C 
the  lefs.     Which  was  to  be  done. 

*  PROP, 
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Booki.  PROP.    IV.      THEOREM. 

IF  two  triangles  have  two  fides  of  the  one  equal  to 
two  fides  of  the  other,  each  to  each  ;  and  have 
likewife  the  angles  contained  by  thofe  fides  equal  to 
one  another;  their  bafes,  or  third Jides,  fhall  be 
equal ;  and  the  two  triangles  fhall  be  equal ;  and 
their  other  angles  fhall  be  equal,  each  to  each,  viz. 
thofe  to  which  the  equal  fides  are  oppofite. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides 

AB,  AC  equal  to  the  two  fides  DE,  DF,  each  to  each,  viz. 

ABtoDE,  and  AC         A  D 

to  DF  ;  and  the  angle 

BAC    equal    to   the 

angle  EDF,  the  bafe 

BC  fhall  be  equal  to 

the  bafe  EF  ;  and  the 

triangle  ABC  to  the 

triangle  D  EF ;    and 

the  other  angles,  to  B  C    I  "E  ~^ 

which  the  equal  fides  are  oppofite,  fhall  be  equal,  each  to  each, 
viz.  the  angle  ABC  to  the  angle  DEF,  and  the  angle  ACB 
to  DFE. 

For,  if  the  triangle  ABC  be  applied  to  the  triangle  DEF, 
fo  that  the  point  A  may  be  on  D,  and  the  flrSight  line  AB 
upon  DE  *,  the  point  B  fhall  coincide  with  the  point  E, 
becaufe  AB  is  equal  to  DE  ;  and  AB  coinciding  with  DE, 
AC  fhall  coincide  with  DF,  becaufe  the  angle  BAG  is  equal  to 
the  angle  EDF ;  wherefore  alfo  the  point  C  fhall  coincide  with 
the  point  F,  becaufe  AC  is  equal  to  DF :  But  the  point  B 
coincides  with  the  point  E ;  wherefore  the  bafe  BC  fhall  co- 
st cof.def  3.  incide  with  the  bafe  EF  a,  and  fhall  be  equal  to  it.  Therefore 
alfo  the  whole  triangle  ABC  fhall  coincide  with  the  whole 
triangle  DEF,  and  be  equal  to  it ;  and  the  remaining  angles 
of  the  one  fhall  coincide  with  the  remaining  angles  of  the  other, 
and  be  equal  to  them,  viz.  the  angle  ABC  to  the  angle  DEF, 
and  the  angle  ACB  to  the  angle  DFE.  Therefore,  if  two  tri- 
angles have  two  fides  of  the  one  equal  to  two  fides  of  the 
other  each  to  each,  and  have  likewife  the  angles  contained  by 
thofe  fides  equal  to  one  another,  their  bafes  fhall  be  equal,  and 

the 
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the  triangles  fliall  be  equal,  and  their  other  angles,  to  which  Bookl. 
the  equal   fides  are    oppofite,  lhall  be  equal,  each  to  each. 
Which  was  to  be  demo$fl:rated. 


PROP.    V.      THE  OR. 

THE  angles  at  the  bafe  of  an  Ifofceles  triangle 
are  equal  to  one  another ;  and,  if  the  equal 
fides  be  produced,  the  angles  upon  the  other  lide  of 
the  bafe  lhall  alfo  be  equal. 

Let  ABC  be  an  ifofceles  triangle,  of  which  the  fide  AB  is 
equal  to  AC,  and  let  the  ftraight  lines  AB,  AC  be  produced 
to  D  and  E,  the  angle  ABC  fliall  be  equal  to  the  angle  ACB, 
and  the  angle  CBD  to  the  angle  BCE. 

In  BD  take  any  point  F,  and  from  AE  the  greater  cut  off 
AG  equal  a  to  AF,  the  lefs,  and  join  FC,  GB. 

Becaufe  AF  is  equal  to  AG,  and  AB  to  AC,  the  two  fides 
FA,  AC  are  equal  to  the  two  GA*  AB,  each  to  each  \  and 
they  coptam  the  angle  FAG 
common  to  the  two  triangles, 
AFC,  AGB ;  therefore  the 
bafe  FC  is  equal  b  to  the  bafe 
GB,  and  the  triangle  AFC  to 
the  triangle  AGB  ;  and  the  re- 
maining angles  of  the  one  are 
equal  t>  to  the  remaining  an- 
gles of  the  other,  each  to  each, 
to  which  the  equal  fides  are  op- 
pofite, viz.  the  angle  ACF  to 
the  angle  ABG,  and  ^he  angle 
AFC  to  the  angle  AGB  :  And 
becaufe  the  whole  AF  is  equal  to  the  whole  AG,  and  the 
part  A.B  to  the  part  AC  ;  the  remainder  BF  mail  be  e- 
qual  c  to  the  remainder  CG  ;  and  FC  was  proved  to  be  equal 
to  GB,  therefore  the  two  fides  BF,  FC  are  equal  to  the  two 
CG,  GB,  each  to  each ;  but  the  angle  BFC  is  equal  to  the 
angle  CGB  ;  wherefore  the  triangles  BFC,  CGB  are  equal  b, 
and  their  remaining  angles  are  equal,  to  which  the  equal  fides 
are  oppofite  ;  therefore  the  angle  FBC  is  equal  to  the  angle 
GCB,  and  the  angle  BCF  to  the  angle  CBG.  Now,  fince  it  has 
beendemonftrated,  that  the  whole  angle  ABG  is  equal  to  the 

whole 
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Book  I.  whole  ACF,  and  the  part  CBG  to  the  part  BCF,  the  re- 
*  maining  angle  ABC  is  therefore  equal  to  the  remaining 
angle  ACB,  which  are  the  angles  at  the  bafe  of  the  triangle 
ABC  :  And  it  has  alfo  been  proved  that  the  angle  FBC  is 
equal  to  the  angle  GCB,  which  are  the  angles  upon  the  o- 
ther  fide  of  the  bafe.  Therefore  the  angles  at  the  bale,  &c* 
Q.E.D. 

Corollary.  Hence  every  equilateral  triangle  is  alfo  equi- 
angular. 


PROP,    VI.     THE  OR. 

IF  two  angles  of  a  triangle  be  equal  to  one  another, 
the  fides  which  fubtend,  or  are  oppojite  to,  thofe 
angles,  fhall  alfo  be  equal  to  one  another. 


Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to  the 

angle  ACB;  the  fide  AB  is  alfo  equal  to  the  fide  AC 

For,  if  AB  be  not  equal  to  AC,  one  of  them  is  greatef  thaii 
*  3. 1.    the  other ;  Let  AB  be  the  greater,  and  from  it  cut  a  off  DB  e- 

qual  to  AC,  the  lefs,  and  join  DC  ;  there- 
fore, becaufe  in  the  triangles  DBC,  ACB, 

DB  is  equal  to  AC,  and  BC  common  to 

both,  the  two  fides  DB,  BC  are  equal  to 

the  two  AC,  CB,  each  to  each  ;    but  the 

angle  DBC  is  alfo  equal  to  the  angle  ACB  ; 

therefore  the  bafe  DC  is  equal  to  the  bafe 

AB,  and  the  triangle  DBC  is  equal  to  the 
b4. 1     triangle  b  ACB,   the  lefs  to  the  greater; 

which  is  abfard.     Therefore  AB   is   not 

unequal  to  AC,  that  is,  it  is  equal  to  it. 

Wherefore,  if  two  angles,  &c.     Q^E.  D. 

Cor.  Hence  every  equiangular  triangle  is  alfo  equilateral. 


PROP. 
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PROP.    VII.      THE  OR. 

UPON  the  fame  bafe,  and  on  the  fame  fide  of  it,  se«N. 
there  cannot  be  two  triangles  that  have  their 
Sdes  which  are  terminated  in  one  extremity  of  the 
3afe  equal  to  one  another,  and  likewife  thofe  which 
ire  terminated  in  the  other  extremity,  equal  to  one 
mother. 


If  it  be  poffible,  let  there  be  two  triangles  ACB,  ADB, 
lpon  the  fame  bafe  AB,  and  upon  the  fame  fide  of  it,   which 
lave  their  fides  CA,  DA,  terminated  in  A  equal  to  one  an- 
)ther,  and  likewife  their  fides 
2B,  DB,  terminated  in  B,  equal 
:o  one  another. 

Join  CD  ;  then,  in  the  cafe 
n  which  the  vertex  of  each  of 
he  triangles  is  without  the  other 
riangle,  becaufe  AC  is  equal  to 
\D,  the  angle  ACD  is  equal  a 
o  the  angle  ADC  :  But  the 
ingle  ACD  is  greater  than 
he  angle  BCD  ;  therefore  the  jsj 
ingle  ADC  is  greater  alfo  than 
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5CD ;  much  more  then  is  the  angle  BDC  greater  than  the 
ingle  BCD.  Again,  becaufe  CB  is  equal  to  DB,  the  angle 
iDC  is  equal a  to  the  angle  BCD  ;  but  it  has  been  demon- 
trated  ro  be  greater  than  it  \  which  is  impoflible. 

But  if  one  of  the  vertices,  as  D,  be  within  the  other  tri- 
ngle  ACB  *,  produce  AC,  AD  to 
i,,  F  ;  therefore,  becaufe  AC  is  e- 
[ual  to  AD  in  the  triangle  ACD, 
he  angles  ECD,  £  DC  upon  the 
>ther  fide  of  the  bafe  CD  are  e- 
[ual  a  to  one  another,  but  the  angle 
lCD  is  greater  than  the  angle 
JCD  *,  wherefore  the  angle  FDC 
s  likewife  greater  than  BCD ; 
nuch  more  th  »  is  he  ngle  BDC 
;reater  than  the  angle  BCD.  A- 
;ain,  becaufe  CB  is  equal  to  DB, 
he  angle  BDC  is  equal  a  to  the  angle  BCD  -7  but  BDC  has 

been. 


a4  ELEMENTS 

BookL    been  proved  to  be  greater  than  the  fame  BCD  ;  which  isim- 
"     w        poffible.     The  cafe  in  which   the   vertex   of  one  triangle  is 
upon  a  fide  of  the  other,  needs  no  demonftration. 

Therefore,  upon  the  fame  bafe,  and  on  the  fame  fide  of  it, 
there  cannot  be  two  triangles  that  have  their  fides  which  are 
terminated  in  one  extremity  of  the  bafe  equal  to  one  another, 
and  likewife  thofe  which  are  terminated  in  the  other  extre- 
mity.    Q^  E.  D. 


PROP.    VIII.      THE  OR. 

IF  two  triangles  have  two  fides  of  the  one  equal  to 
two  fides  of  the  other,  each  to  each,  and  have 
likewife  their  bafes  equal ;  the  angle  which  is  con- 
tained by  the  two  fides  of  the  one  (hall  be  equal  to 
the  angle  contained  by  the  two  fides  of  the  other. 

Let  ABC,  DEF  be  two  triangles  having  the  two  fides  AB, 
AC,  equal  to  the  two  fides  DE,  DF,  each  to  each,  viz.  AB 
to  DE,  and  AC  to  DF  ;  and  alfo  the  bafe  BC  equal  to  the 


bafe  EF.     The  angle  Bx\C  is  equal  to  the  angle  EDF. 

For,  if  the  triangle  ABC  be  applied  to  the  triangle  DEF,. 
fo  that  the  point  B  be  on'E,  and  the  ftraight  line  BC  up- 
on EF  ;  the  point  C  fiiall  alfo  coincide  with  the  point  F, 
becaufe  BC  is  equal  to  EF  :  therefore  BC  coinciding  with 
EF,  B A  and  AC  fhall  coincide  with  ED  and  DF ;  for,  if 
BA,  and  C  A  do  not  coincide  with  ED,  and  FD,  but  have  a 
different  fituation  as  EG  and  FG  ;  then,  upon  the  fame 
bafe  EF,  and  upon  the  fame  fide  of  it,  there  can  be 
two  triangles    EDF,    EGF,  that   have   their  fides    which 

are 
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are  terminated  in   one  extremity  of  the  bafe  equal  to  one  BookL 
another,  and  likewife    their  fides  terminated    in  the  other 
extremity  :  But  this  is  impoffible  a  *,  therefore,  if  the  bafe  BC   a  7.  i. 
coincides  with  the  bafe  EF,  the  fides  BA,  AC  cannot  but 
coincide  with   the   fides  ED,  DF ;  wherefore   likewife   the 
angle  BAC  coincides  with  the  angle  EDF,  and  is  equal  b  to  b  8.  Ax. 
it.     Therefore  if  two  triangles,  Sec     Q^  E.  D. 


T 


PROP.    IX.      PROB. 

O  bifed  a  given  re&ilineal  angle,  that  is,  to  di- 
vide it  into  two  equal  angles. 


bi.  1. 


Let  BAC  be  the  given   rectilineal  angle,  it  is  required  to 
bife&  it. 

Take  any  point  D  in  AB,    and  from  AC  cut  a  off  AE  e-  a  3.  1. 
qual  to  AD  ;  join  DE,  and  upon  it 
defcribe  b   an    equilateral    triangle 
DEF  *,  then  join  AF ;  the  ftraight 
line  AF  bife&s  the  angle  BAC. 

Becaufe  AD  is  equal  to  AE,  and 
AF  is  common  to  the  two  triangles 
D AF,  E AF ;  the  two  fides  DA, 
AF,  are  equal  to  the  two  fides  EA, 
AF,  each  to  each  \  but  the  bafe  DF 
is  alfo  equal  to  the  bafe  EF  ;  there- 
fore the  angle  DAF  is  equal  c  to  the 
angle  EAF  ;  wherefore  the  given 
rectilineal  angle  BAC  is  bife&ed  by  J$ 
the  ftraight  line  AF.     Which  was  to  be  done. 


cS 


T 


PROP.    X.      PROB. 

O  bifect  a  given  finite  ftraight  line,  that  is,  to 
divide  it  into  two  equal  parts. 


Let  AB  be  the  given  ftraight  line ;  it  is  required  to  divide 
it  into  two  equal  parts. 

Defcribe  a  upon  it  an  equilateral  triangle  ABC,  and  bifecl:  a  r.  r. 
b  the  angle  ACB  by  the  ftraight  line  CD.  AB  is  cut  into  b  9.  x. 
two  equal  parts  in  the  point  D. 

Becaufe 
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Becaufe  AC  is  equal  to  CB,  and  CD 
'common  to  the  two  triangles  ACD, 
BGD  :  the  two  fldes  AC,  CD  are  equal 
to  the  two  BC,  CD,  each  to  each ;  but 
the  angle  ACD  is  alfo  equal  to  the  angle 
BCD  ;  therfeore  the  bafe  AD  is  equal 
to  the  bafe  c  DB,  and  the  ftraight  line 
AB  is  divided  into  two  equal  parts  in 
the  point  D.  Which  was  to  be  done,        A 

■  %4 

PROP.   XL      PROB. 

'O  draw  a  ftraight  line  at  right  angles  to  a  givqn 
ftraight  line,  from  a  given  point  in  the  fame. 


Let  AB  be  a  given  ftraight  line,  and  C  a  point  given  in  it; 
it  is  required  to  draw  a  ftraight  line  from  the  point  C  at  right 
angles  to  AB.  ; 

a  3.  i»         Take  any  point  D  in  AC,  and  a  make  CE  equal  to  CD,. 

b  1. 1.  and  upon  DE  defcribe  b  the 
equilateral  triangle  DFE, 
and  join  FC  ;  the  ftraight 
line  FC,  drawn  from  the  gi- 
ven point  C,  is  at  right  an- 
gles to  the  given  ftraight  line 
AB. 

Becaufe  DC  is  equal  to 
CE,  and  FC  common  to  the 
two  triangles  DCF,   ECF,  the  two  fides  DC,  CF,  are  equal 
to  the  two  EC,  CF,  each  to  each ;  but  the  bafe  DF  is  alfo  equal 

cS.  1.  to  the  bafe  EF;  therefore  the  angle  DCF  is  equals  to  the 
angle  ECF  ;  and  they  are  adjacent  angles.  But,  when  the 
adjacent  angles  which  one  ftraight  line  makes  with  another 
ftraight  line  are  equal  to  one  another,  each  of  them  is  called  a 

d7  def.  right  d  angle;  therefore  each  of  the  angles  DCF,  ECF,  is  a 
right  angle.  Wherefore,  from  the  given  point  C,  in  the  gi- 
ven ftraight  line  AB,  FC  has  been  drawn  at  right  angles  to 
AB.     Which  was  to  be  done. 


PROP. 
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PROP.    XII.     P  R  O  B.  1°°^ 

TO  dr^w  a  ftraight  line  perpendicular  to  a  given 
ftraight  line  of  an  unlimited  length,  from  a  gi- 
ven point  without  it. 

Let  AB  be  the  given  ftraight  line,  which  may  be  produced 
to  any  length  both  ways,  and  let  C  be  a  point  without  it.  It 
is  required    to     draw     a  /•* 

ftraight  line  perpendicu- 
lar to  AB  from  the  point 
C. 

Take  any  point  D  up- 
on the  other  fide  of  AB,  v- 
and  from  the  centre  C,  at 
the  diftance  CD ,  defcribe  a  P 

the  circle  EGF  meeting  AB  in  F,  G  ;  and  bifecT:  b  FG  in 
H,  and  join  CF,  CH,  CG  •,  the  ftraight  line  CH,  drawn  from 
the  given  point  C^is  perpendicular  to  the  given  ftraight  line 
AB. 

Becaufe  FH  is  equal  to  HG,  and  HC  common  to  the  two 
triangles  FHC,  GHC,  the  two  fides  FH,  HC  are  equal  to 
the  two  GH,  HC,  each  to  each ;  now  the  bafe  CF  is  alfo  equal c 
to  the  bafe  CG  ;  therefore  the  angle  CHF  is  equal  <*  to  the  a  8.  1 
an  le  CHG ;  and  they  are  adjacent  angles;  but  when  a 
ftraight  line  ftanding  on  a  ftraight  liae  makes  the  adjacent 
angles  equal  to  one  another,  each  of  them  is  a  right  angle, 
and  the  ftraight  line  which  ftands  upon  the  other  is  called  a 
perpendicular  to  it ;  therefore  from  the  given  point  C  a  per- 
pendicular. CH  has  been  drawn  to  the  given  ftraight  line  AB. 
Which  was  to  be  done. 


a  3.  PofL 
b  10.  1. 


c  11.  Def. 
1. 


PROP.    XIII.      T  H  E  O  R. 

THE  angles  which  one  ftraight  line  makes  with 
another  upon  the  one  fide  of  it,  are  either 
two  right  angles,  or  are  together  equal  to  two  right 
angles. 

Let  the  ftraight  line  AB  make  with  CD,  upon  one  fide  of 
it,  the  angles  CBA,  ABD  •,  thefe  are  euher  two  right  angles, 
or  are  together  equal  to  two  right  angles. 

C  Fw 


a  def.  7. 
b  11.  i. 


c  2.  Ax. 


<$  1.  Ax. 


ELEMENTS 
For,  if  the  angle  CBA  be  equal  to  ABD,  each  of  them  is 

?       A 
A 


D 


B    , 


C 


D 


B 


a  right  angle  a  ;  but,  if  not,  from  the  point  B  draw  BE  at 
right  angles  b  to  CD  -,  therefore  the  angles  CBE,  EBD  are 
two  right  angles  ;  and  becaufe  CBE  is  equal  to  the  two 
angles  CBA,  ABE  together,  add  the  angle  EBD  to  each  of 
thefe  equals  ;  therefore  the  angles  CBE,  EBD  are  equal  e  to 
the  three  angles  CBA,  ABE,  EBD.  Again,  becaufe  the 
angle  DBA  is  equal  to  the  two  angles  DBE,  EBA,  add  to 
thefe  equals  the  angle  ABC  ;  therefore  the  angles  DBA, 
ABC  are  equal  to  the  three  angles  DBE,  EBA,  ABC  ;  but 
the  angles  CBE,  EBD  have  been  demonftrated  to  be  equal  to 
the  fame  three  angles.;  and  things  that  are  equal  to  the  fame 
are  equal  d  to  one  another  *,  therefore  the  angles  CBE,  EBD 
are  equal  to  the  angles  DBA,  ABC ;  but  CBE,  EBD  are  two 
right  angles  ;  therefore  DBA,  ABC  are  together  equal  to 
two  right  angles.  Wherefore,  when  a  ftraight  line,  &c. 
Q.E.D. 

PRO  P.     XIV.      THEOR. 

IF,  at  a  point  in  a  ftraight  line,  two  other  ftraight 
lines,  upon  the  oppofite  fides  of  it,  make  the  ad- 
jacent angles  together  equal  to  two  right  angles, 
thefe  two  ftraight  lines  fhall  be  in  one  and  the  fame 
ftraight  line. 

At  the  point  B  in  the  ftraight 
line  AB,  let  the  two  ftraight 
lines  BC,  BD  upon  the  oppo- 
fite fides  of  AB,  make  the  ad- 
jancent  angles  ABC,  ABD  e^ 
qual  together  to  two  right 
angles.  BD  is  m  the  fame 
ftraight  line  with  CB. 

For,  if  BD  be  not  in  the 
fame    ftraight  line  with   CB, 

3 


Id 


a  13.  1. 
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let  BE  be  in  the  fame  ftraight  line  with  it ;  therefore,  be-  Bo0^  *• 
caufe  the  ftraight  line  AB  makes  angles  with  the  ftraight  ^ 
line  CBE,  upon  one  fide  of  it,  the  angles  ABC,  ABE  are 
together  equal  a  to  two  right  angles  ;  but  the  angles  ABC, 
ABD  are  likewife  together  equal  to  two  right  angles  *,  there- 
fore the  angles  CBA,  ABE  are  equal  to  the  angles  CBA, 
ABD :  Take  away  the  common  angle  ABC,  and  the  remaining 
angle  ABE  is  equal  b  to  the  remaining  angle  ABD,  the  lefs  b  3  Ax. 
to  the  greater,  which  is  impoflible  ;  therefore  BE  is  not  in 
the  fame  ftraight  line  with  BC.  And,  in  like  manner,  it 
may  be  demonftrated,  that  no  other  can  be  in  the  fame  ftraight 
line  with  it  but  BD,  which  therefore  is  in  the  fame  ftaight 
line  with  CB.     Wherefore,  if  at  a  point,  &c.     Q^E.  D. 

PROP.     XV.      T  H  E  O  R. 

IF  two  ftraight  lines  cut  one  another,  the  vertical, 
or  oppofite  angles  (hall  -be  equal. 

Let  the  two  ftraight  lines  AB,  CD  cut  one  another  in  the 
point  E  ;  the  angle  AEC  fhall  be  equal  to  the  angle  DEB, 
and  CEB  to  AED. 

For  the  angles  CEA,  £ 
AED,  which  the  ftraight 
line  AE  makes  with  the 
ftraight  line  CD,  are  to-  * 
gether  equal  a  to  two 
right  angles  :  and  the 
angles  AE  D,DEB,which 
the  ftraight  lineDE  makes 
with  the  ftraight  line  AB, 

are  alfo  together  equal  a  to  two  right  angles  ;  therefore  the 
two  angles  CEA,  AED  are  equal  to  the  two  AED,  DEB. 
Take  away  the  common  angle  AED,  and  the  remaining 
angle  CEA  is  equal  b  to  the  remaining  angle  DEB.  In 
the  fame  manner  it  can  be  demonftrated  that  the  angles  CEB, 
AED  are  equal.  Therefore,  if  two  ftraight  lines,  &x. 
Q.E.D. 

Cor.  I.  From  this  it  is  manifeft,  that,  if  two  ftraight  lines 
Cut  one  another,  the  angles  which  they  make  at  the  point  of 
their  interfeclion,  are  together  equal  to  four  right  angles. 

Cor.  2.  And  hence,  all  the  angles  made  by  any  number  of 
lines  meeting  in  cne  point,  are  together  equal  to  four  right 


a  13.  u 


b3  Ax. 


angles 
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PROP.    XVI.     THEOR, 

IF  one  fide  of  a  triangle  be  produced,  the  exterior 
angle  is  greater  than  either  of  the  interior  oppo- 
fite  angles. 

Let  ABC  be  a  triangle,  and  let  its  fides  BC  be  produced 
to  D,  the  exterior  angle  ACD  is  greater  than  either  of  the 
interior  oppofite  angles  CBA, 
BAC. 

Bifeft  *  AC  in  E,  join  BE 
and  produce  it  to  F,  and 
make  EF  equal  to  BE  ;  join 
alfo  FC,  and  produce  AC  to 

a 

Becaufe  AE  is  equal  to  EC, 
and  BE  to  EF  ;  AE,  EB  are 
equal  to  CE,  EF,  each  to 
each  ;  and  the  angle  AF_B  is  ■** 
equal  b  to  the  angle  CEF,  be- 
caufe they  are  oppoiite  verti- 
cal angles  ;  therefore  the  bafe 
AB  is  equal  c  to  the  bafe  CF, 
and  the  triangle  AEB  to  the 
triang  e  CEF,  and  the  remaining  angles  to  the  remaining 
angles,  each  to  each,  to  which  the  equal  fides  are  oppofite  ; 
wherefore  the  angle  BAE  is  equal  to  the  angle  ECF  ;  but 
the  angle  ECD  is  greater  than  the  angle  ECF  v  therefore  the 
tingle  ECD,  that  is  ACD,  is  greater  than  BAE  :  In  the  fame 
manner,  if  the  fide  BC  be  bifefted,  it  may  be  demenftrated 
that  the  angle  BCG,  that  is  d,  the  angle  ACD,  is  greater  thaw 
the  angle  ABC.     Therefore,  if  one  fide,  &c.     Q^E.  D. 


A 


PRO  P.    XVII.     THEOR. 

NY  two  angles  of  a  triangle  are.  together  lefi 
than  two  right  angles. 


Le 
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Let  ABC  be  any  triangle; 
any  two  of  its  angles  toge- 
ther are  lefs  than  two  right 
ingles. 

Produce  BC  to  D  ;  and 
becaufe  ACD  is  the  exterior 
mgle  of  the  triangle  ABC, 

ACD  is  greater  a  than  the       /  a  itf.  * 

interior   and   oppofite   angle 
ABC  ;  to  each  of  thefe  add 
ie  angle   ACB ;    therefore 
tie  angles  ACD,  ACB  are  greater  than  the   angles  ABC, 
ACB  ;  but  ACD,  ACB  are  together  equal  b   to  two  right  b  x3-  *» 

jles  •,  therefore  the  angles  ABC,  BCA  are  leis  than  two 
ight  angles.  In  like  manner,  it  may  be  demonftrated,  that 
BAG,  ACB,  as  alfo  CAB,  ABC,  are  lefs  than  two  right 
ingles.     Therefore,  any  two  angles,  &c.     Q^E.  D. 


PROP.    XVIII.     THEO  R. 

THE  greater  fide  of  every  triangle  has  the  great- 
er angle  oppofite  to  it. 

Let  ABC  be  a  triangle,  of 
vhich  the  fide  AC  is  greater 
han  the  fide  AB;  the  angle  ABC 
s  alfo  greater  than  the  ande 
JCA. 

Becaufe  AC  is  greater  than 
VB,  make  a  AD  equal   to  AB,  B  ~~C 

nd  join  BD  ;  and  becaufe  ADB  is  the  exterior  angle  of  the 
riangle  BDC,  it  is  greater  b  than  the  interior  and  oppofite 
.ngle  DCB  ;  but  ADB  is  equal  c  to  ABD,  becaufe  the  fide  c  5.  1 
^B  is  equal  to  the  fide  AD  ;  therefore  the  angle  ABD  is 
ikewife  greater  than  the  angle  ACB  ;  wherefore  much  more 
3  the  angle  ABC  greater  than  ACB.  Therefore  the  mreat- 
rfide,  &c.     Q^E.  D.  * 
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PROP.    XIX.      THEOR. 


THE  greater  angle  of  every  triangle  is  fubtend- 
ed  by  the  greater  fide,  or  has  the  greater  Jide 
oppojite  to  it. 

Let  ABC  be  a  triangle,  of  which  the  angle  ABC  is  great- 
er than  the  angle  BC  A  ;  the  fide  AC  is  likewife  greater  than 
the  fide  AB. 

For,  if  it  be  not  greater,  AC 
muft  either  be  equal  to  AB,  or 
lefs  than  it;  it  is  not  equal,  be- 
caufe  then  the  angle  ABC  would 

a  5.  i.  be  equal  a  to  the  angle  ACB  ; 
but  it  is  not  ;  therefore  AC  is 
not  equal  to  AB  ;  neither  is  it 
lefs ;    becaufe    then    the    angle 

b  xs.  1.  ABC  would  be  lefs  b  than  the  angle  ACB  ;  but  it  is  not; 
therefore  the  fide  AC  is  not  lefs  than  AB ;  and  it  has  been 
fliewn  that  it  is  not  equal  to  AB ;  therefore  AC  is  greater 
than  AB.     Wherefore  the  greater  angle,  &c.  Q^E.  D. 


a  3<  i. 


b.$.  r. 


PROP.     XX.      THEOR. 

ANY  two  fides  of  a  triangle  are  together  greater 
than  the  third  fide. 

Let  ABC  be  a  triangle ;  any  two  fides  of  it  together  are 
greater  than  the  third  fide,  01&;  the  fides  BA,  AC  greater 
than  the  fide  BC  ;  and  AB,  BC  greater  than  AC  ;  and  BC, 
CA  greater  than  AB. 

Produce  BA  to  the  point 
D,  and  make  a  AD  equal 
to  AC  ;  and  join  DC. 

Becaufe  DA  is  equal  to 
AC,  the  angle  ADC  is  like- 
wife  equal b  to  ACD  ;  but 
the  angle  BCD  is  greater 
than  the  angle  ACD  J  there-  ■" 
fore  the  angle  BCD  is  greater  than  the  angle  ADC  ;  and  be- 
caufe 
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c?,ufe  the  angle  BCD  of  the  triangle  DCB  is  greater  than  its  Book  I. 
angle  BDC,  and  that  the  greater  c  fide  is  oppofite  to  the  greater  *— — v— — ' 
angle ;  therefore  the  fide  DB  is  greater  than  the  fide  BC  •,  but 
DB  is  equal  to  BA  and  AC  ;  therefore  the  fides  BA,  AC  are 
greater  than  BC.  In  the  fame  manner  it  may  be  demonftra- 
ted,  that  the  fides  AB,  BC  are  greater  than  CA,  and  BC, 
C A   greater    than   AB.      .Therefore    any    two    fides,   &c, 

q.  E.  D. 


PROP.     XXI.      T  H  E  O  R. 

IF  from  the  ends  of  the  fide  of  a  triangle*  there  be    SeeN. 
drawn  two  ftraight  lines  to  a  point  within  the 
triangle,  thefe  two  lines  (hall  be  lefs  than  the  other 
two  fides  of  the  triangle,  but  fhall  contain  a  great- 
er angle. 

Let  the  two  ftraight  lines  BD,  CD  be  drawn  from  B,  C, 
the  ends  of  the  fide  BC  of  the  triangle  ABC,  to  the  point  D 
within  It  *,  BD  and  DC  are  lefs  than  the  other  two  fides  BA, 
AC  of  the  triangle,  but  contain  an  angle  BDC'  greater  than 
the  angle  BAC. 

Produce  BD  to  E ;  and  becaufe  two  fides  of  a  triangle  are 
greater  than  the  third  fide,  the  two  fides  BA,  AE  of  the  tri- 
angle ABE  are  greater  than  BE.  To  each  of  thefe  add  EC  ; 
therefore  the  fides  BA,  AC  are 
greater  than  BE,  EC  :  Again, 
becaufe  the  two  fides  CE,  ED 
of  the  triangle  CED  are  greater 
than  CD,  add  DB  to  each  of 
thefe;  therefore  the  fides  CE, 
EB  are  greater  than  CD,  DB  4 
but  it  has  been  fiiewn  that  BA, 
AC  are  greater  than  BE,  EC  ; 
much  more  then  are  BA,  AC 
greater  than  BD,  DC.  B  C 

Again,  becaufe  the  exterior  angle  of  a  triangle  is  greater 

San  the  interior  and  oppofite  angle,  the  exterior  angle  BDC 
the  triangle  CDE  is  greater  than  CED  ;  for  the  fame  rea- 
fon,  the  exterior  angle  CEB  of  the  triangle  ABE  is  greater 
than  BAC  *,  and  it  has  been  demonftrated  that  the  angle 

C  4  BDC 
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BDC  is  greater  than  the  angle  CEB  ;  much  more  then  is  the 
an  ;le  L-DC  greater  than  the  angle  BAC.  Therefore,  if  from 
the  ends  of,  &C.  Q^E.  D. 


PROP,     XXII.      P  R  O  B. 


'T^O  make  a  triangle  of  which  the  fides  fhall  be 
-*■     equal  to  three  given  ftraight  lines ;  but  any  two 
theie  lines  muft  be  greater  than  the 


a  23.  i. 


whatever  of 

third  a. 


Let  A,  B,  C  be  the  three  given  ftraight  lines,  of  which 
any  two  whatever  are  greater  than  the  third>  viz.  A  and  B 
greater  than  C  ;  A  and  C  greater  than  B  ;  and  B  and  C  than 

A.  It  is  required  to  make  a  triangle  of  which  the  fides  fhall 
be  equal  to  A,  B,  C,  each  to  each. 

Take  a  ftraight  line  DE  terminated  at  the  point  D,  but 
unlimited  towards  E, 
a  3.  1.      and  makea  DF  equal  y^  ^Njv 

to  A,  FG  to  B,  and 
GH  equal  to  C  ;  and 
from  the  centre  F,  at 
the  diftance  FD,  de-  J) 
b  3.  Pod.  fcribeb  the  circle  DKL; 
and  from  the  centre  G, 
at  the  diftance  GH, 
defcribe  b  another  cir- 
cle HLK ;  and  join 
KF,  KG;  the  triangle 
KFGhas  its  fides  equal 
to  the  three  ftraight 
lines,  A,  B,  C. 

Becauie  the  point  F  is  the  centre  of  the  circle  DKL,  FD  is 
c  xi.  Dcr.  equal  c  to  FK;  but  FD  is  equal  to  the  ftraight  line  A  ;  there- 
fore FK  is  equal  to  A :  Again,  becaufe  G  is  the  centre  of  the 
circle  LKH,  GH  is  equal  c  to  GK  ;  but  GH  is  equal  to  C  ; 
therefore  alio  GK  is  equal  to  C ;  and  FG  is  equal  to  B;  there- 
fore the  three  ftraight  lines  KF,  FG,  GK,  are  equal  to  the 
three  A,  B,  C  :  And  therefore  the  triangle  KFG  has  its  thrd| 
fides  KF.  FG,  GK  equal  to  the  three  given  ftraight  lines,  A» 

B,  C.     Which  was  to  be  done. 


B 

c 
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PROP.    XXIII.      P  R  O  B.  Book  L 

AT  a  given  point  in  a  given  ftraight  line,  to 
make  a  rectilineal  angle  equal  to  a  given  re&i- 
lineal  angle. 

Let  AB  be  the  given  ftraight  line,  and  A  the  given  point 
in  it,  and  DCE  the  given  rectilineal  angle  •,  it  is  required  to 
make  an  angle  at  the 
given  point  A  in  the 
given  ftraight  line  AB, 
that  fhall  be  equal  to  the 
given  rectilineal  angle 
DCE. 

Take  in  CD,  CE  any 
points  D,  E,  and  join 
DE  ;  and  make  a  the  tri-.  J 
angle  AFG,  the  fides  of 
which  ftiall  be  equal  to 
the  three  ftraight  lines 
CD,  DE,  CE,  fo  that  CD  be  equal  to  AF,  CE  to  AG,  and 
DEtoFG;  and  becaufe  DC,  CE  are  equal  to  FA,  AG, 
each  to  each,  and  the  bafe  DE  to  the  bafe  FG ;  the  angle 
DCE  is  equal  b  to  the  angle  FAG.  Therefore,  at  the  given  b  8.  1. 
point  A  in  the  given  ftraight  line  AB,  the  angle  FAG  is 
made  equal  to  the  given  reftilineal  angle  DCE.  Which  was 
to  be  done. 


PROP.     XXIV.      T  H  E  O  R. 

IF  two  triangles  have  two  fides  of  the  one  equal  to 
two  fides  of  the  other,  each  to  each,  but  the 
angle  contained  by  the  two  fides  of  one  of  them 
greater  than  the  angle  contained  by  the  two  fides 
equal  to  them,  of  the  other;  the  bafe  of  that  which 
has  the  greater  angle  fhall  be  greater  than  the  bafe 
of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides 
AB?  AC  equal  to  the  two  DE,  DF,  each  to  each,  viz.  AB 

equal 


a.  5.  i. 


16  ELEMENTS 

Book  I.  Cqtlai  t0  de^  an(j  AC  to  DF  ;  but  the  angle  BAC   greater 
i^-v-..-;  t^an  tjle  angje  £X)F  ;  the  bafe  BC   is  alfo  greater  than  the 

bafe  EF. 

Of  the  two  fides  DE,  DF,  let  DE  be  the  fide  which  is  not 

greater  than  the  other,  and  at  the  point  D,  in  the  ftraight  line 
a  23.  1.  DE,  make  a  the  angle  EDG  equal  to  the  angle  BAC  ;  and 
b  3.  1.    make  DG  equal  b  to  AC  or  DF,  and  join  EG,  GF. 

Becaufe  AB  is  equal  to  DE,  and  AC  to  DG,  the  two  fides 

BA,  AC  are  equal  to  the  two  ED,  DG,  each  to  each,  and  the 

angle  BAC  is  e- 

qual  to  the  angle 

EDG;   therefore 

the  bafe  BC  is  e- 
c-  4-  *•     qual  c  to  the  bafe 

EG;  and  becaufe 

DG  is   equal  to 

DF,     the     angle 

DFG  is  equal  d  to 

the  angle  DGF ; 

but     the      angle  ^ 

DGF   is   greater 

than  the  angle  EGF ;  therefore  the  angle  DFG  is  greater 

than  EGF  ;  and  much  more  is  the  angle  EFG  greater  than 

the  angle  EGF  ;  and  becaufe  the  angle  EFG  of  the  triangle 
e  ftp.  1.    EFG  is  greater  than  its  angle  EGF,  and  that  the  greater  e 

fide  is  oppofite  to  the  greater  angle ;  the  fide  EG  is  therefore 

greater  than  the  fide  EF ;  but  EG  is  equal  to  BC  ;  and  there- 
fore alfo  BC  is  greater  than  EF,    Therefore,  if  two  triangles, 

&c.  Q^E.  D. 

PROP.     XXV.      T  H  E  O  R. 

IF  two  triangles  have  two  fides  of  the  one  equal  to 
two  fides  of  the  other,  each  to  each,  but  the  bafe 
of  the  one  greater  than  the  bafe  of  the  other  ;  the 
angle  contained  by  the  fides  of  that  which  has  the 
greater  bafe,  fhall  be  greater  than  the  angle  con- 
tained by  the  fides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides 
AB,  AC  eoual  to  the  two  fides  DE  DF,  each  to  each,  viz. 

AB 
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AB  equal  to  DE,  and  AC  to  DF;  but  thebafe  CB  is  greater 
than  the  bafe  EF  ;  the  angle  B AC  is  likewife  greater  than 
the  angle  EDF. 

For,  if  it  be  not  greater,  it  muft  either  be  equal  to  it,  or  lefs ; 
but  the  angle  BAC  is  not  equal  to  the  angle  EDF,  becaufe 
then   the    bafe    BC        A  J) 

would  be  equal  a  to 
EF  ;  but  it  is  not ; 
therefore  the  angle 
BAC  is  not  equal  to 
the  angle  EDF  ; 
neither  is  it  lefs;  be- 
caufe then  the  bafe 


Book  L 


BC  would  be  lefs  b  £ 

than  the  bafe   EF  ;  but  it  is  not 


C  E 

therefore  the  angle  BAC 
is  not  lefs  than  the  angle  EDF  ;  and  it  was  fliewn  that  it  is 
not  equal  to  it ;  therefore  the  angle  BAC  is  greater  than  the 
angle  EDF.     Wherefore,  if  two  triangles,  &c.  Q^E.  D. 


a  4*  x. 


b  24.  I. 


PROP.    XXVI.      T  H  E  O  R. 

IF  two  triangles  have  two  angles  of  the  one  equal  to 
two  angles  of  the  other,  each  to  each  ;  and  one 
fide  equal  to  one  fide,  viz.  either  the  fides  adjacent 
to  the  equal  angles,  or  the  fides  oppofite  to  the  equal 
angles  in  each  ;  then  (hall  the  other  fides  be  equal, 
each  to  each  ;  and  alfo  the  third  angle  of  the  one  to 
the  third  angle  of  the  other. 


A 


Let  ABC,  DEFbe 

o  triangles  which 
have  the  angles  ABC, 
BCA  equal  to  the  G 
angles  DEF,  EFD, 
viz.  ABC  to  DEF, 
and  BCA  to  EFD; 
alfo  one  fide  equal  to 
one  fide  ;  and  firft  let 
hofe  fides  be  equal 
which  are  adjacent  to  ■"  Kj   JL  -£ 

he  angles  that  are  equal  in  the  two  triangles,  viz.  BC  to  EF; 

the 
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the  other  fides  ftiaTi   be  equal,  each  to  each,  viz.  AB  to  DE,| 
''and  AC  to  DF ;  and  the  third  angle  BAC  to  the  third  angle! 
EBF. 

For,  if  AB  be  not  equal  to  DE,  one  of  them  muft  be  thel 
greater.  Let  AB  be  the  greater  of  the  two,  and  make  BGl 
equal  to  DE,  and  join  GC  ;  therefore,  becaufe  BG  is  equal 
to  DE;  and  BC  to  EF,  the  two  fides  GB,  BC  are  equal  to 
the  two  DE,  EF,  each  to  each;  and  the  angle  GBC  is  equal 
to  the  angle  V  EF  ;  therefore  the  bafe  GC  is  equal  a  to  the 
bale  DF,  and  the  triangle  GBC  to  the  triangle  DEF,  and 
the  other  an  ies  to  the  other  angles,  each  to  each,  to  which 
the  equal  fides  are  oppofite  ;  therefore  the  angle  GCB  is  e- 
qual  to  the  antje  L£E  ;  but  DFE  is,  by  the  hypothefis,  e- 
qual  to  the  angle  EGA ;  wherefore  alfo  the  angle  BCG  is 
-equal  to  the  angle  BCA,  the  lefs  to  the  greater,  which  is  im- 
pofilble  ;  therefore  AB  is  not  unequal  to  DE,  that,  is,  it  is 
equal  to  it ;  and  BC  is  equal  to  EF  •,  therefore  the  two  AB, 
BC  are  equal  to  the  two  DE,  EF,  each  to  each  ;  and  the 
angle  ABC  is  equal  to  the  angle  DEF  ;  the  bafe  therefore 
AC  is  equal  a  to  the  bale  DF,  and  the  third  angle  BAC  to 
the  third  angle  EDF. 

Next,  let  the  fides 
which  are  oppofie  to 
equal  angles  in  each 
triangle  be  equal  to 
one  another,  viz.  AB 
to  DE  ;  likewife  in 
this  cafe,  the  other 
fides  (hall  be  equal, 
AC  to  DF,  and  BC 
to  EF;  and  alio  the^ 
third  angle  BAC  to1* 
the  third  EDF. 

For,  if  BC  be  not  equal  to  EF.  let  BC  be  the  greater  of 
them,  and  make  BH  equal  to  EF,  and  join  AH  ;  and  becaufe 
EH  is  equal  to  EF,  and  AB  to  DE  ;  the  two  AB,  BH  are 
equal  to  the  two  DE,  EF,  each  to  each;  and  they  contain 
equal  angles;  therefore  the  bafe  AH  is  equal  to  the  bafe  DF, 
and  the  riangle  ABH  to  the  triangle  DEF,  and  the  other 
an  vies  ;  a  1  be  ecual,  each  to  each,  to  which  the  equal  fides 
are  oppofite  ;  theiefore  the  ande  BHA  is  equal  to  the  angle 

EFD  ; 


H  C 
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iFD  ;  but  EFD  is  equal  to  the  angle  BC  A  ;  therefore  alfo  Book  I, 
the  angle  BHA  is  equal  to  the  angle  BC  \,  that  is,  the  exte- v-" -v— ' 
rior  angle  BHA  of  the  triangle  AHC  is  equal  to  its  interior 
and  oppofite  angle  BCA;  which  is  impoflible  k  •,  wherefore  b  16.  t. 

BC  is  not  unequal  to  EF,  that  is,  it  is  equal  to  it  •,  and  AB 
is  equal  to  DE  ;  therefore  the  two  AB,  BC,  are  equal  to  the 
two  DE,  EF,  each  to  each ;  and  they  contain  equal  angles  ; 
wherefore  the  bafe  AC  is  equal  to  the  bafe  DF,  and  the  third 
angle  BAC  to  the  third  angle  EDF.  Therefore,  if  two  tri- 
angles, &c.  Q^E.  D. 

PROP.    XXVII.     THEOR. 

IF  a  ftraight  line  falling  upon  two  other  ftraight 
lines  makes  the  alternate  angles  equal  to  one 
another,  thefe  two  ftraight  lines  fhall  be  parallel. 

Let  the  ftraight  line  EF,  which  falls  upon  the  two  ftraight 
lines  AB,  CD  make  the  alternate  angles  AEF,  EFD  equal 
to  one  another  •,  AB  is  parallel  to  CD 

For,  if  it  be  not  parallel,  AB  and  CD  being  produced  {hall 
meet  either  towards  B,  D,  or  towards  A,  C  ;  let  them  be  pro- 
duced and  meet  towards  B,  D  in  the  point  G ;  therefore  GEF 
is  a  triangle,  and  its  exterior  angle  AEF  is  greater  a  than  the  a  16. 1. 
interior     and     oppofite  / 

angle  EFG  •,   but  it  is  / 

alfo  equal  to  it,  which  A    E/ B 

2,3  impoftible;  therefore,  /  ^^\^ 

AB  and  C  D  being  pro-  /  S^G" 

duced,  do  not  meet  to-n JL ^T 

wards  B,  D.      In  like  0       /F  D 

manner  it  may  be  de-  ' 

monftrated  that  they  do  not  meet  towards  A,  C  •,  but  thofe 

ftraight  lines  which  meet  neither  way,  though  produced  ever 

fo  far,  are  parallel b  to  one  another.     AB  therefore  is  parallel  b  30.  DeF* 

to  CD,     Wherefore,  if  a  ftraight  line,  &c,  Q^E.  D. 


PROS 
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Book  r.  PROP.    XXVIII.      THEO  R. 

F  a  ftraight  line  falling  upon  two  other  ftraight 
lines  makes  the  exterior  angle  equal  to  the  in- 
terior and  oppofite  upon  the  fame  fide  of  the  line  ; 
or  makes  the  interior  angles  upon  the  fame  fide  to- 
gether equal  to  two  right  angles  ;  the  two  ftraight 
lines  (hall  be  parallel  to  one  another. 


h* 


Let  the  ftraight  line  EF,  which  falls  upon  the  two  ftraigt 

lines  AB,  CD,  make. the  exterior  angle  EGB  equal  to  the  in 

terior    and    oppofite    angle 

GHD  upon  the  fame  iide  ; 

or  make  the  interior  angles 

on    the    fame    fide    BGH, 

GHD  together  equal  to  two 

right  angles  ;  AB  is  parallel 

to  CD. 

Becaufe  the  angle  EGB 

is  equal  to  the  angle  GHD, 
a  15.  1.     and  the  angle  EGB  equal a 

to    the    angle   AGH,   the 

angle  AGH  is  equal  to  the  angle  GHD  ;  and  they 
b  27. 1.  are  the  alternate  angles ;  therefore  AB  is  parallel  b  to 
c  By  Hyp.  CD.  Again,  becaufe  the  angles  BGH,  GHD  are  equal  c  to 
d  13.  1.     two  right  angles;  and  that  AGH,  BGH,  are  alfo  equals  to 

two  right  angles ;  the  angles  AGH,  BGH  are  equal  to  the 

angles  BGH,  GHD  :  Take  away  the  common  angle  BGH  ; 

therefore  the  remaining  angle  AGH  is  equal  to  the  remaining 

angle  GHD  ;  and  they  are  alternate  angles  ;  therefore  AB  $ 

parallel  to  CD.     Wherefore,  if  a  ftraight  line,  &c.  Q^  E.  D. 

PROP.     XXIX.     THEOR. 

r3ee  N.  |Fa  ftraight  line  fall  upon  two  parallel  ftraight 
j[  lines,  it  makes  the  alternate  angles  equal  to  one 
another;  and  the  exterior  angle  equal  to  the  interi- 
or and  oppofite  upon  the  fame  iide  ;  and  likewife 
the  two  interior  angles  upon  the  fame  fide  together 
equal  to  two  right  angles. 

Let 
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Let  the  ftraight  line  EF  fall  upor*  the  parallel  ftraight  lines 
AB,  CD ;  the  alternate  angles  AGH,  GHD  are  equal  to  one 
another  j  and  the  exterior  angle  EGB  is  equal  to  the  interior 
and  oppofite,  upon  the  fame  fide,  GHD  ;  and  the  two  interior 
angles  BGH,  GHD  upon  the  fame  fide  are  together  equal  to 
two  right  angles. 

For  if  AGH  be  not  equal  to  GHD,  let  KG  be  drawn 
making  the  angle  KGH  equal  to  GHD,  and  produce 
KG   to  L  •    then   KL  ^ 

lei     to  % 

L 


Book  I. 


to 


111  be  parai 
CD  a  ;  but  AB  i$  aiio 
parallel  to  CD ;.  there-  a 
'ore  two  ftraight  lines  ^^ 
re  drawn  through  the  r^ 
me  -point  G,  parallel 
to  CD,  and  yet  not 
coinciding    with 


B 


r,  waicl 
3  h.    Th 


ICil    is 


one 
im- 


notner, 

poffible  &.  The  angles 
:\GH,  GHD  therefore  are  not  unequal,  that  is,  they 
equal  to  one  another.  Now,  the  angle  EGB  is  equal  to 
AGH  c  •  and  AGH  is  proved  to  be  equal  to  GHD  :  there- 
fore EGB  is  likewife  equal  to  GHD ;  add  to  each  of  thefe 
he  angle  BGH ;  therefore  the  angles  EGB,  BGH  are  equal 
o  the  angles  BGH,  GHD;  but  EGB,  BGH  are  equal d  to 
wo  right  angles  •,  therefore  alfo  BGH,  GHD  are  equal  to  two 
ight  angles.     Wherefore,  if  a  ftraight  line,  &c.  Q^E.  D. 

Cor  .  If  two  lines  KL  and  CD  make,  with  EF,  the  two  angles 
KGH,  GHC  together  lefs  than  two  right  angles,  KG  and  GH 
»vill  meet  on  the  fide  of  EF  on  wrhich  the  two  angles  are  that; 
ire  lefs  than  two  right  angles. 

For,  if  not,  KL  and  CD  are  either  parallel ,  or  they  meet 
m  the  other  fide  of  EF ;  but  they  are  not  parallel ;  for  the 
ingles  KGH,  GHC  would  then  be  equal  to  two  right  angles. 
NTeither  do  they  meet  toward  the  points  L  and  D  ;  for  the 
ingles  LGH,  GHD  would  then  be  two  angles  of  a  triangle, 
md  lefs  than  two  right  angles;  but  this  is  impofiible;  for  the 
bur  angles  KGH,  HGL,  CHG,  GHD  are  together  equal  to 
our  right  angles  d,  of  which  the  two  KGH,  CHG  are  by  fnj>* 

therefore  the  other  two, 
IG.L,  GHD  are  greater  than  two  right  angles.  Therefore, 
nee  KL  and  C  D  are  not  parallel,  and  do  not  rrieet  towards 
.  and  D,  they  will  meet  if  produced  towards  K  and  C. 

PROX 


b  ij.  Ax. 


a  i3.  t. 
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a  29.  1. 


u  27. 1. 


PROP.    XXX.      THEOR, 

SiTraight  lines  which   are  parallel  to  the  fam< 
}  ilraight  line  are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF  j  AB  is  alf< 
parallel  to  CD. 

Let  the  Ilraight  line  GHK  cut  AB,  EF,  CD  •,  and  becauC 
GH  il.  cuts  the  parallel  Ilraight 
lines    AB,    EF,    the    angle 
AGH  is  equal a  to  the  angle    . 
GHF.     Again,  becaufe  the  "^ 
Ilraight    line   GK    cuts    the 
parallel   ilraight    lines    EF 
CD,  the  angle  GHF  is  equal 
a  to  the  angle  GKD  ;  and  it 
was    fhewn    that    the  angle 
AGK  is  equal  to  the  angle 
GHF  5  therefore  alfo  AGK 
is  equal  to  GKD ;  and  they  are  alternate  angles  ;  therefore 


AB  is  pardlel  b  to  CD. 
E.D. 


Wherefore  flraight  lines,  &c.  Q 


h,7.T, 


PROP.    XXXI.     PR  OB. 

*0  draw  a  flraight  line  through  a  given  point 
parallel  to  a  given  ftraight  line. 

Let  A  be  the  given  point,  and  BC  the  given  Ilraight  line : 


ft  is  required  to  draw  a 
ftraight  line  through  the 
polnc  A,  parallel  to  the 
ilraight  line  BC. 

In  BC  take  any  point 
D,  and  join  AD  ;  and  at 


E 


F 


B 


D 


C 


the  point  A,  in  the  ftraight  line  AD  make  a  the  angle  DAE 
equal  to  the  angle  ADC;  and  produce  the  flraight  line  E A 
1  to  F. 

Becaufe  the  Ilraight  line  AD,  which  meets  the  two  flraight 

lines  BC,EF,  makes  the  alternate  angles  E AD,  ADC  equal 

to  one  anocher,  EF  is  parallel b  to  BC.    Therefore  the  ftraight 

z  Ufia 
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a  31.  r. 


ine  EAF  is  drawn  through  the  given  point  A  parallel  to  theiBook  *■ 
given  ftraight  line  BC.     Which  was  to  be  done.  "~v 

PROP.    XXXII.     T  H  E  O  R. 

F  a  fide  of  any  triangle  be  produced,  the  exterior 
angle  is  equal  to  the  two  interior  and  oppofite 
ingles  ;  and  the  three  interior  angles  of  every 'tri- 
angle are  equal  to  two  right  angles. , 

Let  ABC  be  a  triangle,  and  let  one  of  its  fides  BG  be  pro- 
luced  to  D  ;  die, exterior  angle  ACD  is  equal  to  the  two  in- 
;erior  and  oppofite  angles  CAB,  ABC  and  the  three  interior 
ingles  of  the  triangle,"  viz.  ABC,  BCA,  CAB,  are  together 
qual  to  two  right  angles. 

Through  the  point  C 
raw  CE  parallel  a  to 

he  ftraight  line  AB  ;  /  \  >/-E 

nd  becaufe  AB  is  pa- 
allel  to  CE  and  AC 
neets  them,  the  al- 
mate    angles    BAG,    -B  C  1) 

^CE  are  equals.     Again,  becaufe  AB  is  parallel  to  CE,  and  b  29.  1. 
D  falls  upon  them,  the  exterior  angle  ECD  is  equal  to  the      • 
iterior  and  oppofite  angle  ABC;  but  the  angle  ACE  was 
own  to  be  equal  to  the  angle  BAC  ;  therefore  the  wThole  ex- 
rior  angle  ACD  is  equal  to  the  two  interior  and  oppofite 
ngles  CAB,  ABC  ;  to  thefe  angles  add  the  angle  ACB,  and 
le  angles  ACD,  ACB  are  equal  to  the  three  angles  CBA, 
AC,  ACB;  but  the  angles  ACD,  ACB  are  equal c  to  two    c  13  1. 
ght  angles ;  therefore  alfo  the  angles  CBA,  BAC,  ACB  are 
jual  to  two  right  angles.     Wherefore,  if  a  fide  of  a  triangle, 

q,e.d. 

Cor.  1.  All  the  interior  angles 

any  rectilineal  figure,  together 
ith  four  right  angles,  are  equal 

twice  as  many  right  angles  as 
e  figure  has  fides. 

For  any  rectilineal  figure 
BCDE  can  be  divided  into  as 
any  triangles  as  the  figure  has 
"es,  by  drawing  ftraight  lines 
>m  a  point  F  within  the  figure  . 

each  of  its 


angles. 

D 


A  B 

And,  bv  the  preceding  propofition, 
JD  "  all 
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Book  I,     au  the  angles  of  thefe  triangles  are  equal  to  twice  as  inanj 

1 ■ 'right  angles  as  there  are  triangles,  that  is,  as  there  are  fides  o 

the  figure;  and  the  fame  angles  are  equal  to  the  angles  o 
the  figure,  together  with  the  angles  at  the  point  F,  which  j 

*  i  Cor.  the  co*mmon  Vertex  of  the  triangles  :  that  is  a    together  witl 

?5' r'  four  right  angles.  Therefore  all  the  angles  of  the  figure,  to 
gether  with  four  right  angles,  are  equal  to  twice  as  many  ngh 
angles  as  the  figure  has  fides. 

Cor.  2.  All  the  exterior  angles  of  any  re&lineal  figure  or 
together  equal  to  four  right  angles. 

Becaufe  every  in- 
terior angle  ABC, 
with  its  adjacent  ex- 

*>  *3-  *•  terior  ABD,is  equalb 
to  two  right  angles*, 
therefore  all  the  inte- 
rior, together  with  all 
the  exterior  angles  of 
the  figure,  are  equal 
to  twice  as  many  right  \J 
angles  as  there  are 
fides  of  the  figure; 
that  is  by  the  forego- 
ing corollary,  they  are  equal  to  all  the  interior  angles  of  th 
figure,  together  with  four  right  angles ;  therefore  all  the  es 
terior  angles  are  equal  to  four  right  angles. 

PROP.    XXXIII.      THE  OR. 

THE  ftraight  lines  which  join  the  extremities  ( 
two  equal  and  parallel  ftraight  lines,  towarc 
the  fame  parts,  are  alfo  themfelves  equal  and  pa 
rallel. 

Let  AB,  CD   be  equal   andAL 
parallel  ftraight  lines,  and  joined 
towards  the  fame  parts  by  the 
ftraight  lines  AC,  BD;  AC,  BD 
are  alfo  equal  and  parallel. 

Join  BC  *,   and  becaufe  AB  is 
parallel  to  CD,  and  BC  meets 
a  25.  1.     them,  the  alternate  angles  ABC,  BCD  are  equal* ;  and  h 

ea« 
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mfe  AB  is  equal  to  CD,  and  BC  common  to  the  two  tri-  JBook  I. 
igles  ABC,  DCB,  the  two  fides  AB,  BC  are  equal  to  the  ."      v~*' 
vo  DC,  CB ;  and  the  angle  ABC  is  equal  to  the  angle  BCD  \ 
lerefore  the  bafe  AC  is  equal  b  to  the  bafe  BD,  and  the  tri-    b  4-  *• 
igle  ABC  to  the  triangle  BCD,  and  the  other  angles  to  the 
:her  angles  b,  each  to  each,  to  which  the  equal  fides  are  op- 
ofite*,  therefore  the  angle  ACB  is  equal  to  the  angle  CBD;  A 

id  becaufe  the  ftraight  line  BC  meets  the  two  ftraight  lines 
.C,  BD,  and  makes  the  alternate  angles  ACB,  GBD  equal 
one  another,  AC  is  parallel  c  to  BD  *,  and  it  was  fhewn  to   c  27.  r. 
1  equal  to  it.     Therefore,  ftraight  lines,  &c.  Q^  E.  D. 


PROP.    XXXIV.      THEOR. 

rHE  oppofite  fides  and  angles  of  parallelograms 
are  equal   to  one  another,   and  the  dJFJWifcer  (JUcju:^>^<*iC 
feds  them,  that   is,  divides   them  in  two  equal 
irts. 

N.  B.     A  parallelogram  is  a  four  fided  figure ',  of 

hich  the  oppofite  fides  are  parallel ;  and  the  dmme-  (ita&^fcA 

r  is  the  ftraight  line  joining  two    of   its  oppofite 

gles. 

Let  ACDB  be  a  parallelogram,  of  which  BC  is  a  diamB- 
;  the  oppofite  fides  and  angles  of  the  figure  are  equal  to 
e  another  ;  and  the  diameter  BC  bifecTs  it. 
Becaufe  AB  is  parallel  to  CD,  A.  B 

I  BC  meets  them,  the  alter- 
:e  angles  ABC,  BCD  are  e- 

il  a  to  one   another ;  and  be-        \  y^  \        a  2  q.  ; 

ife  AC  is  parallel  to  BD,  and 
\  meets  them,  the  alternate 
*les  ACB,   CBD  are  equal  a 

one  another ;  wherefore  the  two  triangles  ABC,  CBD 
tretwo  angles  ABC,  BCA  in  one,  equal  to  two  angles 
^D,  CBD  in  the  other,  each  to  each,  and  one  fide  BC  cora- 
m  to  the  two  triangles,  which  is  adjacent  to  their  equal 
D  2  angles; 


&  ■  z  ::  :-. 

y       :  er  fides  flail  be  equal,  each 

rle  of  the  one  to  the  third  angle 
.3  to  the  fide  B; 

>T2gie  BAC  equal  to  the  angle  BDC 

angle  BCD,  and  the  anj 
theangl  hole  an^e  ABD  is  equal 

Je  angle  ACD  :    And  the  angle  BAC   has  be 

fides  and  an/  -aBdogra-  — ual  to  one  anothe 

aKr.  er  biiecb  them  ;  for  AB  being  equal 

anc  'ion,  the  twc  :o  the  tv 

.  each  to  each ;  and  the  angle  ABC  is  equal  to  the  anj 

:  equal  c  to  the  triani 

D,  and  trie  diamct-  -des  the  parallelogram  .'. 

."-  :v  -.  -:  ._v!  v^-:.     0.  II.  D. 


PROP.    XXXV.     THEOR. 

PA?  ipon  the  lame  bafe  and  b 

equal  to  one 
,er. 

feeffe^      Let  the  parallclogra  be  upon 

~*  *  bafe  BC,  and  between  the  feme  parallels 

raUelograr;.    ABCD    fliall   be   equal    to   the   paralK 

e  fides  A  -A 

it  is  plain  that  e^ 

ogramg  is  double  " 

But,  if  the  fides   *  'Xof 

pandlek  BCD 

i  or  j.  the  vi -hole,  or  the  remainder,  A  -  .^oleJ 

4& 
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lc  remainder  DF  9  AB  alfo  is  equal  to  DC;  and  the  jtwc 
D     E  Pi-A.        _EJ> 


A,  AB  are  therefore  equal  to  the  two  FD;  DC     each  to 
,ch  ;  and  the  exterior  angle  FDC  is  equal  !  to   the  interior 
AB,  therefore  the  bafe  EB  is  equal  to  the  bale  FC, 
iangle  EAB    equal  e   to  the  triangle  FDO  ,    take  the 
gle  FDC  from  the  trapezium  ABGF,  an.d  from  the  1 
pezium  take  the  triangle  EAB  ;  the  remainders  there 
equal  f,  that  is,  the  parallelogram  a  BCD  is  equal  t< 
rallelogram  EBCF.     Therefore,  parallelograms  upon   the 
me  bafe,  &c.  Q^E.  D. 


d     j 


PROP.     XXXVI.       T  H  E  O  R. 

^Arallelograms  upon  equal  bales,  and  be- 
tween  the  iame  parallels,  are  equal  to  one  ano- 
ler. 


Let  ABCD,EFGH 

pai  audiograms  upon 
uai  bales  BC,  FG, 
d  between  the  fame 
lailels  A.H,  KG;  the 
lelogram  aBCD 
equai  to  EFGH. 
Join  BE,  CM ;    and  B  C  I!  O 

caufe  BC  is  equal  to  FG,  and  FG  to  a  EH,  faC  is  equal  to 
H  \  and  they  are  parallels,  and  joined  towards  th  farce 
its  by  the  ftraight  lines  BE,  CH  :  Bui  ftraight  uncs  which- 
in  equal  and  parallel  ftraight  lines  towards  the  lame  jferts, 
e  themfelves  equal  and  parallel  b  \  thereto!';  EB,  Cli 
ith  equal  and  parallel,  and  EiXh  is  a  paniileiogiam  ;  d 
is  equal c  to  ABCD,  becauie  it  is  upon  the  fame  bale  BC, 
D  3  and 


a  34.  i. 


b  33-  *• 


c  35-  x. 
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mBook  I.    and  between  the  fame  parallels  BC,  AD  :  For  the  like  res 
'  fon,  the  parallelogram  EFGH  is  equal  to  the  fame  EBCH 
Therefore  alfo  the  parallelogram  ABCD  is  equal  to  EFGH 
Wherefore  parallelograms,  &c.     Q^E.  D. 


PROP.    XXXVII.      THE  OR. 

T^Riangles  upon  the  fame  bafe,  and  betweei 
-*-     the  fame  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DBC  be  upon  the  fame  bafe  B( 
and  between  the  fame  paral-  jr;  ^      j) 

lels  AD,  BC:  The  triangle 
ABC  is  equal  to  the  tri- 
angle DBC. 

Produce  AD  both  ways 
to   the  points    E,    F,    and 

|  31-  x.    through  B  draw  a  BE  pa-  %r-. -K 

rallel  to  CA  *,    and  through 

C  draw  CF  parallel  to  BD  :  Therefore,  each  of  the  figures 

b  35-  x?  EBCA,  DBCF  is  a  parallelogram  ;  and  EBCA  is  equal  b  tc 
DBCF,  becaufe  they  are  upon  the  fame  bafe  BC,  and  be 
tween  the  fame  parallels  BC,  EF  *,  and  the  triangle  ABC  if 
the  half  of  the  parallelogram  EBCA,  becaufe  the  diametei 

c  34-  1.  AB  bifefts  c  it ;  and  the  triangle  DBC  is  the  half  of  the  paral 
lelogram  DBCF,  becaufe  the  diameter  DC  bifefts  it :  But  the 

d  7.  Ax.  halves  of  equal  things  are  equal  d  ;  therefore  the  triangle 
ABC  is  equal  to  the  triangle  DBC.  Wherefore  triangles, 
&c.     Q^E.  D. 


T 


PROP.    XXXVIIL      THE  OR. 

'Riangles  upon  equal  bafes,  and  between  the 
fame  parallels,  are  equal  to  one  another. 


Let  the  triangles  ABC,  DEF  be  upon  equal  bafes  BC, 
EF,  and  between  the  fame  parallels  BF,  AD  :  The  trianglf 
ABC  is  equal  to  the  triangle  DEF. 

Produce 


c   34.   I. 


OF    GEOMETRY.  .  39 

Produce  AD  both  ways  to  the  points  G,  H,  and  through    Book  *•  m 
draw  BG  parallel  a  to  CA,  and  through  F  draw  FH  pa-  a  31.  x. 
illel  to  ED :  Then  (j  A  D  H 

ich  of  the  figures 
rBCA,  DEFH  is 
parallelogram ;  and 
key  are  equal  to  b 
le     another,      be-    1    /  \         I  \  / 

lufe  they  are  upon    YL I       / 

jual  bafes  BC,  EF,  B  C     E 

id  between  the  fame  parallels  BF,  GH  *,    and  the  triangle 

.BG  is  the  half  c  of  the  parallelogram  GBCA,  becaufe  the 

ameter  AB  bife&s  it ;  and  the  triangle  DEF  is  the  half  c'  of 

e  parallelogram  DEFH,  becaufe  the  diameter  DF  bife&s 

:  But  the  halves  of  equal  things  are  equal  d  ;  therefore  the^  7-  Ax* 

iangle  ABC   is  equal  to  the  triangle  DEF,     Wherefore 

iangles,&c,     Q^E,  D. 

PROP.    XXXIX.     THE  OR. 

T1  QUAL  triangles  upon  the  fame  bafe,  and  up- 
_j  on  the  fame  fide  of  it,  are  between  the  fame 
irallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  fame  bafe 

^,  and  upon  the  fame  fide  of  it ;  they  are  between  the  fame 

rallels. 

Join  AD  ;  AD  is  parallel  to  BC  ;  for,  if  it  is  not,  through 

z  point  A  draw  a  AE  parallel  to  BC,  and  join  EC  :  The  a  31.  z. 

angle  ABC  is  equal  b  to  the  triangle  EBC,  becaufe  it  is  up-  b  37.  1. 

the  fame  bafe  BC,  and  between  * 
1  fame  parallels  BC,  AE  :  But  the 
angle  ABC  is  equal  to  the  triangle 
)C  ;  therefore  alfo  the  triangle 
)C  is  equal  to  the  triangle  EBC, 
j  greater  to  the  lefs,  which  is  im- 
GTible  :  Therefore  AE  isnotparal- 

toBC.     In  the  fame  manner,  it        ■**  C 

be  demonftrated  that  no  other  line  but  AD  is  parallel  to 
5  AD  is  therefore  parallel  to  it.     Wherefore  equal  tri- 
glesupon,  &p.     Q^E.  D. 

D  4  PROP. 
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PROP,     XL.      T  H  E  O  R. 


QUAL  triangles  upon  equal  bafes,  in  the  fame 
itraight  line,  and  towards  the  fame  parts,  are 
between  the  fame  parallels. 


K\pQ$  equal  bafes 


Let  the  equal  triangles  ABC,  DEF  h 
BC,  EF,  in  the  fame 
ftraight  line  BF,  and  to- 
wards the  fame  parts  ; 
they  are  between  the 
fame  parallels. 

Join  AD  ;  AD  is  pa- 
rallel to  BC  :  For,  if  it 

131.1.    is  not,  through  A  draw  a 

AG  parallel  to  BF,  and  join  GF.    The  triangle  ABC 

b  38.  1.  equal  b  to  the  the  triangle  GEF,  becaufe  they  are. upon  eoua 
bales  BC,  EF,  and  between  the  fame  parallels  BF,  AG  :  Bu 
the  triangle  ABC  is  equal  to  the  triangle  DEF;  therefor< 
alio  the  triangle  DEF  is  equal  to  the  triangle  GEF,  the  great 
er  to  the  lefs,  which  is  impoffible  :  Therefore  AG  is  not  pa 
rallel  to  BF  :  And  in  the  fame  manner  it  can  be  demonftra 
ted  that  there  is  no  other  parallel  to  it  but  AD  ;  AD 
therefore  parallel  to  BF.  Wherefore  equal  triangles,  &:c 
Q.E.D. 


P  R  O  P.    XLL      T  H  E  O  R. 


F  a  parallelogram  and  a  triangle  be  upon  thefam 
bafe,  and  between  the   fame   parallels ;  the  pa 
rallelogram  fliall  be  double  of  the  triangle. 


Let  the  parallelogram   ABCD   and  the  triangle  EBC  b 
upon  the  fame  bafe  BC,  and  between  the  fame  parallels  BC 

1  AE 
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AE  ;  the  parallelogram  ABCD  is 
double  of  the  triangle  EBC. 

Join  AC  *,  then  the  triangle 
ABC  is  equal a  to  the  triangle 
EBC,  becaufe  they  are  upon  the 
fame  bafe  BC,  and  between  the 
fame  parallels  BC,  AE.  But  the 
parallelogram  ABCD  is  double  b 
of  the  triangle  ABC,  becaufe  the 
diameter  AC  divides  it  into  two  equal  parts  ;  wherefore 
ABCD  isalfo  double  of  the  triangle  EBC.  Therefore,  if  a 
parallelogram,  &c.     Q^E.  D. 


Book  I. 


PROP.     XLII.      P  R  O  B. 

TO  defcribe  a  parallelogram  that  fhall  be  equal 
to  a  given  triangle,  and  have  one  of  its  angles 
equal  to  a  given  redilineal  angle. 

Let  ABC  be  the  given  triangle,  and  D  the  given  reclili- 
neal  angle.  It  is  required  to  defcribe  a  parallelogram  that 
ihall  be  equal  to  the  given  triangle  ABC,  and  have  one  of 
its  angles  equal  to  D. 

Bifecl:  a  BC  in  E,  join  AE,  and  at  the  point  E  in  the 
{Iraight  line  EC  make  b  the  angle  CEF  equal  to  D  -,  and 
through  A  draw  c  AG  parallel  to  EC,  and  through  C  draw 
CGc  parallel  to  EF :  There- 
fore FECG  is  a  parallelo- A 
gram  :  And  becaufe  BE  is 
equal  to  EC,  the  triangle 
ABE  is  likewife  equal  d  to 
the  triangle  AEC,  fince 
they  are  upon  equal  bafes 
BE,  EC,  and  between  the 
fame  parallels  BC,  AG  \ 
therefore  the  triangle  ABC  -^ 

is  double  of  the  triangle  AEC.  And  the  parallelogram  FECG 
is  likewife  double  e  of  the  triangle  AEC,  becaufe  it  is  up- 
on the  fame  bafe,  and  between  the  fame  parallels  :  Therefore 
the  parallelogram  FECG  is  equal  to  the  triangle  ABC,  and 
it  has  one  of  its  angles  CEF  equal  to  the  given  angle  D  : 

Wherefore 


b  23. 
c  31. 


d  38.  1. 


D 


e  41.  r. 
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^  Book  I,  Wherefore  there  has  be.en  defcribed  a  parallelogram  FECG 
equal  to  a  given  triangle  ABC,  having  one  of  it  angles  GEF 
equal  to  the  given  angle  D.     Which  was  to  be  done. 


PROP.    XLIIL      THE  OR. 

THE  complements  of  the  parallelograms  which 
are  about  the  diameter  of  any  parallelogram, 
are  equal  to  one  another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is 
AC  ;  let  EH,  FG  the  parallelograms  about  AC,  that  is,  thro* 
which  AC  paffes,  and  BK,  KD 
the  other  parallelograms  which 
make  up  the  whole  figure 
ABCD,  which  are  therefore 
called  the  complements :  The 
complement  BK  is  equal  to  the 
complement  KD. 

Becaufe  ABCD  is  a  paral- 
lelogram, and  AC  its  diameter, 
a  34.  i.   the  triangle  ABC  is  equal  a  to 

the  triangle  ADC  :  And,  becaufe  EKHA  is  a  parallelogram, 
the  diameter  of  which  is  AK,  the  triangle  AEK  is  equal  to 
the  triangle  AHK  :  For  the  fame  reafon,  the  triangle  KGC 
is  equal  to  the  triangle  KFC.  Then,  becaufe  the  triangle 
AEK  is  equal  to  the  triangle  AHK,  and  the  triangle  KGC 
to  KFC  ;  the  triangle  AEK,  together  with  the  triangle  KGC 
is  equal  to  the  triangle  AHK  together  with  the  triangle  KFC : 
But  the  whole  triangle  ABC  is  equal  to  the  whole  ADC  *, 
therefore  the  remaining  complement  BK  is  equal  to  the  re- 
*  maining  complement  KD.  Wherefore  the  complements,  &c. 
Q.E.  D. 


PROP, 


OF    GEOMETRY. 


PROP.    XLIV.     P  R  O  B. 


Book  I. 


TO  a  given  ftraight  line  to  apply  a  parallelo- 
gram, which  fhall  be  equal  to  a  given  triangle, 
and  have  one  of  its  angles  equal  to  a  given  recti- 
lineal angle. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  tri- 
angle, and  D  the  given  re&ilineal  angle.  It  is  required  to 
apply  to  the  ftraight  line  AB  a  parallelogram  equal  to  the 
triangle  C,  and  having  an  angle  equal  to  D. 

Make  a  the  parallelogram  BEFG  equal  to  the  triangle  C,  a  4*.  l 


and  having  the  angle  EBG  equal  to  the  angle  D,  fo  that  BE 
be  in  the  fame  ftraight  line  with  AB,  and  produce  FG  to  H ; 
and  through  A  draw  b   AH  parallel  to  BG  or  EF,  and  join  b  31.  1. 
HB.     Then  becaufe  the  ftraight  line  HF  falls  upon  the  pa- 
rallels AH,  EF,  the  angles  AHF,  HFE,  are  together  equal  c  c  20.  1. 
to  two  right   angles •,    wherefore  the  angles    BHF,    HFE 
are  lefs  than  two  right  angles  :  But  ftraight  lines  which  with 
another  ftraight  line  make  the  interior  angles  upon  the  fame 
fide    lefs  than   two   right  angles,  do  meet  if   produced  far 
enough  :    Therefore  HB,  FE  fhall  meet,  if  produced ;  let 
them  meet  in  K,  and  through  K  draw  KL  parallel  to  E  A  or 
FH,  and  produce  HA,  GB  to  the  points  L,  M  :  Then  HLKF 
is  a  parallelogram,  of  which  the  diameter  is  HK,  and  AG, 
ME  are  the  parallelograms  about  HK  ;  and  LB,  BF  are  the 
complements  *,  therefore  LB  is  equal  d  to  BF  :  But  BF  is  e-  d  43.  1, 
qual  to  the  triangle  C  \  wherefore  LB  is  equal  to  the  triangle 
C;    and  becaufe   the   angle   GBE  is  equal  e   to  the  angle  c  15.  1. 
ABM,    and    likewife  to    the  angle    D ;    the    angle  ABM 
is  equal  to    the  angle    D  :     Therefore    the    parallelogram 

LB 


44 
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a  Book  I.    LB  i3  applied  to  the  ftraight  line  AB,  is  equal  to  the  triangle 
"  T  ll1  '  C,  and  has  the  angle  ABM  equatto  the  angle  D  :     Which 
was  to  be  done. 


a  42 
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j  29.  1. 
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PROP.    XLV.     PR  OB. 

HPO  defcribe   a  parallelogram  equal    to  a  given 
"*■      rectilineal  figure,  and    having  an  angle  equal 
to  a  given  rectilineal  angle. 

Let  ABCD  be  the  given  rectilineal  figure,  and  E  the  gi- 
ven rectilineal  angle.  It  is  required  to  defcribe  a  parallelo- 
gram equal  to  .A  BCD,  and  having  an  angle  equal  to  E. 

Join  DB,  and  defcribe  a  the  parallelogram  FH  equal  to  the 
triangle  ADB,  and  having  the  angle  HKF  equal  to  the  angle 
E  -,  and  to  the  ftraight  line  GH  b  apply  the  parallelogram 
GM  equal  to  the  triangle  DBC,  having  the  angle  GHM  e- 
qual  to  the  angle  E.  And  becaufe  the  angle  E  is  equal  to 
each  of  the  angles  FKH,  GHM,  the  angle  FKH  is  equal  to 
GHM  ;  add  to  each  of  thefe  the  angle  KHG  ;  therefore  the 
angles  FKH,  KHG  are  equal  to  the  angles  KHG,  GHM ; 
but   FKH,    KHG  are  equal  c  to  two  right  angles  ;   there- 


fore alio  KHG,  GHM  are  equal  to  two  right  angles  :  and  be- 
caufe at  the  point  H  in  the  itraight  line  GH,  the  two  ftraight 
lines  KH,HM,  upon  the  oppoiite  fides  of  GH,  make  the  adjacent 
angles  equal  to  two  right  angles,  KH  is  in  the  fame  ftraight 
line  tl  with  HM.  And  becaufe  the  Itraight  line  HG  meets  the 
parallels  KM,  FG,  the  alternate  angles  MHG,  HGF  are  e- 
qual  c  j  add  to  each  of  thefe  the  angle  HGL  ;  therefore 
>the  angles  MHG,  HGL?  are  equal  to  the  angles  HGF,  HGL  : 

But 
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But  the  angles  MHG,  HGL  are  equal  c   to  two  right  angles  ;  Book  I. 
wherefore  alfo  the  angles  HGF,  HGL  are  equ^l  to  two  right  u-*t~— 
angles,  and  FG   is  therefore  in  the  fame  ftraight  line  with 
GL.    And  becaufe  KF  is  parallel  to  HG,   and   HG  to  ML, 
KF  is  parallel  e  to  ML  ;  but  KM,  FL  are  parallels  ;  where-  e  30.  i. 
fore  KFLM  is  a   parallelogram.    And  becaufe   the  triangle 
ABD  is  equal  to  the  parallelogram  HF,  and  the  triangle  DBC 
to    the    parallelogram    GM,    the    whole    rectilineal    figure 
ABCD  is  equal  to  the   whole  parallelogram  KFLM ;  there- 
fore the  parallelogram  KFLM  has  been-  defcribed  equal  to  the 
given  recTilineal  figure  ABCD,  having  the  angle  FKM  equal 
to  the  given  angle  E.     Which  was  to  be  done. 

Cor.  From  this  it  is  manifeft  how  to  a  given  ftraight  line 
to  apply  a  parallelogram,  which  mail  have  an  angle  equal  to 
a  given  rectilineal  angle,  and  fhall  be  equal  to  a  given  recti- 
lineal figure,  viz.  by  applying  b  to  the  given  ftraight  line  a  b  44,  r. 
parallelogram  equal  to  the  firft  triangle  ABD,  and  having  an 
angle  equal  to  the  given  angle. 


PROP.    XLVL    PR  OB. 


1  O  defcribe  a  fquare  upon  a  given  ftraight  line. 


Let  AB  be  the  given  ftraight  line  ;  it   is   required  to  de- 
fcribe a  fquare  upon  AB. 

From  the  point  A  draw  a  AC  at  right  angles  to  AB  ;  and   a  "•  *• 
-makeb   AD  equal  to  AB,   and  through  the   point  D   draw  b  3-  *• 
DE  parallel  9  to  AB,  and  through   B   draw    BE    parallel   to   c  31*  *• 
AD  •,  therefore  ADEB  is  a  parallelogram  :  Whence  AB  is 
equal  A  to  DE,  and  AD  to  BE  :  But  £  d  34-  % 

BA  is  equal  to  AD  ;  therefore  the 
four  ftraight  lines  BA,  AD,  DE,  EB 
are  equal  to  one  another,  and  the  pa- 
rallelogram ADEB  is  equilateral: 
it  is  likewife  rectangular ;  for  the 
ftraight  line  AD  meeting  the  pa- 
rallels AB,  DE,  makes  the  angles 
BAD,  ADE  equal  e  to  two  right 
angles  ;  but  BAD  is  a  right  angle  ; 
therefore  alfo  ADE  is  a  right  angle  ;  A- 
now  the  oppofite  angles  of  parallelo- 
grams 
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Book  I. 


grams  are  equal  d  j  therefore  each  of  the  oppofite  angles 
'ABE,  BED  is  a  right  angle  ;  wherefore  the  figure  ADEB 
is  re&angular,  and  it  has  been  demonftrated  that  it  is  equila- 
teral ;  it  is  therefore  a  fquare,  and  it  is  defcribed  upon  the  gi- 
ven ftraight  line  AB  :  Which  was  to  be  done. 

Cor.  Hence  every  parallelogram  that  has  one  right  angle 
has  all  its  angles  right  angles. 


PROP.    XLVII.    THEOR, 

IN  any  right  angled  triangle,  the  fquare  which  is 
defcribed  upon  the  fide  fubtending  the  right  an- 
gle, is  equal  to  the  fquares  defcribed  upon  the  fides 
which  contain  the  right  angle. 

Let  ABC  be  a  right  angled  triangle  having  the  right  angle 

BAG  *,  the  fquare  defcribed  upon  the  fide  BC  is  equal  to  the 

fquares  defcribed  upon  BA,  AC. 
a  4<$- 1-         On  BC  defcribe  a  the  fquare  BDEC,  and  on  B  A,  AC  the 
b  31.  i,    fquares  GB,  HC  ;  and  through  A  draw  b  AL  parallel  to  BD 

or  CE,  and  join  AD,  FC  \  then,  becaufe  each  of  the  angles 

BAC,  BAG  is  a    right 
c  30.  def.  angle  c,    the   two  ftraight 

lines  AC,  AG  upon  the 

oppofite    fides     of     AB, 

make  with  it  at  the  point 

A  the   adjacent  angles  e- 

qual  to  two  right  angles  ; 

therefore    CA   is   in    the 
d  14.  r.    fame   ftraight  line  d  with 

AG;  for  the  fame  reafon, 

AB  and  AH  are  in  the 

fame  ftraight  line;  and  be- 
caufe the  angle  DBC  is  e- 

qual  to   the  angle  FBA, 

each    of    them   being    a 

right  angle,   add   to  each 
c  2.  Ax.   the  angle  ABC,  and  the  whole  angle  DBA  is  equal  e  to  the 

whole  FBC  ;  and  becaufe  the  two  fides  AB,  BD  arc  equal  to 

the  two  FB,  BC,  each  to  each,  and  the  angle  DBA  equal  to 

the, 
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the  ungle  FBC  *,  therefore  the  bafe  AD  is  equal  t  to  the  bafe  ^°°:t  * ■ 
FC,  and  the  triangle   ABD  to  the  triangle  FBC  :  Now  the  77T~^ 
parallelogram  BL  is  double  g  of  the  triangle  ABD,  becaufe  g  4i.  1. 
they  are  upon  the  fame  bafe  BD,  and  between  the  fame  pa- 
rallels, BD,  AL  ;  and  the  fquare  GiS  is  double  of  the  tri- 
angle FBC,  became  thefe  aKo  are  upon  the  fame  bafe  FB,  and 
between  the  fame  parallels  FB,  GC.     But  the  doubles  of  e- 
quals  are  equal  h  to  one  another  ;  therefore  the  parallelogram  k  *  Ax» 
BL  is  equal  to  the  fquare  GB  :   And,  in  the  fame  manner,  by 
joining  AE,  BK,  it  is  demonftrated   that   the  parallelogram 
CL  is  equal  to  the  fquare  HC.    Therefore  the   whole  fquare 
BDEC   is    equal  to  the    two  fquares   GB,  HC  ;    and    the 
fquare  BDEC  is  defcribed  upon  the  ftraightline  BC,  and  the 
fquares  GB,  HC  upon  B  A,  AC  :  Wherefore  the  fquare  upon 
the  fide  BC  is  equal  to  the  fquares  upon  the  fides   BA,   AC. 
Therefore,  in  any  right  angled  triangle,  &c.  Q^E.  D. 


PR  OR    XLVIII.    THE  OR, 

IF  the  fquare  defcribed  upon  one  of  the  fides  of  a 
triangle,  be  equal  to  the  fquares  defcribed  upon 
the  other  two  fides  of  it  ;  the  angle  contained  by 
thefe  two  fides  is  a  right  angle. 

If  the  fquare  defcribed  upon  BC,  one  of  the  fides  of  the 
triangle  ABC,  be  equal  to  the  fquares  upon  the  other  fides 
BA,  AC,  the  angle  BAG  is  a  right  angle. 

From  the  point  A  draw  a  AD  at  right  angles  to  AC,  and 
make  AD  equal  to  B A,  and  join  DC  :  Then,  becaufe  DA  is 
equal  to  AB,  the  fquare  of  DA  is  equal 
to  the  fquare  of  AB  :  To  each  of  thefe 
add  the  fquare  of  AC  -7  therefore  the 
fquares  of  DA,  AC,  are  equal  to  the 
fquares  of  BA,  AC  :  But  the  fquare  of 

DC  is   equal  b  to  the  fquares   of  DA,  /     \        \         b  47. 1. 

AC,  becaufe  DAC   is  a  right   angle  ; 
and  the  fquare  of  BC,  by  hypothefis,  is     - 
equal  to  the  fquares  of  B  A,  AC  j  there-  ^  ^ 

fore,  the  fquare  of  DC  is  equal  to  the  fquare  of  BC  ;  and 

therefore 
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Book  I.     therefore  alfo  the  fide  DC  is  equal  to  the  fide  BC.     And  be 

v         caufe  the  fide  DA  is  equal  to  AB,  and  AC  common  to  th 

two  triangles  DAC,  BAC,  and  the  bafe  DC  likewife  equa 

c  8.  i.  to  the  bafe  BC,  the  angle  DAC  is  equal  c  to  the  angl 
BAC  :  But  DAC  is  a  right  angle  ;  therefore  alfo  BAC  i 
a  right  angle.     Therefore,  if  the  fquare,  &c.     Q^  E.  D. 
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BOOK     II. 


DEFINITIONS. 


EVERY  right  angled  parallelogram,  or  reflangle,  is  faid  to 
be  contained  by  any  two  of  the  ftraight  lines  which  con- 
:ain  one  of  the  right  angles. 

II. 

[n  every  parallelogram,  any  of  the  parallelograms  about  a 
diameter,  together  with  the       .  -p  tv 

two   complements,  is  cal-     ■"=— 
led    a   Gnomon.     '  Thus 

*  the   parallelogram   HG, 

*  together  with  the  com- 
'  plements    AF,    FC,    is 

P  the  gnomon,  which  is 
'  more  briefly  expreffed 
1  by  the  letters  AGK,  or 
4  EHC,  which   are  at  the       B  Gr 

■  oppofite  angles-  of  the  parallelograms  which  make  the 

*  gnomon.' 

E  PRO  P. 


*  II.  I. 

**  I- 

C31.  i. 


d  34.  1. 


ELEMENTS 


PROP.    I,      THEOR, 

IF  there  be  two  ftraight  lines,  one  of  which  is  di 
vided  into  any  number  of  parts;  the  redtangl 
contained  by  the  two  ftraight  lines,  is  equal  to  th 
rectangles  contained  by  the  undivided  line,  and  th 
feiveral  parts  of  the  divided  line. 

Let  A  and  BC  be  two  ftraight  lines  ;  and  let  BC  be  d 
vided  into  any  parts  in  the  points  D,  E  *,  the  re&angle  cor 
tained  by  the  ftraight  lines  A,  BC  is  equal  to  the  re&angl 
contained  by  A,  BD,  toge- 
ther with  that  contained  by 
A,  DE,  and  that  contained 
by  A,  EC. 

From  the  point  B  draw  a 
BF  at  right  angles  to  BC,  and 
make  BG  equal  b  to  A  ;  and 
through  G  draw  c  GH  paral- 
lel to  BC  ;  and  through  D, 
E,  C,  draw  c   DK,  EL,  CH 

parallel  to  BG  \  then  the  re&angle  BH  is  equal  to  the  red 
angles  BK,  DL,  EH ;  and  BH  is  contained  by  A,  BC,  ft 
it  \z  contained  by  GB,  BC,  and  GB  is  equal  to  A  ;  and  B] 
is  contained  by  A,  BD,  for  it  is  contained  by  GB,  BD, 
which  GB  is  equal  to  A  ;  and  DL  is  contained  by  A,  DI 
becaufe  DK,  that  is,  d  BG,  is  equal  to  A  •,  and  in  like  mai 
ner  the  re&angle  EH  is  contained  by  A,  EC  :  Therefore  tit 
rectangle  contained  by  A,  BC  is  equal  to  the  feveral  rec" 
angles  contained  by  A,  BD,  and  by  A,  DE,  and  alfo 
A,  EC.  Theretore,  if  there  be  two  ftraight  lines,  & 
Q^  E.  D. 


P  R  O  P.    II.      THEOR. 

IF  a  ftraight  line  be  divided  into  any  two  part 
the  redangles  contained  by  the  whole  and  e^c 
of  the  parts,  are  together  equal  to  the  fquare  of  tt 
whole  line. 
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Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  Book  II. 
he  point  C  \  the  rectangle  contained 
>y  AB,  BC,  together  with  the  recT:- 
ingle  *  AB,  AC,  {hall  be  equal  to 
he  fquare  of  AB. 

Upon  AB  defcribe  *  the  fquare 
\DEB,  and  through  C  draw  b  CF, 
jarallel  to  AD  or  BE  :  then  AE  is 
:qual  to  the  reftangles  AF,  CE  *,  and 
^E  is  the  fquare  of  AB  ;  and  AF 
the  rectangle  contained  by  BA,  AC ; 

or  it  is  contained  by  DA,  AC,  of  which  AD  is  equal  to 
KB  ;  and  CE  is  contained  by  AB,  BC,  for  BE  is  equal  to 
KB  :  therefore  the  rectangle  contained  by  AB,  AC  toge- 
ner  with  the  rectangle  AB,  BC,  is  equal  to  the  fquare  of  AB. 
~  therefore  a  ftraight  line,  &c.    Q^  E.  D. 


PROP.     III.     T  H  E  O  R. 


F  a  flraight  line  be  divided  into  any  two  parts, 
the  redtangle  contained  by  the  whole  and  one 
the  parts,  is  equal  to  the  re6langle  contained  by 
hie  two  parts,  together  with  the  fquare  of  the  fore- 
lid  part. 

Let  the  ftraight  line  AB  be  divided  into  two  parts  in  the 
oint  C  ;  the  rectangle  AB,  BC  is  equal  to  the  rectangle  AC, 

B,  together  with  the  fquare  of  BC. 
Upon  BC  defcribe  a   the 

uare  CDEB,  and  produce 
D  to  F,  and  through  A 
aw  b  AF  parallel  to  CD 
BE  ;  then  the  reftangle 
E  is  equal  to  the  rectangles 
D,  CE.  Now  AE  is  the 
cta,ngle  contained  by  AB, 

C,  for  it  is  contained  by 
JB,  BE,  of  which  BE  is 
lual  to  BC  •,  and  AD  is  contained  by  AC,  CB,  for  CD  is 

E  2  equal 

*  N.  B.  To  avoid  repeating  the  word  contained  too  frequently,  the  re&- 
gle  contained  by  two  ftraight  lines  AB,  AC  is  tumctxaies  limply  called  the 
Wangle  AB,  AC. 


a  46.  io 


b  31.  I. 
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Book  IT    equal  to  CB  ;  and  DB  is  the   fquare  of  BC  :    therefore  th 

""-"~v— ' rectangle  AB.  BC  is  equal  to  the  rectangle  AC,  CB  togethe 

with  the  fquare  of  BC.  If  therefore  a  ftraight,  &c.  Q^E.  E 


PROP.    IV.      THEOR. 


a  46. 
b  31. 


c  29.  1. 
is    I, 

e  6.   1. 

*  34-  1. 


IF  a  ftraight  line  be  divided  into  any  two  part? 
the  fquare  of  the  whole  line  is  equal  to  th 
fquares  of  the  two  parts,  together  with  twice  th 
re&angle  contained  by  the  parts,    ,  / 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  i 
C  ;  the  fquare  of  AB  is  equal  to  the  fquares  of  AC,  CB,  an 
to  twice  the  rectangle  contained  by  AC,  CB. 

Upon  AB  defcribe  a  the  fquare  ADEB,  and  join  BD,  an 
through  C  draw  }  CGF  parallel  to  AD  or  BE,  and  throug 
G  draw  HK  parallel  to  AB  or  DE.  And  becaufe  CF  is  ps 
rallel  to  AD,  and  BD  falls  upon  them,  the  exterior  ang] 
BGC  is  equal  c  to  the  interior  and  oppofite  angle  ADB  ;  bi 
ADB  is  equal  d  to  the  angle  ABD,  becaufe  BA  is  equal  t 
AD,  being  fides  of  a  fquare  ;  wherefore  the  angle  CGB 
equal  to  the  angle  GBC  ;  and  therefore  the  fide  BC  is  equal 


II 


c       I 


G 


D 


to  the  fide  CG  :  but  CB  is  equal  f 
alio  to  GK,  and  CG  to  BK;  where- 
fore the  figure  CGKB  is  equilater- 
al. It  is  likewife  rectangular ;  for 
the  angle  CBK  being  a  right  angle, 
the  other  angles  of  the  parallelo- 
g  Cor.  46. 1.  gram  CGKB  are  alfo  right  angles  g. 
Wherefore  CGKB  is  a  fquare,  and 
it  is  upon  the  fide  CB.  For  the 
fame    reafon    HF   alfo  is  a  'fquare, 

and  it  is  upon  the  fide   HG,  which  is  equal  to  AC;  ther 
fore  HF,  CK  are  the  fquares  of  AC,  CB.'    And  becaufe  t 
h  43.  1.  complement  AG  is  equal**   to   the  complement   GE 

becaufe  AG  is  the  rectangle  contained  by  AC,  CG,  th 
is,  by  AC,  CB  ;  GE  is  alfo  equal  to  the  rectangle  AC,  C] 
wherefore  AG,  GE  are  equal  to  twice  the  rectangle  A 
CK.  And  Hf ,  C  K  are  the  fquares  of  AC,  CB  ;  wherefore  t 
if  figures  HF,  CK,  AG,  GE  are  equal  to  the  fquares 
^  A 


E 


ai 
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A.C,  CB,  and  to  twice  the  reftangfe  AC,  CB  :  But  HF,  CK,  Book  II. 
&G,  GE  make  up  the  whole  figure  ADEB,  which  is  the 
[quare  of  AB  :  Therefore  the  fquare  of  AB   is   equal  to  the 
Squares   of  AC,    CB,    and   twice   the   rectangle    AC,    CB. 
Wherefore  if  a  ftraight  line,  &c.     Q^E.  D. 
Cor.  From  the  demonstration,  it  is  manifeft  that  the   pa- 


allelograms 
quares. 


about   the   diameter    of  a  fquare  are  like  wife 


PROP.     V,      T  H  E  O  R. 


/ 


F  a  ftraight  line  be  divided  into  two  equal  parts* 

and  alfo  into  two  unequal  parts;   the   re&angle 

ontained  by  the  unequal  parts,   together  with  the 

Square  of  the  line  between  the  points    of  fedion,  is 

qual  to  the  fquare  of  half  the  line. 

Let  the  ftraight  line  AB  be  divided  into  two  equal  parts  in 
he  point  C,  and  into  two  unequal  parts  at  the  point  D  \  the 
ectangle  AD,  DB,  together  with  the  fquare  of  CD,  is  equal 
o  the  fquare  of  CB. 

Upon  CB  defcribe  a  the  fquare  CEFB,  join  BE,  and  *  46> *• 
hrough  D  drawb  DHG  parallel  to  CE  or  BF  ;  and  through  b  31-  I* 
""  draw  KLM  parallel  to  CB  or  EF  ;  and  alfo  through  A 
raw  AK  parallel  to  CL  or  BM  :  And  becaufe  the  comple- 
nent  CH  is  equal  c  to  the  complement  HF,  to  each  of  thefe 
dd  DM  ;  therefore  the  whole  CM  is  equal  to  the  whole  DF; 
ut  CM  is  equal  d  to  AL, 


C43- 


d  x6.  i. 


A 


K 


ecaufe  AC  is  equal  to 
^B  ;  therefore  alfo  AL  is 
qual  to  DF.  To  each  of 
hefe  add  CH,  and  the 
vhole  AH  is  equal  to  DF 
nd  CH  :  but  AH  is  the 
ectangle  contained  by  AD, 
>B,  for  DH  is  equal  e  to 
B;  and   DF    together   with 


c 


I) 


E 


B 


K 
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CH  is  the   gnomon  CMG ; 

herefore  the  gnomon   CMG  is  equal  to  the  rectangle  AD, 

JB.     To  each   of  thefe   add   LG,   which   is   equal  e  to  the 

fuare  of  CD  *,  therefore  thj  gnomon   CMG,  together  with 

-G,  is  equal  to  the  rectangle  AD,  DB,  together  with  the 

E   3  fquare 
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Book  II.  fquare  of  CD  :  But  the  gnomon  CMG  and  LG  make  r 

*-— ~v— '  the  whole  figure  CEFB,  which  is  the  fquare  of  CB  :  Ther 

fore  the  re&angle  AD,  DB,  together  with  the  fquare  of  CI 

is  equal  to  the  fquare  of  CB.     Wherefore,  if  a  ftraight  lin 

&c.     Q^E.  D. 

From  this  propofition  it  is  manifeft,  that  the  difference  < 
the  fquares  of  two  unequal  lines  AC,  CD,  is  equal  to  tl 
reclangle  contained  by  their  fum  and  difference. 


P  R  O  P.    VI.     THEOR. 

IF  a  ftraight  line  be  bifedled,  and  produced  to  an; 
point ;  the  rectangle  contained  by  the  whol 
line  thus  produced,  and  the  part  of  it  produced,  to 
gether  with  the  fquare  of  half  the  line  bife£ed,  i 
equal  to  the  fquare  of  the  ftraight  line  which  i 
made  up  of  the  half  and  the  part  produced. 

Let  the  ftraight  line  AB  be  bife&ed  in  C,  and  produced  t 
the  point  D  •,  the  re&angle  AD,  DB,  together  with  th 
fquare  of  CB,  is  equal  to  the  fquare  of  CD. 

a4s,i,         Upon  CD   defcribe  a  the  fquare  CEFD,  join   D£?  an 

b  31.  x.  through  B  draw  b  BHG  parallel  to  CE  or  DF,  and  throug 
H  draw  KLM  parallel  to  AD  or  EF,  and  alfo  through  J 
draw  AK  parallel  to  CL  or  DM  :  and  becaufe  AC  is  eqm 
to  CB,  the  reftangle  AL     A C B_ 

c  36.  1.     is  equal  c    to    CH;    but 

d  43.  1.  CH  is  equal  d  to  HF  ; 
therefore  alfo  AL  is  equal 
to  HF  :  To  each  of  thefe 
add  CM;  therefore  the 
whole  AM  is  equal  to 
the  gnomon  CMG.  Now 

AM  is  the  reclangle  con-  E  G 

c  C0ZV4.  %.  tained  by  AD,  DB,  for  DM  is  equal  e  to  DB  :  therefor 
the  gnomon  CMG  is  equal  to  the  reftangle  AD,  DB ;  ad 
to  each  of  thefe  LG,  which  is  equal  to  the  fquare  of  CI 
therefore  the  reftangle  AD,  DB,  together  with  the  fquare 
CB,  is  equal  to  the  gnomon  CMG,  together  with  LG  :  But  th 
gnomon  CMG  together  with  LG  makes  up  the  whole  figur 

CEFL 


OF   GEOMETRY. 


55 


2EFD,  which  is  the  fquare  of  CD  •,  therefore  the  re&angle   Book  II. 
fVD,  DB,  together  with  the   fquare  of  CB,  is  equal  to  the 
qua;e  of  CD.     Wherefore,  if  a  ftraight  line,  &c.  Q^E.  D. 


PROP.    VII.     THEOR, 

"F  a  ftraight  line  be  divided  into  any  two  parts, 

the  fquares  of  the   whole  line,   and  of  one  of 

he  parts,  are  equal  to  twice  the  redangle  contain- 

"  by  the  whole  and  that  part,   together  with  the 

juare  of  the  other  part. 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in 
le  point  C  ;  the  fquares  of  AB,  BCj  are  equal  to  twice  the 
2&angle  AB,  BC  together  with  the  fquare  of  AC. 

Upon  AB  defcribe  a  the  fquare  i^DEB,  and  conftrufl:  the  a  45.  l6 
gure  as  in  the  preceding  propoiitioris  :  And  becaufe  AG  is 
jual  b  to  GE,  add  to  each  of  them  CK  \  the  whole  AK  is  b  43.  i„ 
lerefore  equal  to  the  whole   CE ;     A  C  B 

lerefore    AK,  CE,  are  double  of 
lK  :  But  AK,  CE  are  the  gnomon 

KF  together  with  the  fquare  CK  ;     tt 
Lerefore  the  gnomon  AKF,  toge- 
ler  with  the  fquare  CK,  is  double 
:AK.  But  twice  the  rectangle  A  8, 
C  is  alfo  doable  of  AK,  for  BK 

equal    c  to  BC  :    therefore    the      jf — ^ -=k   c  Cor.  4.  %, 

lomon   AKF,   together  with  the 

muare  CK,  is  equal  to  twice   the   rectangle  AB,  BC.     To 
Lch  of  thefe  equals  add  HF,  which  is  equal  to  the  fquare  of 

C  \  therefore  the  gnomon  AKF,  together  with  the  fquare? 
K,  HF,  is  equal  to  twic  the  reftangle  AB,  BC  and  the 
uare  of  AC  :  now  the  gnomon  AKF,  together  with  the 
uares  CK,  HF,  makes  up  the  whole  figure  ADEB  an$ 
K,  which  are  the  fquares  of  AB  and  BC  :  Therefore  the 
uares  of  AB  and  BC  are  e  ual  to  twice  the  rectangle  AB, 
C,  together  with  the  fquare  of  AC.  Wherefore,  if  a 
•aight  line,  &c     Q^  E.  D. 


E4 


Otherwife5 
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Otherwife, 

"  Becaufe  the  fquare  of  AB  is  equal  to  the  fquares  of  AC 

and  CB,  a  together  with  twice 

"  the    reftangle    ACB,  if    the  A  y B 

"  fquare  of  CB  be  added  to  both,  ' 

"  the  fquares  of  AB  and  CB  are  equal  to  the  fquare  of 
"  AC  together  with  twice  the  fquare  of  CB  and  twice  the 
y  3.  %.  "  rectangle  ACB.  But  the  fquare  of  CB  together  with  the 
"  rectangle  ACB  is  equal  to  the  b  rectangle  ABC  ;  and 
"  therefore  twice  the  fquare  of  CB,  together  with  twice  the 
*'*  rectangle  ACB,  is  equal  to  twice  the  rectangle  ABC .  Where- 
"  fore  the  fquares  of  AB  and  CB  are  equal  to  twice  the  rect- 
*  angle  ACB,  together  with  the  fquare  of  AC.     CX  E.  D. 

"  Cor.  Hence,  the  fum  of  the  fquares  of  any  two  lines  is 
"  equal  to  twice  the  rectangle  contained  by  the  lines  together 
u  with  the  fquare  of  the  difference  of  the  Kjpu^*' 

PROP.     VIII.     T  H  E  O  R. 

IF  a  ftraight  line  be  divided  into  any  two  parts, 
four  times  the  redangle  contained  by  the  whole 
line,  and  one  of  the  parts,  together  with  the  fquare 
of  the  other  part,  is  equal  to  the  fquare  of  the 
ftraight  line  which  is  made  up  of  the  whole  and  the 
firft  mentioned  part. 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in 
the  point  C  ;  four  times  the  rectangle  AB,  BC,  together 
with  the  fquare  of  AC,  is  equal  to  the  fquare  of  the  ftraight 
line  made  up  of  AB  and  BC  together. 

Produce  AB  to  D,  fo  that  BD  be  equal  to  CB,  and  upon 
AD  defcribe  the  fquare  AEFD  ;  and  conftruct  two  figures 
fuch  as  in  the  preceding.  Becaufe  CB  is  equal  to  BD,  and 
rhat  CB  is  equal  a  to  GK,  and  BD  to  KN  -r  therefore  GK  is 
equal  to  KN  :  For  the  fame  reafon,  PR  is  equal  to  RO  ;  and 
becaufe  CB  is  equal  to  BD,  and  GK  to  KN,  the  rectangle 
CK  is  equal  b  to  BN,  and  GR  to  RN  :  But  CK  is  equal  c  to 
RN,  becaufe  they  are  the-  complements  of  the  parallelogram 
CO  ;  therefore  alfo  BN  is  equal  to  GR  ;  and  the  four  rect- 
angles BN,  CK,  GR,  RN  are  therefore  equal  to  one  another, 

and 
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and  fo  are  quadruple  of  one  of  them,  CK. 
CB    is  equal   to   BD,  and    BD     A 
equal  d  to  BK,  that  is,   to    CG  \ 
md  CB  equal  to   GK,  that  d  is, 
to  GP ;  therefore   CG  is  equal  to  M- 
GP ;    and  becaufe   CG  is  equal 
to  GP,  and  PR  to  RO,  the  reft-  X 
angle  AG  is  equal  to  MP,  and 
PL  to  RF  :  But  MP  is  equal  e  to 
PL,  becaufe  they  are  the  comple- 
ments of  the  parallelogram  ML  ; 
wherefore   AG   is   equal   alfo  to    E 


Again,  becaufe  B°ok  II. 

c  b    pIT* 

d  Cor.  4.  2. 


G 


K 


H 


R 


0 


F 


RF  :  Therefore  the  four  rectangles  AG,  MP,  PL,  RF  are  e- 
qual  to  qne  another,  and  fo  are  quadruple  of  one  of  them, 
AG.  And  it  was  demonftrated,  that  the  four  CK,  BN,  GR, 
and  RN  are  quadruple  of  CK  :  therefore  the  eight  rect- 
angles which  make  up  the  gnomon  AOH,  are  quadruple  of 
AK.  And  becaufe  AK  is  the  rectangle  contained  by  AB, 
BC,  for  BK  is  equal  to  BC,  four  times  the  rectangle  AB,  BC, 
is  quadruple  of  AK  :  But  the  gnomon  AOH  was  demon- 
ftrated to  be  quadruple  of  AK  ;  therefore  four  times  the 
rectangle  AB,  BC,  is  equal  to  the  gnomon  AOH.  To  each 
of  tb  efe  add  XH,  which  is  equal  d  to  the  fquare  of  AC  ;  d  Cor.  4. 
therefore  four  times  the  rectangle  AB,  BC  together '  with 
the  fquare  of  AC,  is  equal  to  the  gnomon  AOH  and  the  fquare 
XH  :  But  the  gnomon  AOH  and  the  fquare  XH  make  up  the 
figure  AEFD,  which  is  the  fquare  of  AD  :  Therefore  four 
times  the  rectangle  AB,  BC,  together  with  the  fquare  of  AC, 
is  equal  to  the  fquare  of  AD,  that  is,  of  AB  and  BC  added 
together  in  one  flraight  line.  Wherefore,  if  a  ftraight  line, 
Sec.     Q^E.  D. 

"  Cor.  1.  Hence,  becaufe  AD  is  the  fum,  and  AC  thedif- 
"  ference  of  the  lines  AB  and  BC,  four  times  the  rectangle 
contained  by  any  two  lines  together  with  the  fquare  of 
their  difference,  is  equal  to  the  fquare  of  the  film  of  the 
lines. " 

"  Cor.  2.  From  the  demonfl  ration  it  is  manifeft,  that  fince 
the  fquare  of  CD  is  quadruple  of  the  fquare  of  CB,  the 
fquare  of  any  line  is  quadruple  of  the  fquare  of  half  that 
hue." 


PROP, 
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PROP.    IX.     THEOR, 

IF  a  ftraight  line  be  divided  into  two  equal,  and 
alfo  into  two  unequal  parts ;  the  fquares  of  the 
two  unequal  parts  are  together  double  of  the  fquare 
of  half  the  line,  and  of  the  fquare  of  the  line  be- 
tween the  points  of  fedion. 

Let  the  ftraight  line  AB  be  divided  at  the  po:nt  C  into  two 
equal,  and  at  D  into  two  unequal  parts:  The  fquares  of  AD, 
DB  are  together  double  of  the  fquares  of  AC,  CD. 

a  u.  I#       From  the  point  C  drawa  CE  at  right  angles  to  AB,  and 
make  it  equal  to  AC  or  CB,  and  join  EA,  EB;  through  D 

b  31.  i.   draw  b  DF  parallel  to  CE,  and  through  F  draw  FG  parallel 
to  AB;  and  join  AF:  Then,  becaufe  AC  is  equal  to  CE,  the 

c.  5.  1.  an^-le  E  AC  is  equal  c  to  the  angle  A  EC  ;  and  becaufe  the 
angle  ACE  is  a  right  angle,  the  two  others  AEC,  EAC  to- 
ri. 32. 1.  gether  make  one  right  angle  d  •,  and  they  are  equal  to  one  ano- 
other ;  each  of  them  therefore 
is  half  of  a  right  angle.  For 
the  fame  reafon  each  of  the 
angles  CEB,  EBC  is  half  a 
right  angle  ;  and  therefore  the 
whole  AEB  is  a  right  angle: 
And  becaufe  the  angle  GEF  is 
half  a  right  angle,  and  EGF  a 
e.  29. 1.  riSht  an^le>  for. lt  iS  equal  e  to  the  interior  and  oppofite  angle 
ECB,  the  remaining  angle  EFG  is  half  a  right  angle;  there- 
fore the  angle  GEF  is  equal  to  the  angle  EFG,  and  the  fide 

f  6.  r.  EG  equal  f  to  the  fide  Gf :  Again,  becaufe  the  angle  at  B  is 
half  a  right  angle  and  FDB  a  right  angle,  for  it  is  'equal  e  to 
the  interior  and  oppofite  angle  ECB,  the  remaining  angle  BFD 
is  half  a  right  angle;  therefore  the  angle  at  B  is  equal  to 
the  angle  BFD,  and  the  fide  DF  to  f  the  fide  DB.  Now  be- 
caufe AC  is  equal  to  CE,  the  fquare  of  AC  is  equal  o  the 
fquare  of  CE;  therefore  the  fquares  of  AC,  CE,  are  double 
g  47.  r.  of  the  fquare  of  AC  :  But  the  fqitaie  of  E  A  is  equal  g  to  the 
fquares  of  AC,  CE,  becaufe  ACE  is  a  right  angle  ;  therefore 
the  fquare  of  £  A  is  double  of  the  fquare  of  AC  :  A  ra  n,  be- 
caufe EG  is  equal  to  GK,  the  fquare  of  KG  is  equal  to  the 
fquare  of  GF;  therefore  the  fquares  of  EG,  GF  are  double  of 

the 
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the  fquare  of  GF;  but  the  fquare  of  EF  is  equal  to  the  fquares  So°k  IX- 

of  EG,  GF ;  therefore  the  fquare  of  EF  is  double  of  the  fqttare  ' • ' 

GF;  and  GF  is  equal  h  to  CD ;  therefore  the  fquare  of  EF  is  b  34-  ** 
double  of  the  fquare  of  CD :  But  the  fquare  of  AE  is  likewife 
double  of  the  fquare  of  AC  *,  therefore  the  fquares  of  AE,  EF 
are  double  of  the  fquares  of  AC,  CD  :  And  the  fquare  of  AF 
is  equal  i  to  the  fquares  of  AE,  EF,  becaufe  AEF  is  a  right  '  *7*  I# 
angle  >  therefore  the  fquare  of  AF  is  double  of  the  fquares  of 
AC,  CD  :  But  the  fquares  of  AD,  DF  are  equal  to  the  fquare 
of  AF,  becaufe  the  angle  ADF  is  a  right  angle ;  therefore 
the  fquares  of  AD,  DF  are  double  of  the  fquares  of  AC,  CD  ; 
And  DF  is  equal  to  DB;  therefore  the  fquares  of  AD,  DB 
are  double  of  the  fquares  of  AC,  CD,  If  therefore  a  flraight 
line,  &c.  ChE.  D. 

PROP.    X.     THE  OR. 

IF  a  ftraight  line  be  bife&ed,  and  produced  to  any 
point,  the  fquare  of  the  whole  line  thus  pro- 
duced, and  the  fquare  of  the  part  of  it  produced, 
are  together  double  of  the  fquare  of  half  the  line 
bife&ed,  and  of  the  fquare  of  the  line  made  up  of 
the  half  and  the  part  produced. 

Let  the  ftraight  line  AB  be  bifefted  in  C,  and  produced  to 
die  point  D  ;  the  fquares  of  AD,  DB  are  double  of  the  fquares 
rf  AC,  CD. 

From  the  point  C  draw  *  CE  at  right  angles  to  A.B  :  And  a  it.  1. 
make  it  equal  to  AC  or  CB,  and  join  AE,  EB;  through  E 
Iraw  b  EF  parallel  to  AB,  and  through  D  draw  DF  parallel  b  31. 1. 
:o  CE :  And  becaufe  the  ftraight  line  EF  meets  the  parallels 
EC,  FD,  the  angles  CEF,   EFD   are  equal  c  to  two  right  c  39.  x. 
ingles ;  and  therefore  the  angles  BEF,  EFD  are  lefs  than  two 
ight  angles :  But  ftraight  lines,  which  with  another  Ilraight 
ine  make  the  interior  angles  upon  the  fame  fide  lefs  than  two 
ight  angles,  do  meet  d  if  produced  far  enough :  Therefore  dCor,*9.i< 
EB,  FD  fhall  meet,  if  produced  towards  B,D  ;  let  them  meet 
n  G,  and  join  AG :  Then,  becaufe  AC  is  equal  to  CE,  the 
ngle  CEA  is  equal  e  to  the  angle  EAC ;  and  the  angle  ACE  e  5*  Io 
s  a  right  angle ;  therefore  each  of  the  angles  CEA,  EAC  is 

half 
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h  6.  i. 
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half  a  right  angle  f  :  For  the  fame  reafon,  each  of  the  angle; 
CEB,  EBC  is  half  a  right  angle  ;  therefore  AEB  is  a  righ 
angle  :   And  becaufe  EBC  is  half  a  right  angle,   DBG  is  alf( 
g  half  a  right  angle,  for  they  are  vertically  oppofite;   bu 
BDG  is  a  right  angle,  becaufe  it  is  equal  c  to  the  alternat( 
angle  DCE ;  therefore  the  remaining  angle  DGB  is  half 
right  angle,  and  is  therefore  equal  to  the  angle  DBG;  where 
fore  alfo  the  fide  DB  is  equal**  to  the  fide  DG:  Again,  be 
caufe   EGF  is  half  a  right 
angle,  and  that  the  angle  at 
F  is  a  right  angle,  becaufe 
it  is  equal  i  to  the  oppofite 
an^le  ECD,  the  remaining 
angle  FEG  is  half  a  right 
angle,    and    equal    to   the 
angle  EGF ;  wherefore  alfo 
the  fide  GF  is  equal  k  to  the 
fide  FE.    And  becaufe  EC  is  equal  to  CA,  the  fquare  of  E( 
is  equal  to  the  fquare  of  CA;  therefore  the  fquares  of  EC 
C  A  are  double  of  the  fquare  of  C  A  :  But  the  fquare  of  Ej* 
is  equal  k  to  the  fquares  of  EC,  CA;  therefore  the  fquare  o 
EA  is  double  of  the  fquare  of  AC :    Again,  becaufe  GF  i 
equal  to  FE,  the  fquare  of  GF  is  equal  to  the  fquare  of  FE 
and  therefore  the  fquares  of  GF,  FE  are  double  of  the  fquar 
of  EF  :  But  the  fquare  of  EG  is  equal  k  to  the  fquares  of  GF 
FE ;  therefore  the  fquare  of  EG  is  double  of  the  fquare  o 
EF;  and  EF  is  equal  to  CD;  wherefore  the  fquare  of  EG  i 
double  of  the  fquare  of  CD ;  but  it   was   demonftrated,   tha 
the  fquare  of  EA  is  double  of  the   fquare  of  AC  ;  therefor 
the  fquares  of  AE,  EG  are  double  of  the  fquares  of  AC,  CD 
And  the  fquare  of  AG  is  equal  k  to  the  fquares  of  AE,  EG 
therefore  the  fquare  of  AG  is  double  of  the  fquares  of  AC 
CD  :  But  the  fquares  of  AD,  DG  are  equal  k  to  the  fquare  o 
AG  ;  therefore  the  fquares  of  AD,  DG  are  double  of  th 
fquares  of  AC,  CD:  But  DG  is  equal  to  DB;  therefore  th 
fquares  of  AD,  DB  are  double  of  the  fquares  of  AC,  CD 
Wherefore,  if  a  ftraight  line,  &c.  Q^E.  D. 
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TO  divide  a  given  ftraight  line  into  two  parts,  fo 
that  die  re&angle  contained  by  the  whole,  and 
one  of  the  parts,  fliall  be  equal  to  the  fquare  of  the 
other  part. 

Let  AB  be  the  given  ftraight  line  ;  it  is  required  to  divide 
it  into  two  parts,  fo  that  the  reclangle  contained  by  the  whole^ 
and  one  of  the  parts,  ftiall  be  equal  to  the  fquare  of  the  other 
part. 

Upon  AB  defcribe  a  the  fquare  ABDC ;  bifeft  b  AC  in  E,  a  46-  i 
and  join  BE  ;  produce  CA  to  F,  and  make  c  EF  equal  to 
EB,  and  upon  AF  defcribe  *  the  fquare  FGHA  ;  AB  is  di- 
vided in  H,  fo  that  the  rectangle  AB,  BH  is  equal  to  the 
fquare  of  AH. 

Produce  GH  to  K :   Becaufe  the  ftraight  line  AC  is  bifecled 
in  E,  and  produced  to  the  point  F,  the  reclangle  CF,  FA,  to- 
gether with  the  fquare  of  AE,  is  equal  d  to  the  fquare  of  EF  : 
But  EF  is  equal  to  EB;  therefore  the  rectangle  CF,  FA, 
together  with  the  fquare  of  AE,  is  equal  to  the  fquare  of  EB : 
And  the  fquares  of  BA,    AE  are 
qual  e  to  the  fquare  of  EB,  be- 
caufe the   anele  EAB   is   a  right 
mgle  ;  therefore  the  reclangle  CF, 
FA,  together  with  the  fquare  of 
AE,  is  equal  to  the  fquares  o   BA, 
AE  :    take    away  the  fquare  of 
AE,  which  is  common  to  both, 


herefore  the  remaining;  reclangle 
j i ,  FA  is  equal  to  the  fquare  of 
\B.  Now  the  figure  FK  is  the 
'eclangle  contained  by  CF,  FA, 
or  AF  is  equal  to  FG  ;  and  AD 
the  fquare  of  AB;  therefore 
^K  is  equal  to  AD :  take  away 
he  common  part  AK,  and  the  re- 
mainder FH  is  equal  to  the  remainder  HD  :  And  HD  is  the 
eftangle  contained  by  AB,  BH,  for  AB  is  equal  to  BD  ;  and 


d6.  2. 


e47<  i. 


1  is  the  fcpare  of  AH 


therefore  the  reftangle  AB,  BH 

%  is 


6z 
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Book  II.   is  equal  to  the  fcaiare  of  AH :  Wherefore  the  ftraight  line 
u— -v— —'  AB  is  divided  in  H  fo,  that  the  rectangle  AB,  BH  is  equal  to 
the  fquare  of  AH.     Which  was  to  be  done. 


PROP.    XII.      THEOR. 

IN  obtufe  angled  triangles,  if  a  perpendicular  be 
drawn  from  any  of  the  acute  angles  to  the  oppo- 
iite  fide  produced,  the  fquare  of  the  fide  fubtending 
the  obtufe  angle  is  greater  than  the  fquares  of  the 
fides  containing  the  obtufe  angle,  by  twice  the  red- 
angle  contained  by  the  fide  upon  which,  when  pro- 
duced, the  perpendicular  falls,  and  the  ftraight  line 
intercepted  without  the  triangle  between  the  per- 
pendicular and  the  obtufe  angle. 

Let  ABC  be  an   obtufe  angled  triangle,  having  the  obtufe 
a  12.  i.     angle  ACB,  and  from  the  point  A  let  AD  be  drawn  a  perpen- 
dicular to  BC  produced :  The  fquare  of  A  B  is  greater  than  the 
fqiiares  of  AC,  CB,  by  twice  the  rectangle  BC,  CD. 

Becaufe  the  ftraight  line  BD  is  divided  into  two  parts  in  the 
point  C,  the  fquare  of  BD  is  e-  j± 

b  4.  2.  qual  b  to  the  fquares  of  BC, 
CD,  and  twice  the  rectangle 
BC,  CD:  to  each  of  thefe  e- 
quals  add  the  fquare  of  D  A  ; 
and  the  fquares  of  DB,  DA 
are  equal  to  the  fquares  of 
BC,  CD,  DA,  and  twice  the 

C47.  1.  redangle  BC,  CD:    But    the      B^  C 

fquare  of  BA  is  equal  c  to  the  fquares  of  BD,  DA,  be- 
caufe the  angle  at  D  is  a  right  angle  ;  and  the  fquare 
of  C A  is  equal  c  to  the  fquares  of  CD,  DA:  Therefore 
the  fquare  of  BA  is  equal  to  the  fquares  of  BC,  CA,  and 
twice  the  rectangle  BC,  CD  ;  that  is,  the  fquare  of  BA  is 
greater  than  the  fquares  of  BC,  C  A,  by  twice  the  rectangle 
BC,  CD.  Therefore,  in  obtufe  angled  triangles,  &c. 
Q.E.  D. 


PROP. 
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PROP.    XIII.     THEOR, 

IN  every  triangle,  the  fquare  of  the  fide  fubtend- 
ing  any  of  the  acute  angles,  is  lefs  than  the 
quares  of  the  fides  containing  that  angle,  by  twice 
:he  reftangle  contained  by  either  of  thefe  fides,  and 
he  ftraight  line  intercepted  between  the  perpendi- 
:ular  let  fall  upon  it  from  the  oppofite  angle,  and 
:he  acute  angle. 

Let  ABC  be  any  triangle,  and  the  angle  at  B  one  of  its  a- 

:ute  angles,  and  upon  BC,  one  of  the  fides  containing  it,  let 

all  the  perpendicular  a  AD  from  the  oppofite  angle :  The  an,  x. 

quare  of  AC,  oppofite  to  the  angle  B,  is  lefs  than  the  fquares 

)f  CB,  BA  by  twice  the  reftangle  CB,  BD. 
Firft,  Let  AD  fall  within  the  triangle  ABC ;  and  becaufe 

he  ftraight  line  C  B  is  divided  in- 

o  two  parts  in  the  point  D,  the 

quares  of  CB,  BD  are  equal  b  to  /    \  b  7*  *4 

w  ce  the  reftangle  contained  by 

UB,  BD,  and  the  fquare  of  DC : 

To  each  of  thefe  equals  add  the 

quare    of    AD  ;    therefore    the 

quares  of  CB,  BD,  DA  are  equal 
twice  the  rectangle   CB,  BD, 

nd  the  fquares  of  AD,  DC  :  But 

he  fquare  of  AB  is  equal  c  to  the  fquares  of  BD,  DA,  becaufe  c  47. 1. 

he  angle  BD  A  is  a  right  angle  ;  and  the  fquare  of  AC   is 

qual  to  the  fquares  of  AD,  DC  :  Therefore  the  fquares  of 
B,  BA  are  equal  to  the  fquare  of  AC,  and  twice  the  reft- 

ngle  CB,  BD,  that  is,  the  fquare  of  AC  alone  is  lefs  than  the 

pares  of  CB,  BA  by  twice  the  reftangle  CB,  BD. 
Secondly,    Let    AD    fall    without    the    triangle    ABC: 
hen,  becaufe  the  angle  at  D  is  a  right  angle,  the  angle 
.CB  is   greater  d  than    a   right  angle-,    and  therefore   the  a  16  r. 

niare  of  AB  is  equal  e  to  the  fquares  of  AC,  CB,  and  e  12.  2. 

wice  the  reftangle  BC,  CD  :  To  thefe  equals  add  the  fquare 
f  BC,  and  the  fquares  of  AB,  BC  are  equal  to  the  fquare  of 
.€,  and  twice  the  fquare  of  BC,  and  twice  the  reftangle  BC, 

CD; 


64 


ELEMENTS 


Book  II. 


g47-  r. 


CD :  But  becaufe  BD  is  divided  into  two  parts  in  C,  the  red 
'  angle   DB,    BC   is   equal  f   to  j± 

the  reftangle  BC,  CD  and 
the  fquare  of  BC :  And  the 
doubles  of  thefe  are  equal  : 
Therefore  the  fquares  of  AB, 
BC  are  equal  to  the  fquare 
of  AC,  and  twice  the  red- 
angle  DB,  BC  :  Therefore  the 

fquare    of    AC    alo;ie    is    lefs  B  Q~ 

them  the  fquares  of  AB,  BC  by  twice  the  redtande   DI 
BC. 

Laftly,  Let  the  fide  AC  be  perpen- 
dicular to  BC  ;  then  is  BC  the  ftra^ht 
line  between  the  perpendicular  and  the 
acute  angle  at  B  ;  and  it  is  manifeft  that 
the  fquares  of  AB,  PC  are  equal  g  to 
the  fquare  of  AC,  and  twice  the  fquare 
of  PC  :  Therefore,  in  every  triangle,  &c. 
Q^E.D. 


PROP.    XIV.     PROB. 


T 


O  defcribe  a  fquare  that 
given  rectilineal  figure. 


(hall  be  equal  to 


a  45.  i. 


b  5.  2. 


Let  A  be  the  given  rectilineal  figure  ;  it  is  required  to  d< 
fcribe  a  fquare  that  fhall  be  equal  to  A. 

Defcribe  a  the  rectangular  parallelogram  BCDE  equal 
the  reculineal  figure  A.     If  then  the  fides  of  it  BE,  ED  ai 
equal  to  one  another,  it  is  a  fquare,  and  what  was  required 
done  *,  but  if  they  are  not  equal,  produce  one  of  them  B. 
to  F,   and  make   EF  equal  to  ED,  and  bifect  BF  in  G  :  an 
frcm  the  centre  G,   at  the  diitance  GB,  or  GF,  defcribe  il: 
fei/iicircle  SKF,  and  produce  DE  to  H,  and  join  GH.  Ther< 
foil  e,  becaufe  the  ftraight  line   BF   is   divided  into  two  equ; 
paftfc  in  the  point  G,   and  into  two  unequal  in  the  point  ] 
the  fe&angle  BE,  EF,  together  with  the  fquare  of  EG, 
equal  b  to  the  fquare  of  GF :  but-GF  is  equal  to  GH  ;  then 
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bre  the  re&angle  BE,  EF,  together  with  the  fquare  of  EG,  Book  II. 

s  equal  to  the  fquare  of  GH  ;  But  the  fquares  of  HE,  EG        s/mmmm 

ire  equal c  to  the  k  c  47..L 

quare  of    GH  : 

therefore,      the 

e&angle  BE,EF 

ogether  with  the 

quare  of  EG,  is 

-qual      to      the 

quares   of    HE, 

lG.      Take    a- 

V3.J  the    fquare 
EG,  which  is 

ommon  to  both,  and  the  remaining  re&angle  BE,  EF  is  e- 

ual  to  the  fquare  of  EH :  But  the  rectangle  contained  by  BE, 

lF  is  the  parallelogram  BD,  becaufe  EF  is  equal  to   ED ; 

lierefore  BD  is  equal  to  the  fquare  of  EH  ;  but  BD  is  equal 
the  rectilineal  figure  A  ;  therefore  the  rectilineal  figure  A 
equal  to  the  fquare  of  EH :  Wherefore  a  fquare  has  been 

lade  equal  to  the  given  rectilineal  figure  A,  viz.  the  fquare 

efcribed  upon  EH.     Which  was  to  be  done. 


PROP.    A.    THEOR. 


F  one  fide  of  a  triangle   be  bifecled,  the  fum  of  See  N. 

the  fquares  of  the  other  two  fides  is  double  of 
ie  fquare  of  half  the  iide  bifefted,  and  of  the 
juare  of  the  line  drawn  from  the  point  of  bife&ion 

the  oppofite  angle  of  the  triangle. 

Let  ABC  be  a  triangle,  of  which  the  fide  BC  is  bife&ed  in 
),  and  DA  drawn  to  the  oppofite  angle  *,  the  fquares  of  BA 
id  AC  are  together  double  of  the  fquares  of  Bi>  and  D  A. 

From  A  draw  AE  perpendicular  to  BC,  and  becaufe 
EA  is  a  right  angle,  the  fquare  of  AB  is  equal  to  the 
[uares  of  BE  a  and  EA  ;  for  the  fame  reafon,  the  fquare  of  a  47. i. 
lC  is  equal  to  the  two  fquares  of  CE  and  E  A.  Therefore, 
le  fquares  of  B  A  and  AC  are  equal  to  the  fquares  of  RE  and 
'C,  together  with  twice  the  fquare  of  EA.     But  becaufe  the 

F  line 
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line  BC  is  cut  equally  in  D,  and  unequally  in  E,  the  fquare 

of  BE  and   EC  b  are   equal  to 

twice  the  fquares  of  BD  and  DE ;  A. 

therefore  the  fquares  of  BA  and 

AC  are  equal  to  twice  the  fquare 

of  BD,  together  with  twice  the 

fquares  of  DE  and  EA.     Now, 

the  fquares  of  DE  and  EA  are 

equal  to  the  fquare  of  DA  a,  and 

therefore  twics  the  fquares  of  DE  . 

and  EA,  to  twice  the  fquare  3'    B  D 

DA.  Wherefore  alfo,  the  fquares 

of  BA  and  AC  are  equal  to  twice  the  fquare  of  BD,  togethc 

-with  twice  the  fquare  of  DA.     Therefore,  &c.  Q^E.  D. 


PROP.    B,      T  H  E  OR. 


THE  fum  of  the  fquares  of  the  diameters  of  an 
parallelogram    is    equal   to    the    fum   of 
fquares  of  the  fides  of  the  parallelogram. 


tl 


a  15.  1. 
b  29.  1. 


c.34- 


d  26.  1. 


e  A.  2. 


Let  A  BCD  be  a  parallelogram,  of  which  the  diameters  a 
AC  and  BD  5  the  fum  of  the  fquares  of  AC  and  BD  is  equ 
to  the  fum  of  the  fquares  of  AB,  BC,  CD,  DA. 

Let  AC  and  BD  interfeft  one  another  in  E:  and  becar 
the  vertical  angles  A  ED,   CEB  are  equal  a,   and  alfo  the 
ternate  angles  EAD,  ECB  b?  the  triangles  ADE,  CEB  ha 
two  angles  in  the  one  equal  to  two  angles  in  the  other,  ea 
to  each  :  but  the   fides  AD  and  BC,  which  are  oppofite 
equal  angles  in  thefe  tri- 
angles, are  alfo  equal  c  ; 
therefore  the  other  fides 
which  are  oppofite  to 
the    equal   angles    are 
equal  <Vviz.AEtoEC, 
and  ED  to  EB. 

Since,  therefore,  BD 
is  bifecled  in  E,  the 
fquares"  of  BA  and 
AD  are  equal  to 
twice  the  fquire  of  BE,  together  with  twice  the  fquare 
E A e  *,  and  for  the  fame  reafon  the  fquare   of  BC  and  C 
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;  equal  to  twice  the  fquare  of  BE,  together  with  twice  the  ^Book  IL 
lare  of  EC,  that  is,  of  EA,  becaufe  EC  is  equal  to  EA. 
lerefore  the  four  fquares  of  BA,  AD,  DC,  CB  are  e^ual 
four  times  the  fquares  of  BE  and  of  EA.  But  the  fquare 
BD  is  equal  to  four  times  the  fquare  of  BE,  becaufe  BD  is 
uble  of  BE  e  •,  and  for  the  fame  reafon,  the  fquare  of  AC  eCor.  8.2. 
equal  to  four  times  the  fquare  of  AE  :  Wherefore  alfo,  the 
tares  of  BD  and  AC  are  equal  to  the  four  fquares  of  BA, 
D,  DC,  CB.  Therefore  the  fum  of  the  fquares,  &c. 
E.  D. 

L 

uOR.  From  the  demonftration,  it  is  manifeft  that  the  dia- 
ters  of  every  parallelogram  bifed  one  another. 


F  2 
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DEFINITIONS. 


I. 

ftraight  line  is  faid  to 
touch  a  circle,  when  it 
meets  the  circle,  and  be- 
ing produced  does  not  cut 

II. 

-clesare  faid  to  touch  one 
mother,  which  meet,  but 
lo  not  cut  one  another. 

III. 

ight  lines  are  faid  to  be  equally  di- 
tant  from   the   centre  of  a   circle, 
hen  the   perpendiculars  drawn  to 
em  from  the  centre  are  equal. 

IV. 
the   ftraight  line   on  which   the 
■eater  perpendicular  falls,  is  faid  to 
e  farther  from  the  centre. 

Fa 


Book  III. 


ytjo 


E  L  E  M  E  NT  S 


«  ",  A  fegment  of  a  circle  is  the  figure  con- 

tained by  a  ftraight  line  and  the  cir- 
cumference it  cuts  off. 

VI.    . 

An  angle  in  a  fegment  is  the  angle 
contained  by  two  ftraight  lines 
drawfe.  from  any  point  in  the  cir- 
cumference of  the  fegment,  to  the 
extremities  of  the  ftraight  line 
which  is  the  bafe  of  the  fegment. 
VII. 

And  an  angle  is  faid  to  infill  or  ftand 
upon  the  circumference  intercept- 
ed between  the  ftraight  lines  that 
contain  the  angle. 


figure  con- 


VIII. 

The  fe£tor  of  a  circle  is  the 

tained  by  two  ftraight  lines  drawn 
from  the  centre,  and  the  circumfe- 
rence between  them. 


XI. 

Similar  fegments  cf  a  circle, 
are  thofe  in  which  the  an- 
gles are  equal,  or  which 
contain  equal  angles. 


PROP.    I,      P  R  O  B. 


J[  O  find  the  centre  of  a  given  circle. 

Let  AEC  he  the  given  circle  \  it  is  required  to   find 
centre. 
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Draw  within  it  any  ftraight  line  AB,  and  bifecl  a  it  in  D  ;  Book  Iir. 
rom  the  point  D  drawb  DC  at  right  angles  to  AB,  and  pro-        /—~ ' 
uce  it  to  E,  and  bifefh  CE  in  F  :  The  point  F  is  the  centre  .         x" 
f  the  circle  ABC. 
For,  if  it  be  not,  let,  if  poffible,  G  be  the  centre,  and  join 
A,  GD,  GB  :  Then,  becaufe  DA  is  equal  to  DB,  and  DG 
ommon  to  the  two  triangles  ADG, 
DG,  the  two  fides  AD,  DG  are 
qual  to  the  two  BD,  DG,  each  to 
ach  ;  and  the  bafe  GA  is  equal  to 
le   bafe     GB,   becaufe    they    are 
rawn  from  the  centre  G  *  :  there- 
>re  the  angle  ADG  is  equal  c  to 
angle    GDB :     But  when    a 
ght  line  Handing  upon  another 
ght   line    makes   the    adjacent 
gles  equal  to   one  another^  each 
the   angles   is    a   right   angle  d. 
herefore  the  angle   GDB   is\  a  right  angle  :  But  FDB  is 
^ewife  a  right  angle  ;  wherefore  the  angle  FDB  is  equal  to 
angle  GDB,  the  greater  to  the  lefs,  which  is  impofuble  : 
herefore  G  is  not  the  centre  of  the   circle  ABC  :  In  the 
me  manner  it  can  be  fhown,  that  no  other  point  but  F  is 
centre  •,  that  is,  F  is  tfce  centre  of  the  circle  ABC  :  Which 
as  to  be  found. 

Cor.  From  this  it  is  manifeft,  that  if  in  a  circle  a  ftraight 
le  bifecl  another  at  right  angles,  the  centre  of  the  circle  33 
the  line  which  bife&s  the  other. 


le 


c  8. 


d  7.  def,  1. 


PROP.    II.      T  H  E  O  R. 

any  two  points   be  taken  in  the  circumference 
of  a  circle,  the  ftraight  line  winch  joins    them 
all  fall  within  the  circle. 


F4 


Let 


N.  B.  "Whenever  the  expreffion  "  ftraight  lines  from  the  centre,"  or 
rawn  from  the  centre,"  occurs,  it  is  to  be  underftood  that  they  aie  dravvw 
he  circugnference, 


j%  ELEMENTS 

Bock  III.       Let  ABC  be  a  circle,  and  A,  B  any  two  points  in  the  cii 
**■■""*    ~  cumference  ;  the  ftraight  line  drawn 
from  A  to  B  fliall   fall  within  the 
circle. 

Take  any  point  in  AB  as  E ;  find 
D  the  centre  of  the  circle  ABC, 
join  AD,  DB  and  DE,  and  let  DE, 
meet  the  circumference  in  F.  Then 
becaufe   DA   is   equal  to   DB,  the 

a5- i.      angle  DAB  is  equal  a  to  the  angle 

DBA;  and  becaufe  AE,  a  fide   of  1* 

the  triangle  DAE,   is  produced   to   B,   the   angle   DEB   \ 

b  16. 1.  greater b  than  the  angle  D  AE  •,  but  DAE  is  equal  to  th 
angle  DBE  *,  therefore  the  angle  DEB  is  greater  than  th 
angle  DBE  :  Now  to  the  greater  angle  the  greater  fide  is  op 

G  x9*  lm  pofite  d  ;  DB  is  therefore  greater  than  DE  :  but  DB  is  equal  t 
DF  \  wherefore  DF  is  greater  than  DE,  and  the  point  E  i 
therefore  within  the  circle.  The  fame  may  be  demonftratei 
of  any  other  point  between  A  and  B,  therefore  AB  is  with 
in  the  circle.     Wherefore,  if  any  two  points,  &c.  Q^E.  D. 


PROP.    III.      THEOR, 


IF  a  ftraight  line  drawn  through  the  centre  of 
circle  bifedt  a  ftraight  line  in  it  which  does  no 
pafs  through   the  centre,    it   ihall  cut  it   at  righ 
angles ;  and,  if  it  cuts  it  at  right  angles,   it  fhal 
bifedl  it. 


Let  ABC  be  a  circle,  and  let  CD,   a  ftraight  line  draw 
through  the  centre,  bifecl  any  ftraight  line  AB,  which  doe 
not  pafs  through  the  centre,  in  the  point  F  :  It  cuts  it  alfo 
right  angles. 

*  *•  3-  Take  a   E  the   centre   of  the   circle,   and  join  EA,  EI 

Then,  becaufe  AF  is  equal  to  FB,  aadFE  common  to  the  tw 

triangle 
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e  26.  r, 


tangles  AFE,  BFE,  there  are  two  fides  in  the  one  equal  to  Book  ill. 
wo  fides  in  the  other,  and  the  bafe  -  *"— *" vmmmmJ 

LA  is  equal  to  the  bafe  EB ;  there- 
;  the  angle  AFE  is  equal  b  to 
he  angle  BFE  :  But  when  a  ftraight 
ine  ftanding  upon  another  makes 
he  adjacent  angles  equal  to  one  ano- 
her,  each  of  them  is  a  right c  angle : 
"herefore  each  of  the  angles  AFE, 
JFE  is  a  right  angle ;  wherefore 
he  ftraight  line  CD,  drawn  through 
le  centre  bife&ing  another  AB  that 
oes  not  pafs  through  the  centre,  cuts  the  fame  at  right  angles. 

But  let  CD  cut  AB  at  right  angles ;  CD  alfo  bife&s  it, 
lat  is,  AF  is  equal  to  FB. 

The  fame  conftruftion  being  made,  becaufe  EA,  EB  from 
le  centre  are  equal  to  one  another,  the  angle  EAF  is  equal  d  d  5. 
)  the  angle  EBF  ;  and  the  right  angle  AFE  is  equal  to  the 
ght  angle  BFE  :  Therefore,  in  the  two  triangles  EAF, 
<BF,  there  are  two  angles  in  one  equal  to  two  angles  in  the 
ther,  and  the  fide  EF,  which  is  oppofite  to  one  of  the  equal 

gles  in  each,  is  common  to  both  ;  therefore  the  other  fides 
re  equal  e  ;  AF  therefore  is  equal  to  FB.  Wherefore,  if  a 
raight  line  &c.     Q^E.  D. 

PROP.    IV,      T  H  E  O  R. 
I  F  in  a  circle  two  ftraight  lines  cut  one  another 
which  do  not  both  pafs  through  the  centre,  they 
o  not  bifedt  each  the  other. 

Let  ABCD  be  a  circle,  and  AC,  BD  two  ftraight  lines  in 

which  cut  one  another  in  the  point  E,   and  do  not  both 

its  through  the  centre  :  AC,  BD  do  not  bifecl  one  another. 

For,  if  it  is  poffible  let  AE  be  equal  to  EC,  and   BE  to. 

D  :  If  one  of  the  lines  pafe  through  the  centre,  it  is  plain 

at  it  cannot  be  bifecred  by  the  o- 

er  which  does  not  pafs  through 
le  centre.  But  if  neither  of  them 
ais  through    the  centre,   take a  F 

e  centre  of  the  circle,  and  join 
F  :  and  becaufe  FE,  a  ftraight 
tie  through  the  centre,  bifecis  ano- 

er.  AC  which  does  not  pafs  thro* 

te  centre,  it  (hall  cut  it  at  right  b  ^> —     ^^C 

agles  j  wherefore  FEA  is  a  right 

3  angle : 


a  1.  3. 


b  3  3< 
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JBook  TIL  angle  :  Again,  becaiife  the  ftraight  line  FE  bifecls  the  ftraight 
line  BD,  which  does  not  pals  through  the  centre,  it  Ihall  cut 
it  at  right  b  angles  •,  wherefore  FEB  is  a  right  angle  :  and 
FEA  was  ihown  to  be  a  right  angle  j  therefore  FEA  is  e- 
qual  to  the  angle  FEB,  the  lefs  to  the  greater,  which  is  im- 
poflible  :  therefore  AC,  BD  do  not  bifecl;  one  another.  Where- 
fore, if  in  a  circle,  &c.     Q^  E.  D. 


i 


P  R  O  P.    V.      THEOR. 

F  two  circles   cut  one    another,  they  fhall   not 
have  the  fame  centre. 


Let  the  two  circles  ABC,  CDG  cut  one  another  in  the 
points  B,  C  j  they  have  not  the  fame  centre. 

For,  if  it  be  poffible,  let  E  be  their  centre  :  join  EC,  and 
draw  any  ftraight  line  EFG 
meeting  them  in  F  and  G : 
and  becaufe  E  is  the  centre 
of  the  circle  ABC,  CE  is  e- 
qual  to  EF  :  again,  becaufe  E 
is  the  centre  of  the  circle  CDG 
CE  is  equal  to  EG :  but,  CE 
was  mown  to  be  equal  to  EF, 
therefore  EF  is  equal  to  EG, 
the  lefs  to  the  greater,  which 
is  impoffible  :  therefore  E  is 
not  the  centre  of  the  circles  ABC,  CDG.  Wherefore,  if  two 
circles,  &c.     Q^E.  D. 


PROP.     VI.       THEOR. 

IF  two  circles  touch  one  another  internally,  they 
(hall  not  have  the  fame  centre. 

Let  the  two  circles  ABC,  CDE,  touch  one  another  inter- 
nally in  the  pciut  C  :  they  have  not  the  fame  centre. 


For, 
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For,  if  they  can,  let  it  be  F  *,  join  FC,  and  draw  any  ^  Book  HI 
ftraight  ^line  FEB;  meeting  them 
in  E  arid  B  *,  and  becaufe  F  is  the 
centre  of  the  circle  ABC,  CF  is 
equal  to  FB  ;  alfo,  becaufe  F  is 
the  centre  of  the  circle  CDE, 
CF  is  equal  to  FE  :  and  CF  was 
Ihown  equal  to  FB  \  therefore  FE 
is  equal  to  FB,  the  lefs  to  the 
greater,  which  is  impoffible  ; 
wherefore  F  is  not  the   centre  of 

the  circles  ABC,  CDE.      Therefore,   if    two   circles,  &c. 
Q.  E.  D. 


PROP.    VII.      T  H  E  O  R. 

IF  any  point  be  taken  in  the  diameter  of  a  circle 
which  is  not  the  centre,  of  all  the  ftraight  lines 
which  can  be  drawn  from  it  to  the  circumference, 
the  greateft  is  that  in  which  the  centre  is,  and  the 
other  part  of  that  diameter  is  the  leaft  ;  and,  of  any 
others,  that  which  is  nearer  to  the  line  which  pafles 
through  the  centre  is  always  greater  than  one  more 
remote  :  And  from  the  fame  point  there  can  be 
drawn  only  two  ftraight  lines  that  are  equal  to  one 
another,  one  upon  each  fide  of  the  fhorteft  line. 


Let  ABCD  be  a  circle,  and  AD  its  diameter,  in  which  let 
any  point  F  be  taken  which  is  not  the  centre  :  let  the  centre 
be  E  ;  of  all  the  ftraight  lines  FB,  FC,  FG,  &c.  that  can 
be  drawn  from  F  to  the  circumference,  FA  is  the  greateft, 
and  FD,  the  other  part  of  the  diameter  AD,  is  the  leaft:  and 
of  the  others,  FB  is  greater  than  FC,  and  FC  than  FG. 

Join  BE,  CE,  GE  \  and  becaufe  two  fides  of  a  triangle 
are  greater  a  than  the  third,  BE,  EF  are  greater  than  BF  ;  a  ^   , 

but 
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Book  III.  but  AE  is  equal  to  EB;  therefore 

*■— "^  ~  AE,  EF,  that  is,  AF,  is  greater 
than  BF :  again^  becaufe  BE  is  e- 
qual  to  CE,  and  FE  common  to 
the  triangles  BEF,  CEF,  the  two 
fides  BE,  EF  are  equal  to  the  two 
CE,  EF  •  but  the  angle  BEF  is 
greater  than  the  angle  CEF;  there- 
fore the  bafe  BF  is  greater  b  than 
the  bafe  FC  :  for  the  fame  reafon, 
CF  is  greater  than  GF  :  again,  be- 
caufe GF,  FE  are  greater  ~!  than  EG,  and  EG  is  equal  to 
ED  ;  GF,  FE  are  greater  than  ED  :  take  away  the  com- 
mon part  FE,  and  the  remainder  GF  is  greater  than  the  re- 
mainder FD  :  therefore  FA  is  the  greateft,  and  FD  the  leaft 
of  all  the  ftraight  lines  from  F  to  the  circumference  ;  and  BF 
is  greater  than  CF,  and  CF  than  GF. 

Alfo  there  can  be  drawn  only  two  eqital  ftraight  lines 
from  the  point  F  to  the  circumference,  one  upon  each  fide  of 
the  fliorteft  line  FD  :  at  the  point  E  in  the  ftraight  line  EF, 
make  c  the  angle  FEH  equal  to  the  angle  GEF,  and  join 
FH  :  Then,  becaufe  GE  is  equal  to  EH,  and  EF  common 
to  the  two  triangles  GEF,  HEF  ;  the  two  fides  GE,  EF  are  e- 
qual  to  the  two  HE,  EF  ;  and  the  angle  GEF  is  equal  to  the 
angle  HEF ;  therefore  the  bafe  FG  is  equal  d  to  the  bafe 
FH  :  but  befides  FH,  no  ftraight  line  can  be  drawn  from 
F  to  the  circumference  equal  to  FG :  for,  if  there  can, 
let  it  be  FK  ;  and  becaufe  FK  is  equal  to  FG,  and  FG  to 
FH,  FK  is  equal  to  FH  \  that  is,  a  line  nearer  to  that  which 
paffes  through  the  centre,  is  equal  to  one  which  is  more  re- 
mote, which  is  impoffible.  Therefore,  if  any  point  be  taken, 
&c.     Q^E.  D, 


c  23.  i. 


(1  4.1. 


PROP. 


OF    GEOMETRY. 


PROP.    VII.      THE  OR. 


IF  any  point  be  taken  without  a  circle,  and  ftraight 
lines  be  drawn  from  it  to  the  circumference, 
whereof  one  paffes  through  the  centre  ;  of  thofe 
which  fall  upon  the  concave  circumference,  the 
greateft  is  that  which  paffes  through  the  centre  ; 
and  of  the  reft,  that  which  is  nearer  to  that  through 
the  centre  is  always  greater  than  the  more  remote  : 
But  of  thofe  which  fall  upon  the  convex  circum- 
ference, the  leaft  is  that  between  the  point  without 
the  circle,  and  the  diameter  ;  and  of  the  reft,  that 
which  is  nearer  to  the  leaft  is  always  lefs  than  the 
more  remote  :  And  only  two-  equal  ftraight  lines 
can  be  drawn  from  the  point  unto  the  circumfe 
rence^  one  upon  each  fide  of  the  leaft. 


Let  ABC  be  a  circle,  and  D  any  point  without  it,  from 
irhich  let  the  ftraight  lines  DA,  DE,  DF,  DC  be  drawn  to 
the  circumference,  whereof  DA  paffes  through  the  centre. 
Of  thofe  which  fall  upon  the  concave  part  of  the  circumfe- 
rence AEFC,  the  greateft  is  AD  which  paffes  through  the 
centre  ;  and  the  nearer  to  it  is  always  greater  than  the  more 
remote,  viz.  DE  than  DF,  and  DF  than  DC  :  but  of  thofe 
which  fall  upon  the  convex  circumference  HLKG,  the  leaft 
is  DG  between  the  point  D  and  the  diameter  AG  *,  and  the 
nearer  to  it  is  always  lefs  than  the  more  remote,  viz.  DK  than 
DL,  and  DL  than  DH. 

Take  a  M  the  centre  cf  the  circle  ABC,  and  ioin  ME,  MF,    a  i.  3. 
MC,  MK,  ML,  MH  :  And  becaufe  AM  is  equal  to  ME,  add 
MD  to  each,  therefore   AD  is  equal  to  EM,  MD;  but  EM, 
MD  are  greater  b  than  ED  5  therefore  alfo  AD  is  greater  1,  20,  t. 
thanED.     Again,  becaufe  ME  is  equal  to  MF,  and  MD 

common 
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d  4.  Ax. 


f4. 


Book  III.  common  to  the  triangles  EMD, 
<  FMD;  EM,  MD  are  equal 
to  FM,  MD;  but  the  angle 
EMD  is  greater  than  the  angle 
FMD  ;  therefore  the  bafe  ED 
is  greater  c  than  the  bafe  FD  : 
In  like  manner  it  may  be  fhewn 
that  FD  is  greater  than  CD  : 
Therefore  DA  is  the  greateft ; 
and  DE  greater  than  DF,  and 
DF  than  DC.  And  becaufe 
MK,  KD  are  greater  b  than 
MD,  and  MK  is  equal  to  MG, 
the  remainder  KD  is  greater  d 
than  the  remainder  GD,  that  is 
GD  is  lefs  than  KD  :  And  be- 
caufe MK,  DK  are  drawn  to  the 
point   K    within    the    triangle 

MLD  from  M,  D,  the  extremities  of  its  fide  MD  ;  MK,  KD 
are  lefs  e  than  ML,  LD,  whereof  MK  is  equal  to  ML  ;  there- 
fore the  remainder  DK  is  lefs  than  the  remainder  DL  :  In 
like  manner,  it  may  be  fhewn  that  DL  is  lefs  than  DH : 
Therefore  DG  is  the  leaft,  and  DK  lefs  than  DL,  and  DL 
than  DH.  Alfo  there  can  be  drawn  only  two  equal  ftraight 
lines  from  the  point  D  to  the  circumference,  one  upon  each 
fide  of  the  leaft :  at  the  point  M,  in  the  ftraight  line  MD, 
make  the  angle  DMB  equal  to  the  angle  DMK,  and  join  DB ; 
and  becaufe  in  the  triangles  KMD,  BMD,  the  fide  KM  is 
equal  to  the  fide  BM,  and  MD  common  to  both,  and  alfo  the 
angle  KMD  equal  to  the  angle  BMD,  the  bafe  DK  is  equal  f 
to  the  bafe  DB.  But,  befides  DB,  no  ftraight  line  can 
be  drawn  from  D  to  the  circumference,  equal  to  DK  :  for,  if 
there  can,  let  it  be  DN ;  then,  becaufe  DN  is  equal  to  DK, 
and  DK  equal  to  DB,  DB  is  equal  to  DN  ;  that  is,  the  nearer 
to  DG,  the  leaft,  equal  to  the  more  remote,  which  has  been 
fhewn  to  be  impoflible.  If,  therefore,  any  point,  &c.  Q. 
E.  D. 


PROP. 
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Book  III. 


PROP.    IX.      PROB. 

"F  a  point  be  taken  within  a  circle,  from  which 
there  fall  more  than  two  equa-1  ftraight  lines  to 
he  circumference,  that  point  is  the  centre  of  the 
ircle. 


Let  the  point  D  be  taken  within  the  circle  ABC,  from 
riaich  to  the  circumference  there  fall  more  than  two  equal 
raight  lines,  viz.  DA,  DB,  DC,  the  point  D  is  the  centre  of 
le  circle. 

For,  if  not,  let  E  be  the  centre, 
Din  DE  and  produce  it  to  the 
ircumference  in  F,  G ;  then  FG 

a  diameter  of  the  circle  ABC  :  r 
^nd  becaufe  in  FG,  the  diameter 
f  the  circle  ABC,  there  is  taken 
le  point  D  which  is  not  the 
mtre,  DG  fiiall  be  the  greateft 
ne  from  it  to  the  circumference, 
id  DC  greater  a  than  DB,  and 
>B  than  DA;  but  they  -ere  like  wife  equal,  which  is  impof- 
ble :  Therefore  E  is  not  the  centre  of  the  circle  ABC  :  In 
ke  manner,  it  may  be  demonftrated,  that  no  other  point  but 
>  is  the  centre  •  D  therefore  is  the  centre.  Wherefore,  if  a 
oint  be  taken,  &c.  Q^E.  D. 


a7-3i 


PROP.    X.     T  H  E  O  R. 


J 


NE  circumference  of  a  circle  cannot  cut  ano- 
ther in  more  than  two  points. 


If 
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If  it  be  poffible,  let  the  cir- 
cumference FAB  cut  the  circum- 
ference DEF  in  more  than  two 
points,  viz.  in  B,  G,  F ;  take  the 
centre  K  of  the  circle  ABC,  and 
join  KB,  KG,  KF  :  and  becaufe 
within  the  circle  DEF  there  is 
taken  the  point  K,  from  which  to 
the  circumference  DEF  fall  more 
than  two  equal  ftraight  lines  KB, 
KG,  KF,  the  point  K  is  a  the  centre  of  the  circle  DEF;  bu 
K  is  alfo  the  centre  of  the  circle  ABC ;  therefore  the  fam 
point  is  the  centre  of  two  circles  that  cut  one  another,  whic 
is  impoffible  b.  Therefore  one  circumference  of  a  circle  ca: 
not  cut  another  in  more  than  two  points.  Q^  E.  D 


PROP.    XI/THEOR. 


a  ZZ 


IF  two  circles  touch  each  other  internally,  th 
ftraight  line  which  joins  their  centres  being  pre 
duced,  fhall  pafs  through  the  point  of  contad. 

Let  the  two  circles  ABC,  ADE,  touch  each  other  interns 
ly  in  the  point  A,  and  let  F  be  the  centre  of  the  circle  AB( 
and    G   the   centre    of   the    circle 
ADE ;  the  ftraight  line  which  joins 
the  centres  F,   G,  being  produced, 
paffes  through  the  point  A. 

For,  if  not,  let  it  fall  otherwife, 
if  poffible,  as  FGDH,  and  join  AF, 
AG:    and  becaufe    AG,    GF    are 
greater  a  than  FA,  that  is,  than  FH, 
for  FA  is  equal  to  FH,  both  being 
from  the   fame   centre;  take  away 
the  common  part  FG,  and  the  re- 
mainder AG  will  be  greater  than  the 
AG  is  equal  to  GD,  therefore  GD  is  greater  than  GH  ;  a 
it  is  alfo  lefs,  which  is  impoinble.    Therefore  the  ftraight  li 
which  joins  the  points  F  and  G  cannot  fall  otherwife  than 
the  point  A  ;  that  is,  it  muft  pafs  through  A.     Therefore, 
two  circles,  8tc.  Q.  E.  D. 

PRO 


B 
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Book  III. 


PROP.    XII.      THE  OR. 

IF  two  circles  touch  each  other  externally,  the 
ftraight  line  which  joins  their  centres  {hall  pafs 
through  the  point  of  contact. 


Let  the  two  circles  ABC,  ADE  touch  each  other  exter- 
nally in  the  point  A ;  and  let  F  be  the  centre  of  the  circle 
ABC,  and  G  the  centre  of  ADE  :  The  ftraight  line  which 
oins  the  points  F,  G  lhall  pais  through  the  point  of  contact  A. 

For,  if  not,  let  it  pafe  otherwife,  if  poflible,  as  FCDG,  and 
oin  F  Al,  AG:  and  becaufe  F  is  the  centre  of  the  circle  ABC, 
AFis  equal  to  FC  : 

Alfo  becaufe  G  is      *y  ^\.  S^        ^NjjL 

Jie  centre  of    the 
:ircle  ADE,  AG 

equal  to  GD  : 
DiereforeFA,AG 
ire  equal  to  FC, 
3G  *,  wherefore  the 
vhole  FG  is  great- 

than  FA,  AG;  but  it  is  alfo  lefs*,  which  is  impoffible : 
Therefore  the  ftraight  line  wThich  joins  the  points  F,  G  {hall 
lot  pafs  otherwife  than  through  the  point  of  contact  A ; 
hat  is,  it  muft  pafs  through  it.  Therefore,  if  two  circles,  &c. 
^E.  D. 


a  ac«  r* 


PROP.    XIII.     THE  OR. 

DNE  circle  cannot  touch  another  in  more  points 
than  one,  whether  it  touches  it  on  the  inlide 
r  outfide. 


For,  if  it  be  poflible,  let  the' circle  EBF  touch  the  circle 
iBC  in  more  points  than  one,  and  firft  on  the  iniide,  in  the 
oints  B,  D;  join  BD,  and  draw  a  GH  bifecting  BD  at  rightaio.  u.  t. 


angles : 


%% 


Elements 


Book  in.  angles :  Therefore,  becaufe  the  points  B,  D  are  in  the  circutt 


ID     G 


b  2.3. 
c  Cor  i> 

d  11.  3. 


B  a.  3. 


ference  of  each  of  the  circles,  the  ftraight  line  BD  falls  with: 
each  b  of  them  ;  and  their  centres  are  c  in  the  ftraight  line  E 
which  bife&s  BD  at  right  angles:  Therefore  GH  paiT 
through  the  point  of  contact  \  but  it  does  not  pais  through  1 
becaufe  the  points  B,  D  are  without  the  ftraight  line  GI 
which  is  abfurd :  Therefore  one  circle  cannot  touch  anoth 
on  the  infide  in  more  points  than  one. 

Nor  can  two  circles  touch  one  another  on  the  outride 
more  than  one  point :  For,  if  it  be  poflible,  let  the  circle  AC 
touch  the- circle   ABC   in  the  points  A,  C,  and  join  AC 
Therefore,  becaufe  the   two   points 
A,  C  are  in  the  circumference  of  the 
circle  ACK,   the  ftraight  line  AC 
which  joins  them  mall  fall  within  b 
the   circle  ACK:    And  the   circle 
ACK  is  without  the  circle  ABC; 
and  therefore  the  ftraight  line  AC  is 
without  this  laft  circle  ;  but,  becaufe 
the  points  A,  C  are  in  the  circumfe- 
rence of  the  circle  ABC,  the  ftraight 
line  AC  muft  be  within  b  the  fame 
circle,  which  is  abfurd :   Therefore 
one  circle  cannot  touch  another  on 
the  outfide  in  more  than  one  point ;  and  it  has  been  file? 
that  they  cannot  touch  on  the  infide  in  more  points  than  o: 
Therefore,  one  circle,  &c.  Q^E.  D. 


PRO 


OF    GEOMETRY. 


PROP.    XIV.      T  H  E  O  R. 

f^QUAL   ftraight  lines  in  a  circle  are  equally 
F>  diftant  from  the  centre  ;   and  thofe  which  are 
qually  diitant  from  the   centre,  are  equal  to  one 
mother. 

Let  the  ftraight  lines  AB,  CD,  in  the  circle  ABDC,  be 
:qual  to  one  another;  they  are  equally  diftant  from  the 
entre. 

^  Take  E  the  centre  of  the  circle  ABDC,  and  from  it  draw 
£F,  EG  perpendiculars  to  AB,   CD  :    Then,  becaufe  the 
raight  line  EF,  paffing  through  the  centre,  cuts  the  ftraight 
me   AB,    which    does  not   pafs 
hr  ugh    the    centre,     at     right 

ngles,  it  alfo  bife&s  a  it :  Where-  y^    "^v^  a  3.  3. 

ore  AF  is  equal  to  FB,  and  AB 
ouble   of  AF.     For   the   fame 

afon,  CD  is  double  of  CG: 
^nd  AB  is  equal  to  CD  ;  there 
nrp  AF  is  equal  to  CG :  And 
ecaufe  AE  is  equal  to  EC,  the 
juare  of  AE  is  equal  to  the 
niare  of  EC  :  But  the  fquares  of 
kF,  FE  are  equal  b  to  the  fquare  b  47.  u 

f  AE,  becaufe  the  angle  AFE  is  a  right  angle;  and,  for  the 
ke  reafon,  the  fiuares  of  EG,  GC  are  equal  to  the  fquare  of 
-C:  Therefore  the  fquares  of  AF,  FE  are  equal  to  the 
[uares  of  CG,  GE,  of  which  the  fquare  of  \F  is  equal  to 
e  fquare  of  CG,  becaufe  AF  is  equal  to  CG  ;  therefore  the 
maining  fquare  of  FE  is  equal  to  the  remaining  fquare  of 
G,  and  the  ftraight  line  EF  is  therefore  equal  to  EG  :  But 
raight  lines  in  a  circle  ar?  iaid  to  be  equally  diftant  from  the 
mire, 'when  the  perpendiculars  drawn  to  them  from  the 
;ntre  are  equal  c  :  Therefore  AB,  CD  are  equally  diuantc  3  £>ef.  3. 
om  the  centre. 

Next,  if  die  ftraight  lines  AB,  CD  be  equally  diftant  from 
e  centre,  that  is,  if  FE  be  equal  to  EG,  AE  is  equal  to  CD  : 
or,  the  fame  conftrudion  being  made,  it  may,  as  before,  be 
G  2  demonftrated, 
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Book  Ilf.  demonftrated,  that  AB  is  double  of  AF,  and  CD  double  c 
%mm~Ymmm0  CG,  and  that  the  fquares  of  EF,  FA  are  equal  to  the  fquare 
of  EG,  GC  ;  of  which  the  fquare  of  FE  is  equal  to  the  fquar 
of  EG,  becaufe  FE  is  equal  to  EG ;  therefore  the  remainin 
fquare  of  AF  is  equal  to  the  remaining  fquare  of  CG;  and  th 
ftraight  line  A  F  is  therefore  equal  to  CG :  And  AB  is  doubl 
pf  AF,  and  CD  double  of  CG ;  wherefore  AB  is  equal  to  CE 
Therefore  equal  ftraight  lines,  &c.  Q^  E.  D. 

PROP.    XV.     THEOR, 

THE  diameter  is  the  greateft  ftraight  line  in 
circle  ;  and,  of  all  others,  that  which  is  neare 
to  the  centre  is  always  greater  than  one  more  re 
mote  ;  and  the  greater  is  nearer  to  the  centre  tha 
the  lefs. 


Let  ABCD  be  a  circle,  of 
which  the  diameter  is  AD,  and 
the  centre  E ;  and  let  BC  be  near- 
er to  the  centre  than  FG  ;  AD  is 
greater  than  any  ftraight  line  BC 
which  is  not  a  diameter,  and  BC 
greater  than  FG. 

From  the  centre  draw  EH,  EK 
perpendiculars  to  BC,  FG,  and 
join  EB,  EC,  EF ;  and  becaufe 


DC 


AE  is  equal  to  EB,  and  ED  to  EC,  AD  is  equal  to  E 
EC  :  But  EB,  EC,  are  greater  a  than  BC  ;  wherefore,  a] 
AD  is  greater  than  BC. 

And,  becaufe  BC  is  nearer  to  the  centre  than  FG,  EH 
4.  Def. 3.  lets  b  than  EK:  But,  as  was  demonftrated  in  the  precedir 
BC  is  double  of  BH,  and  FG  double  of  FK,  and  the  fquares 
EH,  HB  are  equal  to  the  fquares  of  EK,  KF,  of  which  t 
fquare  of  EH  is  lefs  than  the  fquare  of  EK,  becaufe  EH  is  1 
than  EK ;  therefore  the  fquare  of  BH  is  greater  than  the  fqus 
of  FK,  and  the  ftraight  line  BH  greater  than  FK  ;  and  the; 
fore  BC  is,  greater  than  FG. 

Next,  Let  BC  be  greater  than  FG;  BC   is  nearer  to 
centre  than  FG;  that  is,  the  fame  cbn'ftru&ion  being  mai 
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EH  is  lefc  than  EK:  Becaufe  BC  is  greater  than  FG,  BH  Book  III. 
likewife  is  greater  than  KF ;  and  the  fquares  of  BH,  HE  are 
*qual  to  the  fquares  of  FK,  KE,  of  which  the  fquare  of  BH  is 
greater  than  the  fquare  of  FK,  becaufe  BH  is  greater  than 
?K;  therefore  the  fquare  of  EH  is  lefs  than  the  fquare  of  EK, 
nd  the  ftraight  line  EH  lefs  than  EK.  Wherefore  the  dia- 
neter,  &c.  Q^E.  D. 


PROP.    XVI.      THEOR, 


11 


HE  ftraight  line  drawn  at  right  angles  to  the 
J-  diameter  of  a  circle,  from  the  extremity  of  it, 
Is  without  the  circle ;  and  no  ftraight  line  can 
drawn  between  that  ftraight  line  and  the  cir- 
umference  from  the  extremity,  fo  as  not  to  cut  the 
rcle. 


Let  ABC  be  a  circle,  the  centre  of  which  is  D,  and  tire  di- 

aeter  AB  :  and  let  AE  be  drawn  from  A  perpendicular  to 

B,  AE  fliall  fall  without  the  circle. 

In  AE  take  any  point  F,  join  DF,  and  let  DF  meet  the 

cle  in  C.     Becaufe  DAF  is  a 

ht  angle,  it  is  greater  than  the 

le  AFD  *  ;  but  the  greater 
gle  of  any  triangle  is  fubtended 

the  greater  fide  b,  therefore  DF 
greater  than  DA  \  and  DA  is 
nal  to    DC,   therefore   DF    is      , 

ater  than  DC,  and  the  point  F  ■** ' 

therefore  without  the  circle. 
)w   F  is    any   point   whatever 

the   line   AE,  therefore   AE 

s  without  the  circle. 

Again,  between  the  ftraight  line  AE  and  the  circumference 

ftraight  line  can  be  drawn  from  the  point  A,  which  does 

cut  the  circle.     Let  AG  be   drawn,   making  the    angle 
\Gr  lefs  than  a  right  angle  \  from    D   draw  DH  at  right 

les    to  AG  \    and  becaufe  the  angle  DH  A  is    a   right 
G  £  angle, 


a.  3a,  r. 


b  1$.  1. 


u 


t  L  E  M  E 


c  ».  3. 


NTS 

S^~ 

G-       l| 

Tif 

•^         \  f\ 

X>l 

D 

1) 

Book  in.  ^cnglc,  each  of  the  other  angles 
L""~v       'of  the  triangle  DAH   is    lefs 

than  a  right  angle  a  ;  the  angle 

DAH    is   therefore   lefs    than 

the  angle  DHA,  and  therefore 

alfo  the  fide  DH  is  lefs  than  the 

fide   DA  b.      The    point    H, 

therefore,  is  within  the  circle, 

and  therefore  the  ftraight  line 

AG  cuts  the  circle. 

Cor.  From  this  it  is  manifeft  that  the  ftraight  line  whi 

is  drawn  at  right  angles  to  the  diameter  of  a  circle  from  t 

extremity  of  it,  touches  the  circle  ;  and  that  it  touches  it  on 

in  one  point,  becaufe,  if  it  did  meet  the  circle  in  two,  it  wot 

fall  within  it  c.     <  Alfo  it  is  evident  that  there  can  be  but  o 


ftraight  line  which  touches  the  circle  in  the  fame  point.* 


PROP.    XVII.     PR  OB. 


HTO  draw  a  ftraight  line  from  a  given  point,  eitli 

without  or  in  the  circumference,  which  fltu 

touch  a  given  circle. 

Firft,  let  A  be  a  given  point  without  the  given  circle  BCI 
it  is  required  to  draw  a  ftraight  line  from  A  which  fliall  tou 
the  circle. 

ai'3-         Find  a  the  centre  E  of  the  circle,  and  join  AE  ;  and  fro 

the  centre  E,  at  the  diftance  EA,  defcribe  the  circle  AFC 

b  n.  1.    from  the  point  D  draw  b  DF  at  right  angles  to  EA,  and  jo 

EBF,  AB.     AB  touches  the  circle  BCD. 

Becaufe  E  is  the  centre  of  the 
circles  BCD,  AFG,  EA  is  equal 
to  EF  :  and  ED  to  EB  ;  there- 
fore the  two  fides  AE,  EB  are 
equal  to  the  two  FE,  ED,  and 
they  contain  the  angle  at  E  com- 
men  to  the  two  triangles  AE.ri, 
FED  •,  therefore  the  bafe  DF  is 
equal  to  the  bafe  AB,  and  the 
triangle  FED  to  the  triangle 
AEB,  and  die  other  angles  to  the 

oth 
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>ther  angles  c  :    Therefore  the  angle  EB  A  is  equal  to  the  Book' HI. 

ingle  EDF  ;  but  EDF  is  a- right  angle,  wherefore  EBA  is  a     c>  4%  lt 

ight  angle  ;  and  EB  is  drawn  from  the  centre  :  but  a  flraight 

ine  drawn  from  the  extremity  of  a  diameter,   at  right  angles 

o  it,  touches  the  circle ^:  Therefore  AB  touches  the  circle  -,d  Cor.  16. 3. 

nd  it  is  drawn  from  the  given  point  A.     Which  was  to  be 

[one.  , 

But,  if  the  given  point  be  in  the  circumference  of  the  circle, 
s  the  point  D,  draw  DE  to  the  centre  E  and  DF  at  right 
ngles  to  DE ;  DF  touches  the  circle  d. 


PROP.    XVIII.     THE  OR. 

'F  a  ftraight  line  touches  a  circle,  the  flraight  line 
drawn  from  the  centre  to  the  point  of  contadt, 
ball  be    perpendicular   to  the   line  touching  the 
ircle. 


Let  the  ftraight  line  DE  touch  the  circle  ABC  in  the  point 

;  take  the  centre  F,  and  draw  the  ftraight  line  FG  :  FC  is 
erpendicular  to  DE. 

For,  if  it  be  not,  from  the  point  F  draw  FBG  perpendicu- 
ir  to  DE  ;  and  becaufe  FGC  is  a  right  angle,  GCF  is  b  an  b  17.  1. 

ute  angle  ;  and  to  the  greater  a 

igle  the  greateft  c  fide  is  oppo-  ^- ^^-^  c  J9-  *• 

te :  Therefore  FC  is  greater 
lan  FG  ;  but  FC  is  equal  to 
B ;  therefore  FB  is  greater 
lan  FG,  the  lefs  than  the 
reater,  which  is  impoflible ; 
herefore  FG  is  not  perpendi- 
ilar  to  DE  :  In  the  fame 
ianner  it  may  be  fhewn,  that 
other  is  perpendicular  to  it       -D 


0 


sfides  FC,  that  is,  FC  is  perpendicular  to  DI 
a  ftraight  line.  gtc.  Q^  E.  D. 


Therefore, 


G 


PROP, 


1 8. 
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PROP.    XIX.      THE  OR. 

IF  a  ftraight  line  touches  a  circle,  and  from  th< 
point  of  contact  a  ftraight  line  be  drawn  at  right 
angles  to  the  touching  line,  the  centre  of  the  circh 
fliall  be  in  that  line. 

Let  the  ftraight  line  DE  touch  the  circle  ABC,  in  C,  and 
from  C  let  C  A  be  drawn  at  right  angles  to  DE  ;  the  centre  oi 
the  circle  is  in  C  A. 

For,  if  not,  let  F  be  the  centre,  if  poffible,  and  join  CF ; 
Becaufe  DE  touches  the  circle 
ABC,  and  FC  is  drawn  from  the 
centre  to  the  point  of  contact, 
FC  is  perpendicular  a  to  DE ; 
therefore  FCE  is  a  right  angle : 
But  ACE  is  alfo  a  right  angle  ; 
therefore  the  angle  FCE  is  equal 
to  the  angle  ACE,  the  lefs  to  the 
greater,  which  is  impoflible : 
Wherefore  F  is  not  the  centre  of 
the  circle  ABC  :  In  the  fame 
manner,  it  may  be  fhewn,  that 
no  other  point  which  is  not  in  C  A,  is  the  centre  ;  that  is,  the 
centre  is  in  C  A.     Therefore,  if  a  ftraight  line,  &c.  Q^  E.  D. 


PROP,    XX.     THEOR, 

HTHE  angle  at  the  centre  of  a  circle  is  double  of  the 

angle  at  the  circumference,  upon  the  famebafe, 

that  is,  upon  the  fame  part  of  the  circumference. 

Let  ABC  be  a  circle,  and  BDC  an  angle  at  the  centre,  and 
BAC  ar.  angle  at  the  circumference,  which  have  the  fame  cir- 
cumference EC  for  their  bafe;  the  angle  BDC  is  double  of 
the  angle  BAC. 

Firft,  let  D,  the  centre  of  the  circle,  be  within  the  angle 
BAC,  and  join  AD,  and  produce  it  to  E :  Becaufe  DA  is 

erjual 
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equal  to  DB,  the  angle  DAB  is 
equal  a  to  the  angle  DBA ;  there- 
fore the  angles  DAB,  DBA  are 
double  of  the  angle  DAB;  but 
the  angle  BDE  is  equals  to  the 
angles  DAB,  DBA ;  therefore  alfo 
the  angle  BDE  is  double  of  the 
angle  DAB :  For  the  fame  reafon, 
the  angle  ED C  is  double  of  the 
angle  D  AC  :  Therefore  the  whole 
angle  BDC  is  double  of  the  whole 
angle  BAC. 

Again,  let  D,  the  centre  of  the  circle  be  without  the  angle. 
BAC,  and  join  AD  and  produce 
it  to  E.  It  maybe  demonftra- 
ted,  as  in  the  firft  cafe,  that  the 
angle  EDC  is  double  of  the  angle 
DAC,  and  that  EDB  a  part  of 
the  firft  is  double  of  DAB  a  part 
of  the  other ;  therefore  the  re- 
maining angle  BDC  is  double 
of  the  remaining  angle  BAC. 
Therefore  the  angle  at  the  centre, 
Sec.  Q^E.  D. 


Book  III. 


a   5.  1. 


b  32.  x. 


PROP.    XXI.      THEOR. 

jTHE  angles  in  the  fame  fegment  of  a  circle  are 
equal  to  one  another. 

Let  ABCD  be  a  circle,  and 
BAD,  BED  angles  in  the  fame 
fegment  BAED  :  The  angles 
BAD,  BED  are  equal  to  one 
mother. 

Take  F  the  centre  of  the  circle 
ABCD  :  And,  firft,  let  the  feg- 
nent  BAED  be  greater  than  a 
'emicircle,  and  join  BF,  FD  : 
And  becaufe  the  angle  BFD  is 
it   the   centre,    and    the    angle 

BAD 


ELEMENTS 


Book  III.  BAD  at  the  circumference,  and  that  they  have  the  fame  part 

rmmmf  of  the  circumference,  viz.  BCD,  for  their  bafe;  therefore  the 

2  20*  3.   angle  BFD  is  double  a  of  the  angle  BAD  :  for  the  fame  rea- 

fon,  the  angle  BFD  is  double  of  the  angle  BED  :  Therefore 

the  angle  BAD  is  equal  to  the  angle  BED. 

But,  if  the  fegment  BAED  be  not  greater  than  a  femi- 
circle,  let  BAD,  BED  be  angles 
in  it  *,  thefe  alfo  are  equal  to  one 
another  :  Draw  AF  to  the  cen- 
tre, and  produce  it  to  C,  and  join 
CE :  Therefore  the  fegment 
BADC  is  greater  than  a  femi- 
circle ;  and  the  angles'in  it  BAG, 
BEC  are  e  ;uaL  by  the  firft  cafe : 
For  the  fame  reafon,  becaufe 
CBED  is  greater  than  a  femi- 
circle,  the  angles  CAD,  CED 
are  equal :  Therefore  the  whole  angle  BAD  is  equal  to  the 
whole  angle  BED.  Wherefore  the  angles  in  the  fame  feg- 
ment,  &x.  Q^E.  D. 


PROP.     XXII.      T  H  E  O  R. 


a  32.  1. 


b  11. 


THE  oppofite  angles  of  any  quadrilateral  figure 

defcribed  in  a  circle,  are  together  equal  to  two 

right  angles. 

Let  ABCD  be  a  quadrilateral  figure  in  the  circle  ABCD  ; 
any  two  of  its  oppofite  angles  are  together  equal  to  two  right 
angles. 

Join  AC,  BD ;  and  becaufe 
the  three  angles  of  every  triangle 
are  equal  a  to  two  right  angles, 
the  three  angles  of  the  triangle 
CAB,  viz.  "the  angles  CAB, 
ABC,  ECA  are  equal  to  two 
right  angles  :  But  the  angle  CAB 
is  equal  b  to  the  angle  CDB,  be- 
caufe they  are  in  the  fame  feg- 
ment BADC,  and   the  angle  ACB  is  equal  to  the   angle 

ADB, 
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ADB,  becaufe  they  are  in  the  fame  fegment  ADCB  :  Book  III. 
Therefore  the  whole  angle  ADC  is  equal  to  the  angles *— — v~~i 
CAB,  ACB:  To  each  of  thefe  equals  add  the  angle 
ABC;  therefore  the  angles  ABC,  CAB,  BCA,  are  equal 
to  the  angles  ABC,  ADC:  But  ABC,  CAB,  BCA  are 
equal  to  two  right  angles  ;  therefore  alfo  the  angles  ABC, 
ADC  are  equal  to  two  right  angles  :  In  the  fame  manner, 
the  angles  BAD,  DCB  may  be  ihewn  to  be  equal  to  two 
right  angles.     Therefore,  the  oppofite  angles,  &c.  Q^E.  D. 


PROP.    XXIII.     T  H  E  O  R. 

UPON  the  fame  ftraight  line,  and  upon  thet 
fame  fide  of  it,  there  cannot  be  two  fimilar. 
fegments  of  circles,  not  coinciding  with  one  ano- 
ther. 

If  it  be  poffible,  let  the  two   fimilar  fegments  of  circles, 
viz.  ACB,  ADB,  be  upon  the  fame  fide  of  the  fame  ftraight 
line  AB,  not  coinciding  with  one  another  :  then,  becaufe  the 
circle  ACB  cuts  the  circle  ADB  in 
the  two  points   A,  B,   they   cannot 

cut  one  another  in  any  other  point  a :  /    y/__\  p\         a  10.  t; 

one  of  the  fegments  mull  therefore 
fall  within  the  other  :  let  ACB  fall 
within  ADB,  and  draw  the  ftraight 
line  BCD,  and  join   C  A,  DA  :  and 
becaufe  the   fegment  ACB  is  fimilar  to  the  fegment  ADB, 
and  that  fimilar  fegments  of  circles   contain  b  equal  angles  ;  b  9.  def.  3. 
the  angle  ACB  is  equal  fo  the  angle    ADB,   the    exterior  to 
the  interior,  which  is  impofiiole  *      Therefore,  there  cannot  c  i5.  1. 
be  two  fimilar  fegment j  of  a  circle  upon  the  fame  fide  of  the 
fame  line,  which  do  not  coincide.     Q^  E.  D. 


PROP. 


ELEMENTS 


PROP.    XXIV.     THE  OR. 

SIMILAR  fegments  of  circles  upon  equal  ftraight| 
lines,  are  equal  to  one  another. 

Let  AEB,  CFD  be  fimilar  fegments  of  circles  upon  the 
equal  itraight  lines  AB,  CD  ;  the  fegment  AEB  is  equal  to 
the  fegment  CFD. 

For,    if    the  jj 

fegment  AEB 
be  applied  to 
the       fegment 

CFD,  fo  as  the  A.  ~B  C 

point  A  be  on 

C,  and  the  ftraight  line  AB  upon  CD,  the  point  B  mail  co- 
incide with  the  point  D,  becaufe  AB  is  equal  to  CD  :  There- 
fore the  ftraight  line  AB  coinciding  with  CD,  the  fegment 
*  23-  3-  AEB  muft  a  coincide  with  the  fegment  CFD,  and  therefore  is 
equal  to  it.     Wherefore,  fimilar  fegments,  &c.     Q^E.  D, 


A 


PROP.    XXV.      P  R  O  B. 

Segment  of  a  circle  being  given,   to  defcribe 
the  circle  of  which  it  is  the  fegment. 


Let  ABC  be  the  given  fegment  of  a  circle  ;  it  is  required 

to  defcribe  the  circle  of  which  it  is  the  fegment. 

a  io.  i.         Bifecl  a  AC  in  D,  and  from  the  point  D  draw  b   DB  at 

b  ii.  i.  right  angles  to  AC,  and  join  AB  :  Firft,  let  the  angles  ABD, 

BAD  be  equal  to  one  another  ;  then  the  ftraight  line  BD  is 

t  6.  i.     equal  c  to  DA,  and  therefore  to  DC  ;  and  becaufe  the  three 

ftraight  lines  DA,  DB,  DC,  are  all  equal ;  D  is  the  centre 

<3  o.  3.     of  the  circle  <*  :  from  the  centre  D,  at  the  diftance  of  any  of 

the  three  DA,  DB,  DC,  defcribe  a  circle  '■>  this  ftiall  pafs 

through  the  other  points'  *,  and  the  circle  of  which  ABC  is  a 

fegment  is  defcribed  :  ^nd  becaufe  the  centre  D   is  in   AC, 

the  fegment  ABC  is  a  femicircle  ;  but  if  the  angles   ABD, 

BAD  are  not  equal  to  one  another,  at  the  point  A,  in  the 

ftraight 
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ftraight  line  AB  make  e  the  angle  BAE  equal  to  the  angle  t  Book  IH; 
ABD,  and  produce  BD,  if  neceffary,  to  E,   and  join  EG  :  e  2X  t% 


and  becaufe  the  angle  ABE  is  equal  to  the  angle  BAE,  the 
ftraight  line  BE  is  equal  e  to  E  A  :  and  becaufe  AD  is  equal 
to  DC,  and  DE  common  to  the  triangles  ADE,  CDE,  the 
two  fides  AD,  DE  are  equal  to  the  two  CD,  DE,  each  to 
each  ;  and  the  angle  ADE  is  equal  to  the  angle  CDE,  for 
each  of  them  is  a  right  angle  ;  therefore  the  bafe  AE  is  e- 
qual  f  to  the  bafe  EC  :  but  AE  was  ihewn  to  be  equal  to 
EB,  wherefore  alfo  BE  is  equal  to  EC  :  and  the  three  ftraight 
lines  AE,  EB,  EC  are  therefore  equal  to  one  another; 
wherefore  d  E  is  the  centre  of  the  circle.  From  the  centre 
E,  at  the  diflance  of  any  of  the  three  AE,  EB,  EC,  defcribe 
a  circle,  this  fhall  pafs  through  the  other  points  *,  and  the 
circle  of  which  ABC  is  a  fegment  is  defcribed  :  and  it  is  e- 
vident,  that  if  the  angle  ABD  be  greater  than  the  angle 
BAD,  the  centre  E  falls  without  the  fegment  ABC,  which 
therefore  is  lefs  than  a  femicircle  :  but  if  the  angle  ABD  be 
lefs  than  BAD,  the  centre  E  falls  within  the  fegment  ABC, 
which  is  therefore  greater  than  a  femicircle  :  Wherefore  a 
fegment  of  a  circle  being  given,  the  circle  is  defcribed  of 
which  it  is  a  fegment,     Which  was  to  be  done- 


f  4.  i, 


d  9-  $> 


PROP.    XXVI,     T  H  E  O  R. 

TN  equal  circles,  equal  angles  ftand  upon  equal 
•*•  circumferences,  whether  they  be  at  the  centres 
or  circumferences. 


Let 
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Book  III.      Let  ABC,  DEF  be  equal  circles,   and   the  equal  angles 
*"    *       'BGC,  EHF  at  their  centres,  and  B AC,  EDF  at  their  cir- 
cumferences :  the  circumference  BKC   is  equal  to  the  cir- 
cumference ELF. 

Join  BC,  EF  •,  and  becaufe  the  circles  ABC,  DEF  are  e- 
qual,  the  flraight  lines  drawn  from  their  centres  are  equal : 
therefore  the  two  fides  BG,  GC,  are  equal  to  the  two  EH, 


HF  -7  and  the  angle  at  G  is  equal  to  the  angle  at  H  ;  there - 
•  *•  fore  the  bafe  BC  is  equal  a  to  the  bafe  EF  :  and  becaufe  the 
angle  at  A  is  equal  to  the  angle  at  D,  the  fegment  B  AC  is 
b9.  def.3.  fimilar  t>  to  the  fegment  EDF;  and  they  are  upon  equal 
flraight  lines  BC,  EF  ;  but  fimilar  fegments  of  circles  upon 
equal  flraight  lines  are  equal  c  to  one  another,  therefore  the 
fegment  BAG  is  equal  to  the  fegment  EDF  :  but  the  whole 
circle  ABC  is  equal  to  the  whole  DEF ;  therefore  the  re- 
maining fegment  BKC  is  equal  to  the  remaining  fegment 
ELF,  and  the  circumference  BKC  to  the  circumference  ELF. 
Wherefore,  in  equal  circles,  &c.     Q^E.  D. 


a  4. 


c   24-  3- 


PROP.    XXVII.      THEOl 

JN  equal  circles,  the  angles  which   (land   upon  e- 
qual  circumferences  are  equal  to  one  another, 
whether  they  be  at  the  centres  or  circumferences. 


Let  the  angles  BGC,  EHF  at  the  centres,  and  RAC,  EDF 
ac  the  circumferences  of  the  e]iial  circles  AB  J,  DEF  Hand 
upon  the  equal  circumferences  BC,  EF  :  the  angle  BGC   is 

equal 
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equal  to  the  angle  EHF,  and  the  angle  BAG  to  the  angle    Book  IIL 
EDF.  * — *-**. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  mani- 
feft  a  that  the  angle  BAG  is  alfo  equal  to  EDF.  But,  if  not,  a  20.  3. 
one  of  them  is  the  greater  :  let  BGC  be  the  greater,  and  at 
the  point  G,  in  the  ftraight  line  BG,  make  b  the  angle  BGK 
equal  to  the  angle  EHF ;  but  equal  angles  ftand  upon  equal 
circumferences  c,  when  they  are  at  the  centre  *,  therefore  the 
circumference  BK  is  equal  to  the  circumference  EF  :  but  EF 
is  equal  to  BC  ;  therefore  alfo  BK  is  equal  to  BC,  the  lefs 
to  the  greater,  which  is  impoflible  :  therefore  the  angle  BGC 
is  not  unequal  to  the  angle  EHF  j  that  is,  it  is  equal  to  it  r 


*3- 


26.  3, 


and  the  angle  at  A  is  half  of  the  angle  BGC,  and  the  angle  at 
D  half  of  the  angle  EHF  :  therefore  the  angle  at  A  is  e- 
qual  to  the  angle  at  D.  Wherefore,  in  equal  circles,  &c. 
&,E.  D. 


PROP,    XXVIII.      THE  OR. 

TN  equal  circles,  equal  ftraight  lines  cut  off  equal 
x  circumferences,  the  greater  equal  to  the  greater, 
and  the  lefs  to  the  lefs. 

Let  ABC,  DEF  be  equal  circles,  and  EC,  EF  equal 
Iraight  lines  in  them,  which  cut  off  the  two  greater  circum- 
ferences BAC,  EDF,  and  the  two  fclfs  BGC,  EHF  :  the 
greater  BAC  is  ecj.ial  to  the  greater  EDF,  and  the  Itfs  EGG 
:o  the  lefs  EHF. 

2  Take 
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Book  III.      Take  a  K,  L,  the  centres  of  the  circles,  and  join  BK,  KC 


a  i.  3. 


'  EL,  LF  :  and  becaufe  the  circles  are  equal,  the  ftraight  line 


from  their  centres  are  equal ;  therefore  BK,  KC  are  equal  t 
EL,  LF ;  and  the  bafe  BC  is  equal  to  the  bafe  EF  ;  there 
b  8.  1.  fore  the  angle  BKC  is  equal  b  to  the  angle  ELF  :  but  equa 
c  26.  3.  angles  ftand  upon  equal  c  circumferences,  when  they  are 
the  centres  ;  therefore  the  circumference  BGC  is  equal 
the  circumference  EHF.  But  the  whole  circle  ABC  is  e 
qual  to  the  whole  EDF  ;  the  remaining  part  therefore  of  th 
circumference,  viz.  BAG,  is  equal  to  the  remaining  part  EDI 
Therefore,  in  equal  circles,  &c.     Q^  E.  D. 


I 


PROP.    XXIX.      THE  OR. 

N  equal  circles  equal  circumferences  are  fubtend- 
ed  by  equal  ftraight  lines. 


Let  ABC,  DEF  be  equal  circles,  and  let  the  circumferen 
ces  BGC,  EHF  alfo  be  equal ;  and  join  BC,  EF  :  the  ftraigh 
line  BC  is  equal  to  the  ftraight  line  GF. 
a  1.  3.  Take  a  K,  L  the  centres  of  the  circles,  and  join  BK,  KC 
EL,  LF  :  and  becaufe  the  circumference  BGC  is  equal  to  thi 
b  27.  3.  circumference  EHF,  the  angle  BKC  is  equal  b  to  the  angL 
ELF  :  and  becaufe  the  circles  ABC,  DEF  are  equal,  th< 
ftraight  lines  from  their  centres  are  equal :  therefore  BK,  K( 

ar 
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re  equal  to  EL,  LF,  and  they  contain  equal  angles :  there-  Book  III. 

A  D 


ore  the  bafe  BC  is  equal  c  to  the  bafe  EF.     Therefore,  in  e-   c  4.  u 
ual  circles,  &x.     Q^E.  D. 


PROP,    XXX.      P  R  O  B. 

*0  bifed  a  given  circumference,  that  is,  to  divide 
it  into  two  equal  parts. 

Let  ADB  be  the  given  circumference  -7  it  is  required  to  bi- 
ait. 

Join  AB,  and  bifeft  a  it  in  C  ;  from  the  point  C  draw  CD   a  10.  1, 
right  angles  to  AB,  and  join  AD,  DB  :  the  circumference 
DB  is  bife&ed  in  the  point  D. 

Becaufe  AC  is  equal  to  CB,  and  CD  common  to  the  tri- 
glesACD,  BCD,  the   two   fides 
C,  CD  are  equal  to  the  two  BC, 
and  the  angle  ACD   is  equal 
[the  angle  BCD,  becaufe  each  of 

^m  is  a  right  angle  \  therefore  the       r jft =p> 

Kb  AD  is  equal  b  to  the  bafe  BD.     A  °  **   b  4.  1. 

It  equal  ftraight  lines  cut  oft  equal   c   circumferences,  the  c  28.  3, 
pter  equal  to  the  greater,  and  the  lefs  to  the  lefs,   and  AD, 
are  each  of  them  lefs  than   a  femicircle  \    becaufe   DC 

les  through  the  centre  d  :  Wherefore   the  circumference  dCor.i.  3. 
is  equal  to  the  circumference   DB  :  therefore  the  given 

:umference  is  bifefted  in  D.     Which  was  to  be  done. 


H 


PROP. 


9§ 


ELEMENTS 


Book  III. 


PROP.    XXXI.      T  H  E  O  R. 

IN  a  circle,  the  angle  in  a  femicircle  is  a  rigi 
angle  ;  but  the  angle  in  a  fegment  greater  tha 
a  fc  tucircle  is  lefs  than  a  right  angle  ;  and  tt 
angle  in  a  fegment  lefs  than  a  femicircle  is  great< 
than  a  right  angle. 

Let  ABGD  be  a  circle,  of  which  the  diameter  is  BC,  ai 
centre  E  *,  and  draw  CA  dividing  the  circle  into  the  fe 
ments  ABC,  ADC,  and  join  £A,  AD,  DC  ;  the  angle 
the  femicircle  BAC  is  a  right  angle  ;  and  the  angle  in 
fegment  ABC,  which  is  greater  than  a  femicircle,  is  lefs  th 
a  right  angle ;  and  the  angle  in  the  fegment  ADC,  which 
leis  than  a  femicircle,  is  greater  than  a  right  angle. 

Join  AE,  and  produce  Bi\  to  F  *,  and  becaufe  BE  is  eqi 
a  f.  x,  to  EA,  the  angle  EAB  is  equal  a  to  EBA  ;  alfo,  becaa 
AE  is  equal  to  EC  the  angle 
EAC  is  equal  to  ECA  -,  where- 
fore the  whole  angle  BAC  is  e- 
oual  to  the  two  angles  ABC, 
ACB.  But  FAC,  the  exterior 
angle  of  the  triangle  ABC,  is 
alfo  equal  b  to  the  two  angles 
ABC,  AC3  *,  therefore  the 
angle  BAC  is  equal  to  the  angle 
FAC,  and  each  of  them  is 
cf.  def.  i.  therefore  a  right c  angle  :  where- 
fore the  angle  BAC  in  a  femi- 
circle is  a  right  angle. 

And  becaufe  the  two  angles  ABC,  BAC  of  the  trian 
d  17.  1.   ABC  are  together  lefs  d  than  two  right  angles,  and  that  Bl 
is  a  right  angle,  ABC  muft  be  lefs  than  a  right  angle  ; 
therefore  the  angle  in  a  fegment  ABC  greater  than  a  femi< 
cle,  is  lefs  than  a  right  angle. 

And  becaufe  ABCD   is  a  quadrilateral  figure  in  a  cir 

e  22.  3.   any  two  of  its  oppofite  angles  are  equal  e  to  two  right  ang 

therefore  the  angles  ABC,  ADC  are  equal  to  two  right 

gles  ;  and  ABC  is  lefs  than  a  right  angle  j  wherefore  the  ot 

ADC  is  greater  than  a  righ  angle, 

3  Befi( 
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Cor.  From  this  it  is  manifeft,  that  if  one  angle  of  a  tri-  Book  III. 
angle  be  equal  to  the   other  two,  it  is  a  right  angle,  becaufe 
the  angle  adjacent  to  it  is  equal  to  the  fame  two  *,  and  when 
the  adjacent  angles  are  equal,  they  are  right  angles. 


1PROP.     XXXII.      T  H  E  O  R. 

IF  a  ftraight  line  touches  a  circle,  and  from  the 
point  of  contact  a  ftraight  line  be  drawn  cutting 
the  circle,  the  angles  made  by  this  line  with  the 
line  touching  the  circle,  (hall  b,e  equal  to  the 
angles  which  are  in  the  alternate  fegments  of  the 
circle. 


Let  the  flraight  line  EF  touch  the  circle  ABCD  in  B,  and 
4rom  the  point  B  let  the  ftrairfit  line  BD  be  drawn  cutting 
the  circle  :  The  angles  which  BD  makes  with  the  touching 
line  EF  fhall  be  equal  to  the  angles  in  the  alternate  fegments 
of  the  circle  :  that  is,  the  angle  FBD  is  equal  to  the  angle 
which  is  in  the  fegment  DAB,  and  the  angle  DliE  to  the 
angle  in  the  fegment  BCD. 

From  the  point  B  draw  a  BA  at  right  angles  to  EF,  and 
take  any  point  C  in  the  circumference- BD,  and  join  AD,  DC, 
CB ;  and  becaufe  the  ftraight  line  EF  touches  the  circle  ABCD 
in  the  point  R,  and  BA  is 
drawn  at  right  angles  to  the 
touching  line  from  the  point  of 
L:onta£t  B,  the  centre  of  the 
:ircle  is  b  in  B A ;  therefore 
he  angle  ADB  in  a  femicircle 
s  a  right  c  angle,  and  confe- 
uently  the  other  two  angles 
AD,  ABD  are  equal  d  to  a 
ight  angle  :  but  ABF  is  like-  __ 
ife  a  right  angle ;   therefore     -E  S  JJ 

he   angle  ABF  is   equal  to  the  angles  BAD,  ABD  :  take 

H  2  from 


b  19.  3. 


31    3- 


d  32.  I. 
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Sook  IIL  from  thefe  equals  the  common  angle  ABD  ;  therefore  the 
w  remaining  angle  DBF  is  equal  to  the  angle  BAD,  which  is 
in  the  alternate  fegment  of  the  circle  :  and  becaufe  ABCD 
is  a  quadrilateral  figure  in  a  circle,  the  oppofite  angles  BAD, 
BCD  are  equal  e  to  two  right  angles  ;  therefore  the  angles 
DBF,  DBE,  being  like  wife  equal  f  to  two  right  angles,  are 
equal  to  the  angles  BAD,  BCD  ;  and  DBF  has  been  proved 
equal  co  BAD  :  therefore  the  remaining  angle  DBE  is  equaj 
to  the  angle  BCD  in  the  alternate  fegment  of  the  circle. 
Wherefore,  if  a  ftraight  line,  &c.     Q^  E.  D. 


e  12 
i 


13-  x. 


PROP,    XXXIII.    PR  OB. 


u 


PON  a  given  ftraight  line  to  defcribe  a  feg- 
ment of  a  circle,  containing  an  angle  equal 


to  a  given  rectilineal  angle. 


u 


Let  AB  be  the  given  ftraight  line,  and  the  angle  at  C  the 
given  rectilineal  angle  ;  it  is  required  to  defcribe  upon  the 
given  ftraight  line  AB  a  fegment  of  a  circle,  containing  an 
angle  equal  to  the  angle  C. 

Firft,  let  the  angle  at  C  be 
a  right  angle,  and  bifedt  a  AB 
in  F,  and  from  the  centre  F, 
at  the  diftance  FB,  defcribe 
the  femicircle  AHB  ;  there- 
fore the  angle  AHB  in  a  fe- 
micircle is  b  equal  to  the 
right  angle  at  C. 

But,  if  the  angle  C  be  not  a  right  angle,  at  the  point  A,  in 
the  ftraight  line  AB,  make  p  the  angle  BAD  equal  to  the. 

angle 
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ingle  C,  and  from  the  point  ; 

A   draw  <*    AE   at   right 

ingles  to  AD ;  bifeft  a  AB 

n  F,  and  from  F   draw  d 

FG  at  right  angles  to  AB? 

md  join  GB  :  And  becaufe 

\F  is  equal  to  FB,  and 

iG   common  to    the    tri- 

mgles  AFG,  BFG  the  two 

|ides  AF,  FG  are  equal  to 

he  two  BF,  FG ;    and  the 

ngle  AFG  is  equal  to  the 

gle  BFG ;  therefore  the  bafe  AG  is  equal  e  to  the  bafe 
JB  ;  and  the  circle  defcribed  from  the  centre  G,  at  the  di- 
ance  GA,  mall  pais  through  the  point  B  ;  let  this  be  the  cit- 
le  AHB  :  And  becaufe  from  the  point  A  the  extremity  of 
le  diameter  AE,  AD  is  drawn  at  right  angles  to  AE, 
lerefore  AD  f  touches  the  circle  \  and  becaufe  AB  drawn  fCor.16. , 
om  the  point  of  contact  A 

its    the   circle,   the   angle         ,-_ ^ JH 

AB  is  equal  to  the  angle 
the  alternate  fegment 
HB  g  :  but  the  angle 
AB  is  equal  to  the   angle 


e  4.1. 


therefore  alfo  the 
equal  to  the   anole 


angle 


is 


g  3*-  3- 


in 

e ferment  AHB:  Where- 
re,  upon  the  given  ftraight 
le  AB  the  fegment  AHB 

a  circle  is  defcribed  which  contains  an  angle  equal  to  the 
vtn  angle  at  C.     Which  was  to  be  done. 


PROP.     XXXIV.     PROB. 


^Ocut  off  a  fegment  from  a  given  circle  whicfy 
fhall  contain  an  angle  equal  to  a  given  redili- 


|al  angle* 


H3 


Let 
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Book  IHi       Let  ABC  be  the  given  circle,  and  D  the  given  rectilineal 
v        angle  ;  it  is  required  to  cut  off  a  fegment  from  the  circle  ABC 

that  fhall  contain  an  angle  equal  to  the  angle  D. 
ai7>3-         Draw  a  the  ftraight  line  EF  touching  the  circle  ABC  1 

the  point  B,  and  at  the 

point  B,   in  the  ftraight 
b  23.  1.  line    BF     make    b     the 

angle  FBC   equal  to  the 

angle  D  ;  therefore,  be- 

caufe    the    ftraight    line 

EF    touches    the    circle 

ABC,  and  BO  is  drawn 

from  the  print  of  con- 
tact B,  the  angle  FBC  is 
c  32.  3.    eqUai  c   to  the  angle  in 


D 


the  alternate  fegment  BAC  of  the  circle  :  but  the  angle  FBC 
is  equal  to  the  angle  D  •,  therefore  the  angle  in  the  fegment 
BAC  is  equal  to  the  angle  D  :  wherefore  the  fegment  BAC 
is  cut  off  from  the  given  circle  ABC  containing  an  angle  e 
qual  to  the  given  angle  D.     Which  was  to  be  done. 


PROP.    XXXV.     T  H  E  O  R. 

IF  two  ftraight  lines  within  a  circle  cut  one  ano~ 
ther,  the  rectangle  contained  by  the  fegments  o; 
one  of  them  is  equal  to  the  redangle  contained  by 
the  fegments  of  the  other. 


Let  the  two  ftraight  lines  AC,  BD,  within  the  circle 
ABCD,  cut  one  another  in  the  point  E  :  the  rectangle  con 
tained  by  AE,  EC  is  equal  to  the  reft-  \ 
angle  contained  by  BE,  ED. 

If  AC,  BD  pafs  each  of  them  through 
the  centre,  fo  that  E  is  the  centre  ;  it  is     f 
evident,  that  AE,  EC,  BE,  ED,  beingBlj 
all  equal,  the  reftangle  AE,  EC  is  like- 
wife  equal  to  the  reftangle  BE,  ED.  ^^_^^C 

But  let  one  of  them  BD  pafs  through  the  centre,  and  cu 
the  other  AC,  which  does   not  pals  through  the  centre,  ai 

righi 
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right  angles,  in  the  point  E  :  then,  if  BD  be  bife&ed  in  F,  F 
is  the  centre  of  the  circle  ABCD  *,  join  AF  :  and  becaufe  ' 
BD,  which  paffes  through  the  centre,  cuts  the  ftraight  line 
AC,  which  does  not  pafs  through  the 
centre,  at  right   angles   in    E,    AE, 
EC  are  equal  a  to  one  another  :  and 
becaufe  the  ftraight  line  BD  is  cut 
into  two  equal  parts  in  the  point  F, 
and  into  two  unequal  in  the  point  E, 
the  reclangle  BE,  ED,  together  with 
the  fquare  of  EF,  is  equal  b  to  the 
fquare  of  FB  ;  that  is,  to  the  fquare 
of  FA  ;  but  the  fquares  of  AE,  EF 
are  equal  c   to   the   fquare  of  FA ; 

therefore  the  reclangle  BE,  ED,  together  with  the  fquare  of 
EF,  is  equal  to  the  fquares  of  AE,  EF  :  take  away  the  com- 
mon fquare  of  EF,  and  the  remaining  reclangle  BE,  ED  is 
equal  to  the  remaining  fquare  of  AE  ,  that  is,  to  the  rect- 
angle AE,  EC. 

Next,  Let  BD,  which  paffes  through  the  centre,  cut  the  o- 
ther  AC,  which  does  not  pals  through  the  centre,  in  E,  but 
not  at  right  angles  :  then,  as  before,  if  BD  be  bifefted  in  F, 
F  is  the  centre  of  the  circle.  Join  AF,  and  from  F  draw 
d  FG  perpendicular  to  AC  ;  therefore  AG  is  equal a  to  GC-, 
wherefore,  the  rectangle  AE,  EC,  together  with  the  fquare 
cf  EG,  is  equal  b  to  the  fquare  of  AG  :  to  each  of  thefe  e- 
quals  add  the  fquare  of  GF  ;    therefore  the  reclangle  AE, 

EC,  together  with  the  fquares  of  EG,  GF,  is  equal  to 
the  fquares  of  AG,  GF :  But  the 
fqiares  of  EG,  GF  are  equal  c  to 
the  fquare  of  EF  ;  and  the  fquares 
of  AG,  GF  are  equal  to  the 
fquare  of  AF  :  therefore  the  rect- 
angle AE,  EC,  together  with  the 
fquare  of  EF,  is  equal  to  the 
fquare  of  AF ;  that  is,  to  the 
fquare  of  FB :  but  the  fquare  of 
FB  is  equal  b  to  the  rectangle   BE, 

ED,  together  with  the  fquare  of  EF ;  therefore  the  reclangle 
AE,  EC,  together  with  the  fquare  of  EF,  is  equal  to  the 
reclangle  BE,  ED,  together  with  the  fquare  of  EF  :  take  a- 

H  4  way 


Book  111. 


a  S*  3- 


b  5.  2. 


c  47.  1. 


d  14. 
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Book  III.  way  the  ccfmmon  fquare  of  EF,  and  the  remaining  reaangll 
U*n/ 'AE,  EC,  is  therefore  equal  to  the  remaining  reftangle  BF* 

ED. 

Laftly,  Let  neither  of  the  ftraight  lines  AC,  BD  pa 
through  the  centre  :  take  the  centre 
F,  and  through  E,  the  interferon 
of  the  ftraight  lines  AC,  DB, 
draw  the  diameter  GEFH  :  and 
becaufe  the  re&angle  AE,  EC  is 
equal,  as  has  been  fhown,  to  the 
re&angle  GE,  EH;  and,  for  the 
fame  reafon,  the  re&angle  BE, 
ED  is  equal  to  the  fame  redlangle 
GE,  EH  ;  therefore  the  reftangle 
AE,  EC  is  equal  to  the  reftangle 
BE,  ED.     Wherefore,  if  two  ftraight  Hnes,  &c     Q^E.  D 


PROP.    XXXVI.      T  H  E  O  R. 

IF  from  any  point  without  a  circle  two  ftraight 
lines  be  drawn,  one  of  which  cuts  the  circle, 
and  the  other  touches  it ;  the  re&angle  contained 
by  the  whole  line  which  cuts  the  circle,  and  the 
part  of  it  without  the  circle,  (hall  be  equal  to  the 
fquare  of  the  line  which  touches  it. 


Let  D  be  any  point  without  the  circle  ABC,  and  DCA, 
DB  two  ftraight  lines  drawn  from  it,  of  which  DCA  cuts 
the  circle,  and  DB  touches  the  fame:  the  rectangle  AD,  DC 
is  equal  to  the  fquare  of  DB. 

Either  DCA  pafles  through  the  centre,  or  it  does  not ; 

firft,  Let  it  pafs  through  the  centre  E,  and  join   EB  \    there- 

x8#  3,  fore  the  angle  EBD  is  a  right  a  angle  :    and  becaufe  the 

ftraight 
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to 


ftraight  line  AC  is  bife&ed  in  E,  and 
produced  to  the  point  D,  the  red- 
angle  AD,  DC,  together  with  the 
fquare  of  EC,  is  equal  b  to  the  fquare 
of  ED  ;  and  CE  is  equal  to  EB  \ 
therefore  the  re&angle  AD,  DC, 
together  with  the  fquare  of  EB,  is 
equal  to  the  fquare  of  ED  :  but  the 
fquare  of  ED  is  equal  c  to  the 
fquares  of  EB,  BD,  becaufe  EBD  is 
a  right  angle  :  therefore  the  re&angle 
AD,  DC,  together  with  the  fquare 
of  EB,  is  equal  to  the  fquares  of  EB, 
BD  :  take  away  the  common  fquare 
f  EB ;  therefore  the  remaining  reclangle  AD,  DC  is  equal 
the  fquare  of  the  tangent  DB. 

But  if  DC  A  does  not  pafs  through  the  centre  of  the  circle 

ABC,  take  d  the  centre  E,  and  draw  EF  perpendicular  e  to 

A.C,  and  join  EB,  EC,  ED  :    and  becaufe   the  ftraight  line 

EF,  which  paries  through  the  centre,  cuts  the  ftraight  line 

AC,  which  does  not  pa£s  through  the 

entre,  at  right  angles,  it  fhall  like- 

vife  bifecl  f  it ;  therefore  AF  is  e- 

[ual  to  FC  :  and  becaufe  the  ftraight 

ine  AC  is  bifecled  in  F,  and  produ- 

ed  to  D,  the  re&angle  AD,  DC, 

gether  with  the  fquare  of  FC,  is 

ual  b  to  the  fquare  6f  FD  :  to  each 

thefe   equals  add   the    fquare   of 

E;  therefore    the   rectangle   AD, 

)C,   together    with   the   fquares   of 

F,  FE,  is  equal  to  the  fquares  of 

)F,  FE  :  but  the  fquare  of  ED  is 

qaal  c  to  the  fquares  of  DF,  FE  be- 

aufe  EFD  is  a  right  angle  ;  and  the  fquare  of  EC   is  equal 

the  fquares  of  CF5  FE  ;  therefore  the  reftangle  AD,  DC, 

gether  with   the  fquare   of  EC,  is  equal  to  the  fquare  of 

D  :  and  CE  is  equal  to  EB  ;  therefore  the  redanele  AD, 

)C,  together  with  the  fquare  of  EB   is  equal  to  the  fquare  of 

;D  :  but  the  fquares  of  Efc,  ED  are  equal  to  the  fquare  c  of 

-D,  becaufe  FBD  is  a  right  angle;  therefore  the  redan de 

D,  DC,  together  with  the  fquare  of  EB,  is  equal  to  the 

2  fquares 


e  iz.  1. 


io6 


ELEMENTS 


Book  III.  fquares  of  EB,  BD  :  take  away  the  common  fquare  of  EB 

T   '     therefore   the    remaining  re&angle    AD,  DC    is    equal  t 

the  fquare  of    DB.      Wherefore,  if   from   any  point,  &c 

Q.E.D. 

Cor.  If  from  any  point  without  a 
circle,  there  be  drawn  two  flraight 
lines  cutting  it,  as  AB,  AC,  the 
rectangles  contained  by  the  whole 
lines  and  the  parts  of  them  without 
the  circle,  are  equal  to  one  another, 
viz.  the  rectangle  BA,  AE  to  the 
rectangle  C  A,  AF :  for  each  of  them 
is  equal  to  the  fquare  of  the  flraight 
line  AD  which  touches  the  circle. 


PROP.    XXXVII.      THEO  R. 

IF  from  a  point  without  a  circle  there  be  drawi 
two  flraight  lines,  one  of  which  cuts  the  circle 
and  the  other  meets  it ;  if  the  redangle  containe( 
by  the  whole  line  which  cuts  the  circle,  and  th 
part  of  it  without  the  circle  be  equal  to  the  fquar 
of  the  line  which  meets  it,  the  line  which  meet 
fhall  touch  the  circle. 


Let  any  point  D  be  taken  without  the  circle  ABC,  andfror 
it  let  two  flraight  lines  DC  A  and  DB  be  drawn,  of  whic 
DC  A  cuts  the  circle,  and  DB  meets  it ;  if  the  rectangle  AE 
DC,  be  equal  to  the  fquare  of  DB  ;  DB  touches  the  circle. 
Draw  a  the  flraight  line  DE  touching  the  circle  ABC 
find  the  centre  F,  and  join  FE,  FB,  FD  \  then  FED  is 
b  18.  3.  right  b  angle  :  and  becaufe  DE  touches  the  circle  ABC,  an 
DC  A  cuts  it,  the  rectangle  AD,  DC  is  equal c  to  the  fquai 
of  DE  ;  but  the  rectangle  AD,  DC  is,  by  hypothefis,  equj 
to  the  fquare  of  DB  :  therefore  the  fquare  of  DE  is  equal  t 
the  fquare  of  DB  ;  and  the  flraight  line  DE  equal  to  th 

flraigl 


17.3. 


36.  3. 
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raight  line  DB :  and  FE  is  equal  to  FB,  Wherefore  DE,  Book  HL 
F  are  equal  to    DB,  BF ;  and  the 
afe    FD    is   common   to  the  two 
iangles    DEF,  DBF  ;    therefore 
le  angle  DEF   is  equal  d   to    the  /  rj/i        x 

ngle  DBF  ;  and  DEF  is  a  right 
nyle,  therefore  alfo  DBF  is  a  right 
ngle  :  but  FB,  if  produced,  is  a 
iameter,  and  the  ftraight  line 
hich  is  drawn  at  right  angles  to  a 
iameter,  from  the  extremity  of  it, 

Duches  e  the  circle :  therefore  DB  \  / 

)uches  the  circle  ABC.  Wheve- 
arer  if  from  a  point,  &c  Q^  E.  D. 


ELL 


ELEME    NTS 


O  F 


GEOMETRY. 


BOOK    IV. 


DEFINITIONS. 


I. 

A  Reftilineal  figure  is  faid  to  be  infcribed  in  another  Book  rv» 
r\^  rectilineal  figure,  when  all  the  angles  of  the  infcribed  WT~—J 
figure  are  upon  the  fides  of  the  figure 
in  which  it  is  infcribed,  each  upon 
each. 

II. 
1  like  manner,  a  figure  is  faid  to  be  de- 
fcribed  about  another  figure,  when  all 
the  fides  of  the  circumfcribed  figure 

pais  through  the  angular  points  of  the  figure  about  which  it 
is  defcribed,  each  through  each. 

III. 

.  reftilineal  figure  is  {aid  to  be  in- 
fcribed in  a  circle,  when  all  the  angles 
of  the  infcribed  figure  are  upon  the 
circumference  of  the  circle. 


1X0 


ELEMENTS 


Book  IV.  IV. 

v        A  re&ilineal  figure  is  faid  to  be  defcribed  about  a  circle,  wh 
each  fide  of  the  circumfcribed  figure 
touches    the    circumference    of    the 
circle. 

V. 
In  like  manner,  a  circle  is  faid  to  be  in- 
fcribed  in  a  rectilineal  figure,  when 
the  circumference  of  the  circle  touches 
each  fide  of  the  figure. 

VI. 

A  circle  is  faid  to  be  defcribed  about  a 
reftilineal  figure,  when  the  circumfe- 
rence of  the  circle  paffes  through  all 
the  angular  points  of  the  figure  about 
which  it  is  defcribed. 

VII. 
A  flraight  line  is  faid  to  be  placed  in  a  circle,  when  the 
tremities  of  it  are  in  the  circumference  of  the  circle. 


a  3.  i. 


PROP.    I.      PR  OB. 

IN  a  given  circle  to  place  a  flraight  line,  equal 
a  given  flraight  line  not  greater  than  the  diaim 
ter  of  the  circle. 

Let  ABC  be  the  given  circle,  and  D  the  given  flraight  lin 
not  greater  than  the  diameter  of  the  circle. 

Draw  BC  the  diameter  of 
the  circle  ABC  ;  then,  if  BC 
is  equal  to  D,  the  thing  re- 
quired is  done  ;  for  in  the  cir- 
cle ABC  a  flraight  line  BC  is 
placed  equal  to  D  :  But,  if  it 
is  not,  BC  is  greater  than  D  ; 
make  CE  equal  a  to  D,  and 
from  the  centre  C,  at  the  di- 
fiance  CE,  defcribe  the  circle  -^" 
AEF,  and  join  CA :  Therefore,  becaufe  C  is  the  centre  < 

til 
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pircle  AEF,  C  A  is  equal  to  CE  ;  but  D  is  equal  to  CE  ;  Book  IV. 
therefore  D  is  equal  to  C  A  :  Wherefore,  in  the  circle  ABC, 
a  ftraight  line  is  placed,  equal  to  the  given  ftraight  line  D, 
which  is  not  greater  than  the  diameter  of  the  circle.     Which 
was  to  be  done. 


PROP.    II.     PROB. 


i 


N  a  given  circle  to  infcribe  a  triangle  equiangu- 
lar to  a  given  triangle. 


Let  ABC  be  the  given  circle,  'and  DEF  the  given  tri- 
angle •,  it  is  required  to  infcribe  in  the  circle  ABC  a  triangle 
equiangular  to  the  triangle  DEF. 

Draw  a  the  ftraight  line  GAH  touching  the  circle  in  the  a  17.  3. 
point  A,  and  at  the  point  A,  in  the  ftraight  line  AH,  make  b  b  13.  1. 
the  angle  HAC  equal  to  the  angle  DEF  •,  and  at  the  point  A, 
in  the  ftraight  line 
AG,  make  the  angle 
GAB  equal  to  the 
angle  DFE,and  join 
BC  :  Therefore,  be-  jy 

:aufe  HAG  touches 
the  circle  ABC, and 
AC  is  drawn  from 

the  point  of  contact,  xp =pi 

the  angle  HAC  is  e- 

qual  c  to  the  angle  c  3*. 

ABC  in  the  alternate  fegment  of  the  circle  :  But  HAC  is  e- 
qual  to  the  angle  DEF  •,  therefore  alfo  the  angle  ABC  is  e- 
qual  to  DEF :  for  the  fame  reafon,  the  angle  ACB  is  equal 
to  the  angle  DFE ;  therefore  the  remaining  angle  BAC  is 
equal  d  to  the  remaining  angle  EDF :  Wherefore  the  triangle  d  32. 
ABC  is  equiangular  to  the  triangle  DEF,  and  it  is  infcribed 
in  the  circle  ABC.     Which  was  to  be  done. 


PROP. 


ELEMENTS 


PROP.    III.     PROB. 


ABOUT  a  given  circle  to  defcribe  a  triangle  e 
quiangular  to  a  given  triangle. 

Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle 
it  is  required  to  defcribe  a  triangle  about  the  circle  ABC 
quiangular  to  the  triangle  DEF. 

Produce  EF  bocn  ways  to  the  points  G,  H,  and  find  th< 
centre  K  of  cne  circle  ABC,  and  from  it  draw  any  flxaigh 

a 23.  i.  line  KB;  at  the  point  K  in  the  ftraight  line  KB,  make  a  the 
angle  BKA  equal  to  the  angle  DEG,  and;  the  angle  BK( 
equal  to  the  angle  DFH  ;  and  through  the  points  A,  B,  C 

b '\%  3-  draw  the  ftraight  lines  LAM,  MBN,  NCL  touching  b  the 
circle  A?*C  :  Therefore,  becaufe  LM,  MN,  NL  touch  the 
circle  ABC  in  the  points  A,  B,  C,  to  which  from  the  ceritn 
are  drawn  KA,  KB,  KC,  the  angles  at  the  points  A,  B,  C  an 

c  iS.  3,  right  c  angles,  And  becaufe  the  four  angles  of  the  quadrila- 
teral figure  AMBK  are  equal  to  four  right  angles,  for  it  car 
be  divided  into  two  triangles,  and  becaufe  two  of  them,KAM 
KBM  are  right 
angles,  the  other 
two;AKB,AMB 
are  equal  to  two 
right  angles:  But 
theanglesDEG, 
DIF   are   like- 

d  13. 1.  wife  equal  d  to 
two  right  angles; 
therefore  the  an- 
gles AKH,AMBM 
are  equal  to  the  angles  DEG,  DEF,  of  which  AKB  is  equal 
to  DEG  ;  wherefore  the  remaining  angle  AMB  is  equal  to 
the  remaining  angle  DEF  :  In  like  manner,  the  angle  LNM 
may  be  demonllrated  to  be  equal  to  DFE  ;  and  therefore  the 

e  32.  1.  remaining  angle  MLN  is  equal e  to  the  remaining  angle  EDF: 
Wherefore  the  triangle  LMN  is  equiangular  to  the  triangle 
DE^  ;  And  it  is  defcribed  about  the  circle  ABC.  Which 
was  to  be  done. 


n 
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Book  IV. 
* 


PROP-   IV.    PROB. 


O  infcribe  a  circle  in  a  given  triangle. 


Let  the  given  triangle  L>e  ABC  ;  it  is  required  to  infcribe 

circle  in  ABC. 
Bifed  a  the  angles  ABC,  BCA  by  the  ftraight  lilies  BD, 

]D  meeting  one  another  in  the  point  D,  from  which  draw  b 

>E,  DF,  DG  perpendiculars 
AB,  BC,  CA:  And  be- 

aufe  the  angle  EBD  is  equal 
the  angle  FBD,  the  angle 
BC  being  bifecled  by  BD; 

id  becaufe   the   right   angle 

ED  is  equal  to  the  right  angle 

FD,  the  two  triangles  EBD, 

BD  have  two  angles  of  the 

le  equal  to  two  angles  of  the 

her;  and  the  fide  BD, which 
oppofite  to  one  of  the  equal 

lgles  in  each,  is  common  to  both ;  therefore  their  other  fides 
equal  c ;  wherefore  DE  is  equal  to  DF.  For  the  fame 
afon,  DG  is  equal  to  DF ;  therefore  the  three  ftraight  lines 
E,  DF,  DG  are  equal  to  one  another,  and  the  circle  de- 
ribed  from  the  centre  D,  at  the  diftance  of  any  of  them,  will 
is  through  the  extremities  of  the  other  two,  and  will  touch  the 
aight  lines  AB,  BC,  CA,  becaufe  the  angles  at  the  points 
F,  G  are  right  angles,  and  the  ftraight  line  which  is  drawn 
>m  the  extremity  of  a  diameter  at  right  angles  to  it,  touches 
he  circle:  Therefore  the  ftraight  lines  AB,  BC,  CA,  do 
h  of  them  touch  the  circle,  and  the  circle  EFG  is  itifcribed 
the  triangle  ABC.     Which  was  to  be  done. 


a  9.  1. 
b  12,  *. 


c   26,  1. 


d  r6. 


PROP. 


ELEMENT  S 


PRO  P.    V.     PRO  B. 


O  defcribe  a  circle  about  a  given  triangle. 


a  io.  i. 
b  ii.  i. 


Let  the  given  triangle  be  ABC  ;  it  is  required  to  defcrib 
a  circle  about  ABC. 

Bifeft  *  AB,  AC  in  the  points  D,  E,  and  from  thefe  poin 
draw  DF,  EF  at  right  angles  t>  to  AB,  AC ;  DF,  EF  produce 


meet  one  another  ;  for,  if  they  do  not  meet,  they  are  paralle 
wherefore  A B,  AC,  which  are  at  right  angles  to  them,  a: 
parallel,  which  is  abfurd  :  Let  them  meet  in  F,  and  join  FA 
alfo,  if  the  point  F  be  not  in  BC,  join  BF,  CF:  then,  becau 
AD  is  equal  to  DB,  and  DF  common,  and  at  right  angles 
c  4.  i.  AB,  the  bafe  AF  is  equal  c  to  the  bafe  FB.  In  like  manne 
it  may  be  mown  that  CF  is  equal  to  FA ;  and  therefore  B 
is  equal  to  FC  *,  and  FA,  FB,  FC  are  equal  to  one  anothei 
wherefore  the  circle_  defcribed  from  the  centre  F,  at  the  d 
fiance  of  one  of  them,  mail  pals  through  the  extremities  of  tl 
other  two,  and  be  defcribed  about  the  triangle  ABC,  whic 
was  to  be  done. 

Cor.  And  it  is  manifeft,  that  when  the  centre  of  the  circ 
falls  within  the  triangle,  each  of  its  angles  is  lefs  than  a  rig] 
angle,  each  of  them  being  in  a  fegment  greater  than  a  fem 
circle  ;  but,  when  the  centre  is  in  one  of  the  fides  of  the  ti 
angle,  the  angle  oppofite  to  this  fide,  being  in  a  femicircle, 
a  right  angle  ;  and,  if  the  centre  falls  without  the  triangle,  tl 
an^le  oppofite  to  the  fide  beyond  which  it  is,  being  in  a  fei 
ment  let  than  a  iemicircle,  is  greater  than  a  right  angle 

Wherefor 
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Wherefore,  if  the  oiven  triaiirfe  be  acute  angled,  the  centre 
of  the  circle  falls  within  it ;  if  it  be  a  right  angled  triangle, 
the  centre  is  in  the  fide  oppoiite  to  the  right  angle  ;  arid,  if  it 
'be  an  obtufe  angled  triangle,  the  centre  falls  without  the  tri- 
angle, beyond  the  fide  oppoiite  to  the  obtufe  angle. 


Bowk  IV. 


PROP.    VI.     PROS, 


j[   O  inferibe  a  fquare 


in  a  given  circle. 


Let  ABCD   be  the  given  circle  ;  it  is  required  to  inferibe 
a  fquare  in  ABCD. 

Draw  the  diameters  AC,  BD  at  right  angles  to  one  ano- 
ther, and  join  AB,  BC,  CD,  DA  ;  becaufe  BE  is  equal  to 
ED,  E  being  the  centre,  and  be- 
caufe E  A  is  at  right  angles  toBD, 
and  common  to  the  triangles 
ABE,  ADE  ;  the  bafe  B  A  is 
equal  a  to  the  bafe  AD  ;  and,  for 
the  fame  reafon,  BC,  CD  are 
each  of  them  equal  to  BA  or 
AD  ;  therefore  the  quadrilateral 
figure  ABCD  is  equilateral.  It 
isalfo  rectangular  •,  for  the  ftraight 
ine  BD,  being  the  diameter  of 
he   circle  ABCD,    BAD  is    a 

'emicircle  ;  wherefore  the  angle  BAD  is  a  right  t>  angle  *,  for 
diefame  reafon  each  of  the  angles  ABC,  BCD,  CD  A  is  a 
ight  angle ;  therefore  the  quadrilateral  figure  ABCD  is  recl- 
pnguiar,  and  it  has  been  mown  to  be  equilateral ;  therefore  it 

a  fquare  \  and  it  is  inferibed  in  the  circle  A  BCD.     Which 
,vas  to  be  Cjmt, 


a  4.  1. 


b  31.  v 


PROP.     VII.     P  R  O  B. 
O  defcribe  a  fquare  about  a  given  circle. 


Let  ABCD  be  the  given  circle  5  it  is  required  to  defedbe  a 
quare  about  it. 

I  2  DiaW 


n6 


ELEMENTS 


a  17.  3- 


b  iS. 


C  28.  1 


34-  '• 


Book  IV.      Draw  two  diameters  AC,  BD  of  the  circle  ABCD,  at  righi 
L      *        angles  to  one  another,  and  through  the  points  A,  B,  C, 

draw  a  FG,  GH,  HK,  KF  touching  the  'circle  ;  and  becaufi 
FG  touches  the  circle  ABCD,  and  EA  is  drawn  from  th< 
centre  E  to  the  point  of  contact  A,  the  angles  at  A  are  righ 
b  angles ;  for  the  fame  reafon,  the  angles  at  the  points  B,  C 
D  are  right  angles ;  and  becaufe  the  angle  AEB  is  a  righ 
angle,  as  likewife  is  EBG,  GH 
is  parallel  c  to  AC ;  for  the  fame 
reafon,  AC  is  parallel  to  FK,  and 
in  like  manner  GF,  HK  may 
each  of  them  be  demonstrated  to 
be  parallel  to  BED-,  therefore 
the  figures  GK,  GC,  AK,  FB, 
BK  are  parallelograms  ;  and  GF 
is  therefore  equal  d  to  HK,  and 
GH  to  FK  ;  and  becaufe  AC  is 

equal  to  BD,  and  that  AC  is  equal  to  each  of  the  two  Gt 
FK  5  and  BD  to  each  of  the  two  GF,  HK  :  GH,  FK  areeac 
of  them  equal  to  GF  or  HK  ;  therefore  the  quadrilateral  figui 
FGHK  is  equilateral.     It  is  alfo  rectangular  ;  for  GBE  A  b 
ing  a  parallelogram,  and  AEB  a  right  angle,  AGB  d  is  like 
wife  a  right  angle :    In  the  fame  manner,  it  may  be  fliow 
that  the  angles  at  H,   K,  F  are  right  angles  ;  therefore  th 
quadrilateral  figure  FGHK  is  rectangular;  and  it  was  d< 
rnonflrated  to  be  equilateral ;  therefore  it  is  a  fquaie  ;  and 
is  defcribed   about   the   circle  ABCD.     Which  was  to 
done. 


PROP.    VIII.      PR  OB. 
JL  O  inferibe  a  circle  in  a  given  fquare.     • 

Let  ABCD  be  the  given  fquare  ;  it  is  required  to  inferibel 
circle  in  ABCD. 

Bife&  a  each  of  the  fides  AB,  AD,  in  the  points  F,  E,  ar 
through  E  draw  h  EH  parallel  to  AB  or  DC,  and  through 
draw  FK  parallel  to  AD  or  BC  ;  therefore  each  of  the  figurl 
AK,  KB,  AH,  HD,  AG,  GC,  BG,  GD  is-  a  parallelograrj 
and  their  oppofite  fides  are  equal  c;  and  becaufe  AD  is  equj 

2 


a  10.   1. 
b  31.  1. 


c  34.  1. 
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o  AB,  and  that  AE  is  the  half  of  AD,  and  AF  the  half  of  Book  IV. 

UJ,  AE  is  equal  to  AF ;  wherefore  the  fides  oppofite  to        v 

tiefe  are  equal,  viz.  FG  to  GE  •,  in  the  fame  manner,  it  may 

ie  demonftrated,  that  GH,  GK 

re  each  of  them  equal  to  FG  or 

xE  ;  therefore  the  four  ftraight 

ines  GE,  GF,  GH,  GK,  are  e- 

ual  to  one  another ;  and  the  cir- 

le  defcribed  from  the  centre  G, 

t  the  diftance  of  one  of  them, 

lall  pafe  through  the  extremities 

f  the  other  three  *,  and  fhall  alfo 

Duch  the  ftraight  lines  AB,  BC, 

iD,  DA,  becaufe  the  angles  at 

tie  points  E,  F,  H,  K  are  right  <* 

ngles,  and  becaufe  the  ftraight  line  which  is  drawn  from  the 

xtremity  of  a  diameter,  at  right  angles  to  it,  touches  the 

irclee  ;  therefore  each  of  the  ftraight  lines  AB,  BC,  CD,  DA  c  16.  3, 

Duches  the  circle,  which  therefore  is  infcribed  in  the  fquare 

LBCD.     Which  was  to  be  done. 


h 

E 
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p 
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H 


d  29.  1, 


P  R  O  P.    IX.      P  R  O  B. 

1  O  defcribe  a  circle  about  a  given  fquare. 

Let  ABCD  be  the  given  fquare ;  it  is  required  to  defcribe 
circle  about  it. 

Join  AC,  BD,  cutting  one  another  in  E  •,  and  becaufe  DA 
l  equal  to  AB,  and  AC   common  to  the  triangles  DAC, 
AC,  the  two  fides  DA,  AC  are  equal  to  the  two  BA,  AC, 
id  the  bafe   DC  is  equal  to  the  bafe 
C-y  wherefore  the  angle  DAC  is  equal 

to   the    angle    BAG,    and    the    angle     A\  /  \     a  3.  1, 

)AB  is  bifected  by  the  ftraight  line 
LC  :  In  the  fame  manner,  it  may  be 
emonftrated,  that  the  angles  ABC, 
•CD,  £DA  are  feverally  bifecled  by 
ie  ftraight  lines  BD,  AC  -7  therefore, 
ecaufe  the  angle  DAB  is  equal  to  the 
agle  ABC,  and  that  the  angle  EAB  is  the  half  of  DAB, 


I 


and 
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b  6.  i. 


3M*Y-  raid  EBA  the  half  of  ABC  ;  the  angle  EAB  is  equal  to  tht 
angle  EBA  ;  wherefore  the  fide  E  A  is  equal  &  to  the  fide 
EB  :  In  the  fame  manner,  it  may  be  demonftrated,  that  the 
ftraight  lines  EC,  ED  are  each  of  them  equal  to  EA  or  EB 
therefore  the  four  ftraight  lines  EA,  EB,  EC,  ED  are  equa 
to  one  another  ;  and  the  circle  defcribed  from  the  centre  E,  a 
the  diftance  of  one  of  them,  mail  pafs  through  the  extremities 
of  the  other  three,  and  be  defcribed  about  the  fquare  ABCD 
Which  was  to  be  done. 


b  i.  4. 
c  5.  4- 


*  37- 


PROP.    I      P  R  O  B. 

TO  defcribc  an  ifoiceles  triangle,  having  each  o: 
the  angles    at   the   bafe    double  of  the  thin: 

angle. 

Take  any  ftraight  line  AB,  and  divide  a  it  in  the  point  C,  f( 
that  the  rectangle  AB,  BC  may  be  equal  to  the  fquare  of  C  A 
and  from  the  centre  A,  at  the  diftance  AB,  defcribe  the  circl( 
BDE,  in  which  place  b  the  ftraight  line  BD  equal  to  AC 
which  is  not  greater  than  the  diameter  of  the  circle  BDE 
join  DA,  DC,  and  about  the  triangle  ADC  defcribe  c  th< 
circle  ACD '  ;  the  triangle  ABD  is  fuch  as  is  required,  that  is 
ABD,   ADB   is  double  of  the    angh 


the 


angles 


each    of 
BAD. 

Becaufe -the  re&angle  AB,  BC  is  equal  to  the  fquare 
AC,  and  that  AC  is  equal  to  BD,  the  rectangle  AB,  BC  i 
equal  to  the  fquare  of  BD  ; 
and  becaufe  from  the  point  B 
without  the  circle  ACD  two 
ftraight  lines  BCA,  BD  are 
drawn  to  the  circumference, 
one  of  ..which  cuts,  and  the 
other  meets  '  the  circle,  and 
that  the  reclangle  AB,  BC 
contained  by  the  whole  of 
the  cutting  line,  and  the  part 
of  it  without  the  circle,  is  e- 
qual  to  the  fquare  of  BD 
which  meets  it ;  the  ftraight 
line  BD  touches  d  the  circle 
ACD  3     and     becaufe    BD  touches  the  circle,  and  DC 

drawi 
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drawn  from  the  point  of  contact  D,  the' angle  BDC  is  equal  e    Book  ?v. 
to  the  angle  D  AC  in  the  alternate  fegment  of  the  circle  •,  to  **^~X~~T 
each  of  thefe  add  the  angle  CD  A ;  therefore  the  whole  aiv^e 
BDA  is  equal  to  the  two  angles  CD  A,  D  AC  ;  but  the  ex- 
terior angle  BCD   is   equal  *'  to  the  angles   CD  A,   DAC  ;  f  3a.  lm 
therefore  alfo  BDA  is  equal  to  BCD  ;  but  BDA  is   equal  g   g  5.!. 
to   CBD,  becaufe  the  fide   AD  is  e^ual  to  the  fide  AB  •, 
therefore   CBD,,  or   DEA  is.  equal   to   8CD;    and    conse- 
quently the  three  angles  ED  \,   DBA,   BCD,   are   equal  to 
one  another:  And  becaufe  the  angle  DBC  is  equal  to  the  angle 
BCD,  the- fide  BD  is  equal  h  ,  to  the  fide   DC  ;  but  BD  was    H  6-  *. 
made  equal  to  CA  ;  therefore   alfo  CA  is  equal  to  CD,  and 
the  angle  CD  A  equal  g  to  the  angle   DAC  ;  therefore  the 
angles  CD  A,  DAG  together,  are  double  of  the  angle  DAC  : 
but  BCD  is  equal  to  the  angles   CD  A,  DxAC  \  therefore  alfo 
BCD  is  double  of  DAC  ;  and  BCD  is  equal  to  each   of  the 
angles  BDA,  DBA,   each  therefore  of    the-  angles   BDA, 
DBA  is  double  of  the    angle   DAB*,  wherefore  an  ifofceles 
triangle  ABD  is  defcribed,  having  each  of  the  angles  at  the 
)afe  double  of  the  third  angle.     Whicji  was  to  be  done. 


PROP.     XL      PROB. 


TO  infcribe  an  equilateral  and  equiangular  pen- 
tagon in  a  given  circle. 

uet  ABCDE  be  the  given  circle,  it  is  required  to  infcribe 
an  equilateral  and  equiangular  pentagon  in  the  circle 
ABCDE. 

Defcribe  a  an  ifofceles  triangle  FGH,   having  each  of  the    a  10.  4. 
aigli  s  at  G,  H,  double   of  the  angle  at  F  \  and  in   the  circle 
ABCDE  infcribe  b  the  triangle  ACD   equiangular  to  the  b  2.  4. 

I  4  triangle 
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Book  IV. 


angle  CAD  be  equal  to    th 


A  26. 3. 


c  29.  3. 


f  27.  3- 


triangle  FGH,  fo  that  the 
angle  at  F,  and  each 
of  the  angles  ACD,  CD  A 
equal  to  the  angle  at  G  or 
H  ;  wherefore  each  of  the 
angles  ACD,  CDA  is 
double  of  the  angle  CAD. 
Bifed  c  the  angles  ACD, 
C  DA  by  the  ftraight  lines 
CE,  DB  ;  and  join  AB, 
BC,  DE,EA.  ABCDE 
is  the  pentagon  required. 

Becaufe  angles  the  ACD,  CDA  are  each  of  them  double  o 
CAD,  and  are  bife&ed  by  the  ftraight  lines  CE,  DB,  the  five 
angles  DAC,  ACE,  ECD,  CDB,  BDA  are  equal  to  oneano 
tlier  *,  but  equal  angles  Hand  upon  equal  d  circumferences ;  there 
fore  the  five  circumferences  AB,  BC,  CD,  DE,  EA  are  equa 
to  one  another  :  and  equal  circumferences  are  fubtended  bY 
equal  c  ftraight  lines  ;  therefore  the  five  ftraight  lines  Af , 
BC,  CD,  DE,  EA  are  equal  to  one  another.  Wherefore  tie 
pentagon  ABCDE  is  equilateral.  It  is  alfo  equiangula'; 
becaufe  the  circumference  AB  is  equal  to  the  circumference 
DE  :  if  to  each  be  added  BCD,  the  whole  ABCD  is  eqial 
to  the  whole  EDCB  :  and  the  angle  AED  ftands  on  the  ar- 
cumference  ABCD,  and  the  angle  BAE  on  the  circumfereice 
EDCB  j  therefore  the  angle  BAE  is  equal  f  to  the  argle 
AED  :  for  the  fame  reafon,  each  of  the  angles  ABC,  BCD, 
CDE  is  equal  to  the  angle  BAE,  or  AED  :  therefore  the 
pentagon  ABCDE  is  equiangular ;  and  it  has  been  fli»wn 
that  it  is  equilateral.  Wherefore,  in  the  given  circle,  ax  e- 
quilateral  and  equiangular  pentagon  has  been  inferibed.  Wiich 
was  to  be  done. 


PROP.     XII.      PROB, 


T 


O  defcribe  an  equilateral  and  equiangular  pen- 
tagon about  a  given  circle. 


Let 
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Let  ABCDE  be  the  given  circle,  it  is  required  to  defcribe  Book  IV, 
m  equilateral  and  equiangular  pentagon  about  the  circle  *~~"-' 
ABCDE. 

Let  the  angles  of  a  pentagon,  infcribed  in  the  circle,  by  the 
[aft  propofition,  be  in  the  points  A,  B,  C,  D,  E,  fo  that  the 
circumferences  AB,  BC,  CD,  DE,  EA  are  equal  a  ;  and 
:hrough  the  points  A,  B,  C,  D,  E  draw  GH,  HK,  KL,  LM, 
MG,  touching  b  the  circle  :  take  the  centre  F,  and  join  FB, 
FK,  FC,  FL,  FD  :  and  becaufe  the  firaight  line  KL  touches 
the  circle  ABCDE  in  the  point  C,  to  which  FC  is  drawn 
From  the  centre  F,  FC  is  perpendicular  c  to  KL  ;  therefore  c  18. 
sach  of  the  angles  at  C  is  a  right  angle :  for  the  fame  reafon, 


a  ii.  4. 


*7-  3- 


the  angles  at  the  points  B,  D    are 


right 


angles  :  and  becaufe 


CK  is  a  right  angle,  the  fquare  of  FK  is  equal  d  to  the  d  47.  1. 
quares  of  FC,  CK.  For  the  fame  reafon,  the  fquare  of  FK  is 
qual  to  the  fquares  of  FB,  BK  :  therefore  the  fquares  of  FC, 
K  are  equal  to  the  fquares  of  FB,  BK,  of  which  the  fquare 
>f  FC  is  equal  to  the  fquare  of  FB  ;  the  remaining  fquare  of 
~IC  is  therefore  equal  to  the  remaining  fquare  of  BK,  and  the 
braight  line  CK  equal  to  BK  :  and  becaufe  FB  is  equal  to  FC, 
nd  FK  common  to  the  triangles  BFK,  CFK,  the  two  BF, 
K  are  equal  to  the  two  CF,  FK  ;  and  the  bafe   BK  is  equal 

the  bafe  KC  ;  therefore   the  angle   BFK  is  equal  e  to  the  e  8.  1. 

ngle    KFC,   and   the   angle   BKF  to   FKC ;  wherefore  the 

ngle  BFC  is  double  of  the  angle  KFC,  and  BKC    double  of 

KC  :  for  the  fame  reafon,  the  angle  CFD   is  double   of  the 

ngle  CFL,  and  CLD  double  of  CLF  :  and  becaufe  the  cir- 

nmference  BC  is  equal  to  the  circumference  CD,  the   angle 

FC  is  equal  f  to  the  angle   CFD  *,  and  BFC   is  double   of  f»7.  3 

le   angle   KFC,   and   CFD 

ouble    of    CFL ;    therefore 

le    angle    KFC   is   equal  to 

le    angle    CFL  ;    and    the 

ght  angle  FCK  is  equal  to 

e  right  angle  FCL  :    there- 

™re    in    the    two     triangles 

KC,   FLC,   there    are  two 

gles  of  one   equal   to  two 

gles  of  the   other,  each  to 

ch,  and  the  fide  FC,  which 

adjacent  to  the  equaj  angles 
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Book  IV.  in  each,  is  common  to  "both*,  therefore  the  other  fides  fhall  I 
v  equal  g  to  the  other  fides,  and  the  third  angle  to  the  thii 
angle  :  therefore  the  ftraight  line  KC  is  equal  to  GL,  and  tl 
angle  FKC  to  the  angle  FLC  :  and  becaufe  KC  is  equal  i 
CL,  KL  is  double  of  KC  :  in  the  fame  manner,  it  may  1 
fhown  tha  HK  is  double  of  BK  ;  and  becaufe  BK  is  equal 
KC,  as  was  demonftrated,  and  that  KL  is  double  of  KC,  ar 
HK  double  of  BK,  HK  ihall  be  equal  to  KL :  in  like  mai 
ner,  it  may  be  mown  that  GH,  GM,  ML  are  each  of  the: 
equal  to  HK  or  KL :  therefore  the  pentagon  GHKLM  is 
quilateral.  It  is  alfo  equiangular  •,  for,  fince  the  angle  FK 
is  equal  to  the  angle  FLC,  and  the  angle  HKL  doub 
of  the  angle  FKC,  and  KLM  double  of  FLC,  as  was  befo 
demonftrated,  the  angle  HKL  is  equal  to  KLM  :  and  in  lit 
manner  it  maybe  mown,  that  each  of  the  angles KHG,  HG1N 
GML  is  equal  co  the  angle  HKL  or  KLM  :  therefore  the  frs 
angles  GHK,  HKL,  KLM,  LMG,  MGH  being  equal  to  or 
another,  the.  pentagon  GHKLM  is  equiangular  :  and  it  is  equ 
lateral,  as  was  demonftrated ;  and  it  is  defcribed  about  tl 
circle  ABCDE.     Which  was  to  be  done. 


PROP.    XIII.       PROB. 

O  infcribe  a  circle  in  a  given  equilateral  an 
equiangular  pentagon. 

Let  ABCDE  be  the  given  equilateral  and* equiangular  pel 
tagon  ;  it  is  required  to  infcribe  a  circle  in  the  pentagc 
ABCDE. 

a  9-  *•  Bifeft  a  the  angles  BCD,  CDE  by  the  ftraight  lines  CI 

DF,  and  from  the  point  F,  in  which  they  meet,  draw  tt 
ftraight  lines  FB,  FA,  FE  :  therefore,  fince   BC   is  equal 
CD,  and  CF  common  to  the  triangles  BCF,  DCF,  the  tw 
fides  BC,  CF  are  equal  to  the  two  DC,  CF;  and  the   angl 
BCF  is  equal  to  the   angle   DCF  \  therefore  the  bafe   BF 

b  4.  1.  equal  k  to  the  bafe  FD,  and  the  other  angles  to  the  oth< 
angles  to  which  the  equal  fides  are  oppofite  \  therefore  th 
angle  CBF  is  equal  to   the   angle   CDF  :    and  becaufe  th 

ang 
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ingle  CDE  is  double  of  CDF,  and  that  CDE   is  equal  to  Book  IV. 

BA,  and  CDF  to   CBF  ;    '  * * ' 

BA  is  alfo   double   of  the-  j^ 

ingle  CBF  ;  therefore  the 
ngle  ABF  is  equal  to  the 
ngle  CBF ;  wherefore  the 
ngle  ABC  is  bifecled  by  the 
traight  line  BF  :  In  the  fame 
nanner,  it  may  be  demon- 
trated,  that  the  angles  BAE, 
\ED,  are  bife&ed  by  the 
traight  lines  AF,  FE  :  from 
he  point  F  draw  c  FG,  FH, 
K,  FL,  FM  perpendiculars 
o  the  .ftraight  lines  AB,  BC* 
D,  DE,  EA  :  and  becaufe  the  angle  HCF  5s  equal  to  KCF, 
,nd  the  right  angle  FHC  equal  to  the  right  angle  FKC  \  in  the 
riangles  FHC,  FKC  there  are  two  angles  of  one  equal  to 
wo  angles  of  the  other,  and  the  fide  FC,  which  is  oppofite  to 
ne  of  the  equal  angles  in  each,  is  common  to  both  ;  there- 
ore  the  others  fides  {hail  be  equal  &,  each  to  each  ;  wherefore  d  26".  1 

perpendicular  FH  is  equal  to  the  perpendicular  FK  :  in 
lie  fame  manner  it  may  be  demonftrated,  that  FL,  FM,  FG 
re  each  of  them  equal  to  FH  or  FK :  therefore  the  five 
raight  lines  FG,  FH,  FK,  FL,  FM  are  equal  to  one  ano- 
rer  :  wherefore  the  circle  defcribed  from  the  centre  F,  at 
le  diflance  of  one  of  thefe  five,  mall  pafs  through  the  ex- 
xmities  of  the  other  four,  and  touch  the  ftraight  lines  AB, 
>C,  CD,  DE,  EA,  becaufe  that  the  angles  at  the  points  G,H, 
I,  L,  M  are  right  angles,  and  that  a  ftraight  line  drawn  from 
le  extremity  of  the  diameter  of  a  circle  at  right  angles  to 
:,  touches  e  the  icircle :  therefore  each  of  the  ftraight  lines 
SlB,  BC,  CD,  DE,  LA  touches  the  circle  *,  wherefore  it  is 
ifcribed  in  the  pentagon  ABCDE.  Which  was  to  be 
one. 


PROP. 


ELEMENTS 


PROP,    XlV.      PROS. 


T^O  defcribe  a  circle  about  a  given  equilateral  anc 
equiangular  pentagon. 

Let  ABCDE  be  the  given  equilateral  and  equiangular  pen 
tagon  •,  it  is  required  to  defcribe  a  circle  about  it. 

a  9-  x.  BifecT:  a  the  angles  BCD,  CDE  by  the  ftraight  lines  CF 

FD,  and  from  the  point  F,  in  which  they  meet,  draw  th< 
ftraight  lines  FB,  FA,  FE  to  the 
points  B,  A,  E.  It  may  be  de- 
monftrated,  in  the  fame  manner 
as  in  the  preceding  propofition,  that 
the  angles  CBA,  BAE,  AED 
are  bife&ed  by  the  ftraight  lines 
FB,  FA,  FE  :  and  becaufe  the 
angle  BCD  is  equal  to  the  angle 
CDE,  and  that  FC D  is  the  half 
of  the  angle  BCD,  and  CDF  the 
the   half    of    CDE ;     the   angle 

b6.  i.     FCD  is  equal  to  FDC  •,  wherefore  the  fide  CF  is   equal  b 

the  fide  FD  :  In  like  manner  it  may  be  demonftrated,  tha 
FB,  FA,  FE  are  each  of  them  equal  to  FC  or  FD  :  therefor 
the  five  ftraight  lines  FA,  FB  FC,  FD,  FE  are  equal  to  on 
another  ;  and  die  circle  defcribed  from  the  centre  F,  at  th 
diftance  of  one  of  them,  ihall  pafs  through  the  extremitie 
of  the  other  four,  and  be  defcribed  about  the  equila 
teral  and  equiangular  pentagon  ABCDE.  Which  was 
be  done. 


PROP.    XV.      P  R  O  B. 

nPO  infcribe  an  equilateral  and  equiangular  hex- 
■**     agon  in  a  given  circle. 


Le 
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Cor.  5. 

b  3a.  1 


Let  ABCDEF  be  the  given  circle  ;  it  is  required  to  infcribe  Book  IV. 
n  equilateral  and  equiangular  hexagon  in  it. 

Find  the  centre  G  of  the  circle  ABCDEF,  and  draw  the 
liameter  AGD  ;  and  from  D  as  a  centre,  at  the  diftance 
3G,  defcribe  the  circle  EGCH,  join  EG,  CG,  and  produce 
hem  to  the  points  B,  F  \  and  join  AB,  BC,  CD,  DE,  EF, 
rA:  the  hexagon  ABCDEF  is  equilateral  and  equiangu- 
ir. 

Becaufe  G  is  the  centre  of  the  circle  ABCDEF,  GE  is  e- 
ual   to   GD  :    and  becaufe   D    is   the   centre  of  the  circle 

GCH,  DE  is  equal  to  DG;  wherefore  GE  is  equal  to  ED, 
nd  the  triangle  EGD  is  equilateral ;  and  therefore  its  three 
ngles  EGD,  GDE,  DEG  are  equal  to  one  another  a  ;  and 
ie  three  angles  of  a  triangle  are  equal  b  to  two  right  angles  ; 
lerefore  the  angle  EGD  is  the  third  part  of  two  right  angles: 

the  fame  manner  it  may  be  de- 
lonftrated  that  the  angle  DGC  is 
Ifo  the  third  part  of  two   right 

gles  :  and  becaufe  the  ftraight 
tie  GC  makes  with  EB  the  ad- 
cent  angles  EGG,  CGB  equal  c 

two  right  angles  ;    the  remain- 

g  angle  CGB   is  the  third  part 
two   right   angles  ;    therefore 

e  angles  EGD,  DGC,  CGB, are 

[ual  to  one  another  :  and  to  thefe 
equal  d   the   vertical   oppofite 

gles  BGA,  AGF,  FGE  -,  there- 
re  the  fix  angles  EGD,  DGC, 

GB,  BGA,  AGF,  FGE  are  e- 

lal   to   one   another.     But  equal 

igles  Hand  upon  equal  e   circumferences  ;  therefore  the  fix  e  26.  3. 

rcumferences  AB,  BC,  CD,  DE,  EF,  FA  are  equal  to  one 

other  :  and  equal  circumferences  are  fub tended  by  equal  f  f  29*  3*. 

aight  lines  ;  therefore  the  fix  ftraight  lines  are  equal  to  one 

other,  and  the  hexagon  ABCDEF  is  equilateral      It  is  al- 

equiangular ;  for,  lince  the  circumference  AF  is  equal  to 

D,  to  each  of  thefe  add  the  circumference   AB  CD  ;  there  - 
the  whole  circumference  FABCD   mail  be  equal  to  the 

riole  EDCBA  :  and  the  angle  FED  Hands  upon  the  cir- 
cumference 


c  13. 1. 


di; 
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Book  IV.  cumference  FABCD,  and  the  angle  AFE  upon  EDCBA 
v  therefore  the  angle  AFE  is  equal  to  FED  :  in  the  fan 
manner  it  may  be  demonftrated  that  the  other  angles  of  tl 
hexagon  ABCDEF  are  each  of  them  equal  to  the  angle  AF. 
or  FED  ;  therefore  the  hexagon  is  equiangular  *P  and  it  is 
quilateral,  as  was  mown  ;  and  it  is  infcribed  in  the  given  circ 
ABCDEF.     Which  was  to  be  done. 

Cor.  From  this  it  is  manifeft,  that  the  fide  of  the  hexagc 
is  equal  to  the  ftraight  line  from  the  centre,  that  is,  to  the 
midiameter  of  the  circle. 

And  if  through  the  points  A,  B,  C,  D,E,  F  there  be  draw 
ftraight  lines  touching  the  circle,  an  equilateral  and  equiangi 
lar  hexagon  fhall  be  defcribed  about  it,  which  may  be  demoi 
Urated  from  what  has  been  faid  of  the  pentagon  ;  and  lik< 
wife  a  circle  may  be  infcribed  in  a  given  equilateral  and  equ 
angular  hexagon,  and  circumfcribed  about  it,  by  a  metric 
like  to  that  ufed  for  the  pentagon. 


PROP.     XVI.    PROB. 

TPO  infcribe  an  equilateral  and  equiangular  quiii 
decagon  in  a  given  circle. 

Let  ABCD  be  the  given  circle  ;  it  is  required  to  infcrib 

an    equilateral   and /equiangular  quindecagon   in  the    circl 

ABCD. 
a  2.  4.       Let  AC  be  theiide  of  an  equilateral  triangle  infcribed  < 

the  circle,  and  AB  the  fide  of  an 

equilateral  and  equiangular  pen- 
b  u.  4.    tagon  infcribed  b   in   the  fame  ; 

therefore,    of   fuch   equal  parts 

as    the      whole      circumference 

ABCDF  contains  fifteen,  the  cir- 
cumference   ABC,    being    the 

third  part  of  the  whole,  contains 

five  ;  and  the  circumference  AB, 

which   is   the   fifth   part  of  the 

whole,  contains  three  ;  therefore 

c  50.  3.    BC  their  difference  contains  two  of  the  fame  parts  :  bifecl: 

1  B( 
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iC  in  E ;  therefore  BE,  EC  are,  each  of  them,  the  fifteenth  Book  IV. 

art  of  the   whole   circumference   ABCD  :  therefore  if  the  ~~~v"— 

raight  lines  BE,  EC  be  drawn,  and  ftraight  lines  equal  to 

lem  be  placed  &  around  in  the  whole  circle,  an  equilateral     d,,i.  4. 

nd  equiangular  quindecagon  mail  be  infcribed  in  it.     Which 

ras  to  be  done; 

And  in  the  fame  manner  as  was  done  in  the  pentagon,  if 
irough  the  points  of  divifion  made  by  infcribing  the  quinde- 
igon,  ftraight  lines  be  drawn  touching  the  circle,  an  equila- 
iral  and  equiangular  quindecagon  mail  be  defcribed  about  it : 
aid  like  wife,  as  in  the  pentagon,  a  circle  majr  be  infcribed  in 

given  equilateral  and  equiangular  quindecagon,  and  circum- 
ribed  about  it. 
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BOOK     V. 


DEFINITIONS. 

I. 

\Lefs  magnitude  is  faid  to  be  a  part  of  a  greater  magni-  Book  V. 
tude,  when  the  lefs  meafures  the  greater,  that  is,  when  '      v      ' 
e  lefs  is  contained  a  certain  number  of  times  exactly  in  the 
eater. 

II. 

greater  magnitude  is  faid  to  be  a  multiple  of  a  lefs,  when 
the  greater  is  meafured  by  the  lefs,  that  is,  when  the  greater 
contains  the  lefs  a  certain  number  of  times  exactly. 

III. 

itio  is  a  mutual  relation  of  two  magnitudes  of  the  fame  kind 
to  one  another,  in  refpefl:  of  quantity. 

IV. 

agnitudes  are  faid  to  be  of  the  fame  kind,  when  the  lefs 
can  be  multiplied  fo  as  to  exceed  the  greater ;  and  it  is  only 
fuch  magnitudes  that  are  faid  to  have  a  ratio  to  one  ano- 
ther. 

K  V, 


ELEMENTS 


V. 

See  N.  If  there  be  four  magnitudes,  and  if  any  equimultiples  wha 
foever  be  taken  of  the  firft  and  third,  and  any  equimultiple 
whatfoever  of  the  fecond  and  fourth,  and  if,  according 
the  multiple  of  the  firft  is  greater  than  the  multiple  of  tl 
fecond,  equal  to  it,  or  lefs,  the  multiple  of  the  third  is  al 
greater  than  the  multiple  of  the  fourth,  equal  to  it,  or  lefi 
then  the  firft  of  the  magnitudes  is  faid  to  have  to  the  fecor 
the  fame  ratio  that  the  third  has  to  the  fourth. 

VI. 

Magnitudes  are  faid  to  be  proportionals,  when  the  firft  has  tl 
fame  ratio  to  the  fecond  that  the  third  has  to  the  fourth 
and  the  third  to  the  fourth  the  fame  ratio  which  the  fifl 
has  to  the  fixth,  and  fo  on,  whatever  be  their  niimber. 

When  four  magnitudes,  A,  B,  C,  D  are  proportionals,  it 
ufual  to  fay  that  A  is  to  B  as  C  to  D,  and  to  write  the: 
thus,  A :  B : :  C  :  D,  or  thus,  A  :  Bz:C  :  D. 

VII. 

When  of  the  equimultiples  of  four  magnitudes  (taken  as  : 
the  fifth  definition)  the  multiple  of  the  firft  is  greater  the 
that  of  the  fecond,  but  the  multiple  of  the  third  is  n< 
greater  than  the  multiple  of  the  fourth  •,  then  the  firft  is  fa: 
to  have  to  the  fecond  a  greater  ratio  than  the  third  magn 
tade  has  to  the  fourth ;  and,  on  the  contrary,  the  third 
faid  to  have  to  the  fourth  a  lefs  ratio  than  the  firft  has  to  tl 
fecond. 

VIII. 

When  there  is  any  number  of  magnitudes  greater  than  tw 
of  which  the  firft  has  to  the  fecond  the  fame  ratio  that  tr. 
fecond  has  to  the  third,  and  the  fecond  to  the  third  the  farr. 
ratio  which  the  third  has  to  the  fourth,  and  fo  on,  the  maj 
nitudes  arc  faid  to  be  continual  proportionals. 

IX. 

When  three  magnitudes  are  continual  proportionals,  the  f< 
cond  is  faid  to  be  a  m«an  proportional  between  the  oth< 
two. 

i 
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Book  V. 

X. 

Ihen  there  is  any  number  of  magnitudes  of  the  fame  kind, 
the  firft  is  faid  to  have  to  the  laft  of  them  the  ratio  com- 
pounded of  the  ratio  which  the  firft  has  to  the  fecond,  and 
of  the  ratio  which  the  fecond  has  to  the  third,  and  of  the 
ratio  which  the  third  has  to  the  fourth,  and  fo  on  unto  the 
laft  magnitude. 

or  example,  if  A,  B,  C,  D  be  four  magnitudes  of  the  fame 
kind,  the  firft  A  is  faid  to  have  to  the  laft  D  the  ratio  com- 
pounded of  the  ratio  of  A  to  B,  and  of  the  ratio  of  B  to  C, 
and  of  the  ratio  of  C  to  D ;  or,  the  ratio  of  A  to  D  is  faid 
to  be  compounded  of  the  ratios  of  A  to  B,  B  to  C,  and  C 
toD. 

nd  if  A  :  B  :  :  E  :  F;  and  B  :  C  ::  G  :  H,  and  C  :D  ::  K:L, 
then,  fince  by  this  definition  A  has  to  D  the  ratio  com- 
pounded of  the  ratios  of  A  to  B?  B  to  C,  C  to  D ;  A  may 
alfo  be  faid  to  have  to  D  the  ratio  compounded  of  the  ratios 
which  are  the  fame  with  the  ratios  of  E  to  F,  G  to  H,  and 
KtoL. 

like  manner,  the  fame  things  being  fuppofed,  if  M  has  to  N 
the  fame  ratio  which  A  has  to  D,  then,  for  fhortnefs  fake, 
M  is  faid  to  have  to  N  a  ratio  compounded  of  the  fame  ra- 
tios which  compound  the  ratio  of  A  to  D  *,  that  is,  a  ratio 
compounded  of  the  ratios  of  E  to  F,  G  to  H,  and  K  to  L. 

xr. 

ratio  which  is  compounded  of  two  equal  ratios  is  faid  to  be 
duplicate  of  eithei  of  thefe  ratios. 

Hence,  if  the  three  magnitudes  A,  B,  and  C  are  con- 
inual  proportionals,  the  ratio  of  A  to  C  is  duplicate  of  that 
}f  A  to  B,  ©r  of  B  to  C  :  For  by  the  laft  definition,  the 
atio  of  A  to  C  is  compounded  of  the  ratios  of  A  to  B,  and 
f  B  to  C  ;  but  the  ratio  of  A  to  B  is  equal  to  the  ratio  of 
i  to  C,  becaufe  A,  B,  C  are  continual  proportionals ; 
herefore  the  ratio  of  A  to  C,  by  this  definition,  is  duplicate 
f  the  ratio  of  A  to  B,  or  of  B  to  C. 

K  %  XIL 
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XII. 

A  ratio  which  is  compounded  of  three  equal  ratios  is  faid  U 
be  triplicate  of  any  one  of  thefe  ratios  ;  and  a  ratio  whicl 
is  compounded  of  four  equal  ratios  is  faid  to  be  quadrupli 
cate  of  any  one  of  thefe  ratios  ;  and  fo  on,  according  to  th< 
number  of  equal  ratios. 

Cor.  If  four  magnitudes,  A,  B,  C,  D  be  continual  propor 
tionals,  the  ratio  of  A  to  D  is  triplicate  of  the  ratio  of  A  t( 

B,  or  of  B  to  C,  or  of  C  to  D.  For  the  ratio  of  A  to  D  i 
compounded  of  the  three  ratios  of  A  to  B,  B  to  C,  C  to  D 
and  thefe  three  ratios  are  equal  to  one  another,  becauf 
A,  B,  C,  D  are  continual  proportionals,  therefore  the  rati 
of  A  to  D  is  triplicate  of  the  ratio  of  A  to  B,  or  of  B  fc 

C,  or  of  C  to  D. 


X2Y-    v 
B:;r:Dj 


XIII. 

In  proportionals,  the  antecedent  terms  are  called  homologon 
to  one  another,  as  alfo  the  confequents  to  one  another. 

Geometers   make  ufe  of  the  following  technical  words 
fignify  certain  ways  of  changing  either  the  order  or  maj 
nitu.de  of  proportionals,  fo  as  that  they  continue  Hill  to  h 
proportionals. 

XIV. 

Permutando,  or  alternando,  by  permutation,  or  alternately 

this  word  is  ufed  when  there  are  four  proportionals,  and 

is  inferred,  that  the  firft  has  the  fame   ratio   to   the   thin 

which  the  fecond  has  to  the  fourth  *,  or  that  the  firft   is 

the  third,  as  the  fecond  to  the  fourth  :  As  is  fhewn  in  tl 

1 6th  prop,  of  this  5th  book. 

XV. 

Invertendo,  by  inverfion  :  When  there  are  four,  proportional 

and  it  is  inferred,  that  the  fecond  is  to  the  firft,  as  the  foiul 

"""to  the  third.     Prop.  A.  book  5. 

XVI. 

Componendo,  by  composition  :  When  there  are  four  propo 
tionals,  and  it  is  inferred,  that  the  firft,  together  with  tl 

fecon 


Xvi 
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fecond,  is  to  the  fecond,   as   the   third,   together  with   the  t  Book  v- 
fourth,  is  to  the  fourth.     18th  prop,  book  5.  -\— w 

XVII. 

3ividendo,  by  divifion  :  When  there  are  four  proportionals, 
and  it  is  inferred,  that  the  excefs  of  the  firft  above  the  fe-  Jk  *  *Q  ***% 
cond,  is  to  the  fecond,  as  the  excels  of  the  third  above  the  -** 
fourth,  is  to  the  fourth.     17th  prop,  book  5.  ~  «  13  *  '  iff    J% 

XVIII. 

onvertendo,  by  converfion  :  When  there  are  four  propor- 
tionals, and  it  is  inferred,  that  the  firft  is  to  its  excefs  above 
the  fecond,  as   the    third  to   its  excefs  above   the  fourth. 

prop.D.wk5.  A;A-»::C:(M 

XIX. 

Ix  aequali  (fc.  diftantia),  or  ex  aequo,  from  equality  of  di- 
ftance  ;  when  there  is  any  number  of  magnitudes  more 
than  two,  and  as  many  others,  fo  that  they  are  proportion- 
als when  taken  two  and  two  of  each  rank,  and  it  is  in- 
ferred, that  the  firft  is  to  the  laft  of  the  firft  rank  of  mag- 
nitudes, as  the  firft  is  to  the  laft  of  the  others  :  Of  this 
there  are  the  two  following  kinds,  which  arife  from  the 
different  order  in  which  the  magnitudes  are  taken  two  and 
two. 

XX. 

x  aequali,  from  equality ;  this  term  is  ufed  fimply  by  itfelf, 
when  the  firft  magnitude  is  to  the  fecond  of  the  firft  rank, 
as  the  firft  to  the  fecond  of  the  other  rank  5  and  as  the  fe- 
cond is  to  the  third  of  the  firft  rank,  fo  is  the  fecond  to  the 
third  of  the  other ;  and  fo  on  in  order,  and  the  inference 
is  as  mentioned  in  the  preceding  definition ;  whence  this  is 
called  ordinate  proportion.  It  is  demonftrated  in  the  2 2d 
prop,  book  5. 

XXI. 

x.  aequali,  in  proportione  perturbata,  feu  inordinata ;  from 
equality,  in  perturbate  or  diforderly  proportion  5  this 
.term  is  ufed  when  the  firft  magnitude  is  to  the  fecond  of 
K  3  the 
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^Book  -V.  ^      t^e  firjj  rank^  as  the  laft  but  one  is  to  the  laft  of  the  feco 
'  *  ■  rank ;  and  as  the  fecond  is  to  the  third  of  the  firft  rank, 

is  the  laft  but  two  to  the  laft  but  one  of  the  fecond  ran 
and  as  the  third  is  to  the  fourth  of  the  firft  rank,  fo  is  t 
third  from  the  laft  to  the  laft  but  two  of  the  fecond  rani 
and  fo  on  in  a  crofs  order  ;  and  the  inference  is  as  in 
19th  definition.  It  is  demonftrated  in  the  23d  prop, 
book  j. 

IN  the    demonftrations  of   this   book    there  are   certa 
Jigm  or  charaBers  which  it   has   been  found  convenient 
employ. 

1.  The  letters  A,  B  C,  &x.  are  ufed  to  denote  magnitud 
of  any  kind.  The  letters  m,  n,  p,  q,  are  ufed  to  deno 
numbers  only. 

2.  The  fign  -f  (plus),  written  between  two  letters  th 
denote  magnitudes  or  numbers,  fignifies  the  fum  of  thofe  ma 
nitudes  or  numbers.  Thus,  A  -f-  B  is  the  fum  of  the  t\* 
magnitudes  denoted  by  the  letters  A  and  B  *,  m  +  n  is  tl 
fum  of  the  numbers  denoted  by  m  and  71. 

3.  The  fign  —  (minus),  written  between  two  letters  fi 
nines  the  excefs  of  the  magnitude   denoted   by   the    firft 
thefe  letters,  which  is  fuppofed  the  greateft,  above  that  whi< 
is  denoted  by  the  other.     Thus,  A — B  fignifies  the  excefs 
the  magnitude  A  above  the  magnitude  B. 

4.  When  a  number,  or  a  letter  denoting  a  number,  is  wri 
ten  clofe  to  another  letter  denoting  a  magnitude  of  any  kin 
it  fignifies  that  the  magnitude  is  multiplied  by  the  nutnbe 
Thus,  3  A  fignifies  three  times  A  ;  mB  m  times  B,  or  tl 
multiple  of  B  by  mr  When  the  number  is  intended  to  mu 
tiply  two  or  more  magnitudes  that  follow,  it  is  written  thu 
tf/.A-f-B,  which  fignifies  the  fum  of  A  and  B  taken  ?n  times 
?n.  A — B  is  m  times  the  excefs  of  A  above  B. 

Alfo,  when  two  betters  that  denote  numbers  are  writte 
clofe  to  one  another,  they  denote  the  producT:  of  thofe  nuri 
bers,  when  multiplied  into  one  another.  Thus,  mn  is  th 
product  of  m  into  n. 

8  s-1^ 


OF    GEOMETRY.  135 

5.  The  fign  zz  fignifies  the  equality  of  the  magnitudes  de-    Book  v- 
)ted  by  the  letters  that  Hand  on  the  oppofite    fides   of   it ;      ~v"" " 
»zzB  fignifies  that  A  is  equal  to  B  ;  A-f  B  =  C — D  fignifies, 

lat  the  furn  of  A  and  B  is  equal  to  the  excels  of  C  above  D. 

6.  The  fign  >  is  ufed  to  fignify  the  inequality  of  the  mag- 
Ltudes  between  which  it  is  placed,  and  that  the  magnitude  to 
hich  the  opening  of  the  lines  is  turned  is  greater  than  the  o- 
er.  Thus,  A  >  B  fignifies  that  A  is  greater  than  B ; 
l  <  B  fignifies  that  A  is  lefs  than  B.     This  fign  is  ufed,  too, 

exprefs  the  inequality  of  ratios,  thus,  A :  B  >  C  :  D  figni- 
is  that  the  ratio  of  A  to  B  is  greater  than  that  of  C  to  D  ; 
id  A  :  B  <  C  :  D  fignifies  that  ^he  ratio  of  A  to  B  is  le£s 
an  that  of  C  to  D. 


AXIOMS. 


I. 

"^  Quimultiples  of  the  fame,  or  of  equal  magnitudes,  are 
—J  equal  to  one  another. 

II. 

hofe  magnitudes  of  which  the  fame,  or  equal  magnitudes, 
are  equimultiples,  are  equal  to  one  another. 

IIL 

.  multiple  of  a  greater  magnitude  is  greater  than  the  fame 
multiple  of  a  lefs. 

IV. 

hat  magnitude  of  which  a  multiple  is  greater  than  the  fame 
multiple  of  another,  is  greater  than  that  other  magnitude. 


K  4  PROP. 
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PROP.    I.      THE  OR. 


IF  any  number  of  magnitudes  be  equimultiples  o 
as  many  others,  each  of  each,  what  multiple  fo 
ever  any  one  of  the  firft  is  of  its  part,  the  fame 
multiple  is  the  fum  of  all  the  firft  of  the  fum  of  aL 
the  reft. 

Let  any  number  of  magnitudes  A,  B,  and  C  be  equimul- 
tiples of  as  many  others  D,  E,  and  F,  each  of  each ;  A+B 
-f  C  is  the  fame  multiple  of  D+E+F,  that  A  is  of  D. 

Let  A  contain  D,  B   contain  E,  and  E  contain  F,  each  any 

number  cf  times,  as,  for  in  (lance,  three  times.      Then,  be- 

caufe  A  contains  ©three  times  A  =  D+D+D. 

For  the  fame  reafon,      B  zz  E+  E  +E  ; 

Andalfo,  C  =  F+F+F. 

a  Ax.  a.  i.      Therefore,  adding  equals  to  equals,  a  A+B-f-C   is   equal  to 

D+E+F  taken  three  times.     In  the  fame  manner,  if  A,  B, 

and  C  were  each  any  other  equimultiple    of  D,  E,  and  F,  it 

would  be  fhewn    that    A+B+C  was  the  fame  multiple  of 

D+E+F.     Therefore,  &c     Q^  E.  D. 

Cor.  Hence,  if  m  be  any  number,  mD+mR+mF 
zzm.TPPSr?F. .  For  7?zD,  wE,  and  mF  are  multiples  of  D,  E, 
and  F  by  my  therefore  their  fum  is  alfo  a  multiple  of  D+E+F 
by  m* 


PROP.     IL     T  H  E  O  R. 

F  to  a  multiple  of  a  magnitude  by  any  number  a 
multiple  of  the  fame  magnitude  by  any  number 
be  added,  the  fum  will  be  the  fame  multiple  of  that 
magnitude  that  the  fum  of  the  two  numbers  is  of 
unity. 

Let  AzzmC,  and  BzznC  \  A+B=^+'«.C. 
For,  lince  AzzmC,  Az=C+C+C+  &c.  C  being  repeated 
ft  times.     For  the  fame  reafon,  B—C+C+  &c,   C  being  re-. 

peated 
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)eated  n  times.     Therefore,  adding  equals  to  equals,  A+B  is    BookV.^ 
qual  to  C  taken  m+n  times  ;  that  is,  A+B~#2-f-tf.C.  There- 
ore  A+B  contains    C   as   oft  as  there  are  units   in   m^-n. 
2.E.D. 

Cor.  i.  In  the  fame  way,  if  there  be  any  number  of 
nultiples  whatioever,  as  AzzmE,  Bzz/iE,  C  zzpE,  it  is  ihewn, 
hat  A-f-B-fC  -  m+n+p.E.  

Co ;.  2.  Hence  alfo,  lince  A+B+C  —  m+n+p.E,  and  lince 
\.zzz  mE,  HzznE,  and  C  zzpE,  mE+nE+pE  zzm+n+p.E* 


PROP.    III.      THEOL 

F  the  firft  of  three  magnitudes  contain  the  fecond 
as  oft  as  there  are  units  in  a  certain  number,  and 
the  fecond  contain  the  third  alfo  as  often  as  there 
*e  units  in  a  certain  number,  the  firft  will  contain 
third  as  oft  as  there  are  unirs  in  the  product  of 
lefe  two  numbers. 

Let  A  zz  /#B,  and  B  —  nC  \  then  A  =:  ?n?iC 

Since  B  zz  zzC,  wB  —  #C-f-/zC  +  &c.  repeated  m  times.    Bat 

C-f  //C-f-  &c.  repeated  m  times,  is  equal  a  to  C  multiplied  by    a  2-  5; 
?-f-   &c.  n  being  repeated  m  times.     And  ?i  repeated  ?ri 

mes  is  mn  \  therefore  ni&  zzmnQ.  But  by  hypothefis,  A  ~  /aB, 

ere  fore  A  zz  mnC 


P  Pv  O  P.     IV.      T  H  E  O  R. 

F  the  firft  of  four  magnitudes  has  the  fame  ratio 
.to  the  fecond  which  the  third  has  to  the  fourth, 
id  if  any  equimultiples  whatever  be  taken  of 
e  firft  and  third,  and  any  whatever  of  the  fecond 
id  fourth  ;  the  multiple  of  the  firft  fhall  have  the 
me  ratio  to  the  multiple  of  the  fecond  that  the 
ultiple  of  the  third  has  to  the  multiple  of  the 
.irth. 

Let 
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«  Book  v-  t  Let  A :  B  :  :  C :  D,  and  let  m  and  n  be  any  two  numbers  ; 
mA :  nB  :  :  mC  :  »D. 

Take  of  m A  and  mC  equimultiples  by  any  number  p,  and 
of  nB  and  tiD  equimultiples  by  any  number  q.  Then  the 
equimultiples  of  ///A  and  mC  by  f>9  are  equimultiples  alfo  ol 
A  and  C,  for  they  contain  A  and  C  as  oft  as  there  are  units 
a  3.  5.  in  pm  a,  and  are  equal  to  pmA  and  pmC  For  the  fame  rea- 
fon  the  multiples  of  nB  and  //D  by  ^,  are  qnB,  qnD.  Since 
therefore  A  :  B  :  :  C  :  D,  and  of  A  and  C  there  are  taken  any 
equimultiples,  viz.  pmA.  and/>/#C,  and  of  B  and  D,  any  e- 
quimultiples  qnB,  qriDy  if  pmA  be  greater  than  qnB,  pmC 

h  def.  5.  5.  muft  te  greater  than  ^/sD  b  ;  if  equal,  equal ;  and  if  lefs,  lefs. 
But  pm A,  pmC  are  alfo  equimultiples  of  mA  and  mC,  and 
qnB,  qnD  are  equimultiples  of  nB  and  //D,  therefore  b,  /#A  ; 
*B  :  :  mC  :  nD.     Therefore,  &c.     Q^  E.  D. 

Cor.  In  the  fame  manner  it  may  be  demonftrated,  that  U 
A  :  B  : :  C  :  D,  and  of  A  and  C  equimultiples  be  taken  by 
any  number  m>  viz.  wA  and  mC9  mA  :  B  : :  mC  :  D.  This 
may  alfo  be  considered  as  included  in  the  propofition,  and  a§ 
being  the  cafe  when  n  zz  1. 


PROP.    V.      THEOR, 

IF  one  magnitude  be  the  fame  multiple  of  ano- 
ther, which  a  magnitude  taken  from  the  firft  is 
of  a  magnitude  taken  from  the  other  ;  the  remain- 
der fhall  be  the  fame  multiple  of  the  remainder, 
that  the  whole  is  of  the  whole. 

Let  mA  and  mB  be  any  equimultiples  of  the  two  magni- 
tudes A  and  B,  of  which  A  is  greater  than  3  ;  mA — mtt  is 
the  fame  multiple  of  A — B  that  mA  is  of  A,  that  is, 
mA — mB  —  ?n.  A — B. 

Let  D  be  the  excels  of  A  above  B,  then  A — B  z:  D,  and 

a  1.  5.    adding  B  to  both  A  zr  D+B.     Therefore  a  mA  zz  ;//D-f ///B  ; 

take  mB  from  both,  and  mA—- mB  ±  ml)  \   but  D  —  A — B, 

therefore  mA — mBzim.  A — B.     Therefore,  &c.   Q^  E.  D. 

PROP, 
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PROP.    VI.      T  H  E  O  R. 

IF  from  a  multiple  of  a  magnitude  by  any  num- 
ber a  multiple  of  the  fame  magnitude  by  a  lefs 
number  be  taken  away,  the  remainder  will  be  the 
fame  multiple  of  that  magnitude  that  the  difference 
of  the  numbers  is  of  unity. 

Let  mA  and  nA  be  multiples  of  the  magnitude  A  by  the 
numbers  m  and  n,  and  let  m  be  greater  than  n  ;  mA — nA 
contains  A  as  oft  as  m — n  contains  unity,  or  mA — n A  zz 
m — #.A. 

Let  m — n  zz q ;  then  m  zz  n-\-q.  Therefore  a  ?nAzznA+qA ;    a  «,  5. 
take  n  A  from  both,  and  m  A — nA  zz  qA.    Therefore  mA — nA 
contains  A  as  oft  as  there  are  units  in  q,    that  is,   in  m — /?, 
or  mA — nA  zz  in — n.A.     Therefore,  &c.     Q^E.  D. 

Cor.  When  the  difference  of  the  two  numbers  is  equal  to 
unity,  or  m—nzzi,  then  mA — nAzzA, 


PROP.    A.    THEOR. 


1 


F  four  magnitudes  be  proportionals,  they  are  pro- 
portionals alfo  when  taken  inverfely. 


If  A :  B  : :  C  :  D,  then  alfo  B  :  A  : :  D  :  C. 

Let  m  A  and  mC  be  any  equimultiples  of  A  and  C  ;  nB 
md  nD  any  equimultiples  of  B  and  D.  Then,  becaufe  A  : 
5  :  :  C  :  D,  if  mA  be  lefs  than  nB,  ?nQ  will  be  lefs  than  nQ  a,  a<lef.  5.  5. 
hat  is,  if  nB  be  greater  than  wA,  ?iQ  will  be  greater  than 
»G.  For  the  fame  reafon,  if  nB  3  mA,  #D  —  mC,  and  if  nB 
<  mA,  ?iD  <  mC.  But  nB,  nD  are  any  equimultiples  of  B 
md  D,  and  mA,  mG  any  equimultiples  of  A  arid  C,  there- 
toe  S  B :  A  : :  D;  C.     Therefore,  &c.     Qh  E.  D. 


PROP. 


ELEMENTS 


PROP.    B.      T  H  E  O  Pv. 

IF  the  firft  be  the  fame  multiple  of  the  fecond,  oi 
the  fame  part  of  it,  that  the  third  is  of  the 
fourth  ;  the  firft  is  to  the  fecond  as  the  third  to  the 
fourth. 

Firft,  if  mA,  mB  be   equimultiples  of  the  magnitudes  A 
and  B,  mA  :  A :  :  mB  :  B. 

Take  of  mA  and  mB  equimultiples  by  any  number  n  ;  anc 

of  A  and  B  equimultiples   by  any  number  p  ;    thefe  will  be 

a  „         nmA  a,  pA,  nmB*,  pB.     Now,  if  nmA  be  greater  than  pA 

71m  is  alfo  greater  than  p  \  and  if  nm  is  greater  than  p,  nmB  v. 

greater  than  pB  ;  therefore,  when  nm  A  is  greater  than  pA 

nmB  is  greater  than  pB.     In  the  fame  mamier,  if  nmAzzpA 

nmBzzpB,  and   if  nmA  <  pA,  ?w:B   <  pB.      Now,   nmA 

?:?nB  are  any  equimultiples  of  mA  and  mB  \  and  pA,  pB  art 

b  def.  5.  ;.an7  equimultiples  of  A  and  B,  therefore  mA  :  A  :  :  mB  :  Bb, 

Next,  Let  C  be  the  fame  part  of  A   that  D  is  of  B. ;  ther 

A  is  the  fame  multiple  of  C  that  B   is  of  D  ;  and  therefore 

c  A.  5.     a3  has  been  demonftrated,  A  :  C  :  :  B  :  D,  and  inverfely  c  C 

«    A::D:B.     Therefore,  &c.     Q^E.  D. 


7 


P  E.  O  P.     VI.       T  H  E  O  R. 

IF  the  firft  be  to  the  fecond  as  the  third  to  th< 
fourth  ;  and  if  the  firft  be  a  multiple  or  a  pan 
of  the  fecond,  the  third  is  the  fame  multiple  or  the 
fame  part  of  the  fourth. 

Let  A  :  B  :  :  C  :  D,  and  firfc  let  A  be  a  multiple  of  B,  C : 
the  feme  multiple  ot  D  ;  that  is,  if  A  —  mB,  Cz  mD. 

Take  of  A  and  C  equimultiples  by  any  number  as  2,  viz. 
2  A  and  2C  ;  and  of  B  and  D,  take  equimultiples  by  the 

number 
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lumber  2 m,  viz.  2/#B,  2;#Da;  then,  becaufe  Arr  f#B,  2Ar    Book  V, 
imR  ;  and  fmce  A  :  B  : :  C  :  D,  and  fmce  2  A~  2,^B,  there-  V![~V/T""J 
fore  2C  —  2j^D  b,  and  C  i  wD,  that  is,  C  contains  D  z#  times,  b  def.  5. 5. 
>r  as  often  as  A  contains  B. 

Next,  Let  A  be  a  part  of  B,  C  is  the  fame  part  of  D.  For, 
ince  A  :  B  :  :  C  :  D,  inverfely  c,  B  :  A  :  :  D  :  C.  But  A  «  A«  5: 
>eing  a  part  of  B,  B  is  a  multiple  of  A,  and  therefore,  as  is, 
hewn  above,  D  is  the  fame  multiple  of  C,  and  therefore  C  is. 
;he  fame  part  of  D  that  A  is  of  B.  Therefore,  &c. 
3.E.D. 


PROP.     VII.     T  H  E  O  R. 

jr?  QUAL  magnitudes  have  the  fame  ratio  to  the 
jPj  fame  magnitude  ;  and  the  fame  has  the  fame 
ratio  to  equal  magnitudes. 

Let  A  and  B  be  equal  magnitudes,  and  C   any  other ;  A  : 

::B:C. 

Let  otA,  tf/B  be  any  equimultiples  of  A  and  B  ;    and  nC 
my  multiple  of  C. 

Becaufe  A~  B,  mA  zz  rc?B  a  •,  wherefore,  if  mA  be  greater  a  A.  1.  5. 
;han  nC,  mB  is  greater  than  nC  b  ;  andif  mAzznC,  m&zznC  ;  5*  5* 

3r,  if  mA  <  nCj  ;/iB  <  nC.  But  mA  and  ^B  are  any  equi- 
multiples  of  A  and  B,  and  nC  is  any  multiple  of  C,  there- 
fore b  A  :  C  ::  B  :  C . 

Again,  if  A  zz  B,  C  :  A  :  :  C  :  B ;  for,  as  has  been  proved, 
A  :  C  :  :  B  :  C,  and  inverfely  c,  C  :  A  :  ;  C  :  B.      Therefore,  c  A.  5'. 
Sec.     ChE.  D. 


PROP.     VIII.      P  R  O  B. 

^\F  unequal  magnitudes,  the  greater  has  a  grQ,at^ 
\^f  er  ratio  to  the  fame  than  thelefs  has  ;  and  the 
fame  magnitude  has  a  greater  ratio  to  the  lefs  than 
it  has  to  the  greater. 

Let 
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^Book  V.  Let  A-f  B  be  a  magnitude  greater  han  A  and  C  a  thirc 
magnitude,  A-j-B  has  to  C  a  greater  ratio  than  A  has  to  C 
and  C  has  a  greater  ratio  to  A  than  it  has  to  A-f  B. 

Let  m  be  fuch  a  number  that  ;«A  and  mB  are  each  of  then 
greacer  than  C  *,  and  let  nC  be  the  leaft  multiple  of  C  tha 
a  x«  5*  exceeds  wA-fwB  ;  then  nC — C,  that  is,  ?i — i.  C  a  will  be  lef 
than  m  A-j-wB,  or  wA+^B,  that  is  m.  A-l-B  is  greater  thai 
h—: i.  C.  But  becaufe  72C  is  greater  than  w?A+/wB,  and  C 
lefs  than  wB,  /iC — C  is  greater  than  ///A,  or  -A  is  le£s  thai 
ziC — C,  that  is,  than  n — i.C.  Therefore  the  multiple  o 
A-j-B  by  m  exceeds  the  multiple  of  C  by  n — i,  but  the  mul 
tiple  of  A  by  m  does  not.  exceed  the  multiple  of  C  by  n — i 

b  7.  def.  5. therefore  A-fB  has  a  greater  ratio  to  C  than  A  has  to  C  b. 

Again,  becaufe  the  multiple   of  C  by  n — 1,   exceeds  th( 

multiple  of  A  by  w,  but  does  not  exceed  the  multiple  o 

A+B  by  w,  G  has  a  greater  ratio  to  A  than  it  has  to  A-f-Bk 

Therefore,  &c.     Q^E.  D. 


PROP.     IX.       T  H  E  O  R. 

Magnitudes  which  have  the  fame  ratio  to  the 
fame   magnitude  are  equal  to  one  another 
and  thofe  to  which  the  fame  magnitude  has  the  fame 
ratio  are  equal  to  one  another. 

If  A:C::B:C,  AzB. 

For  if  not,  let  A  be  greater  than  B  ;  then,  becaufe  A  i< 
greater  than  B,  two  numbers,  m  and  #,  may  be  found  as  in 
the  laft  proportion,  fuch  that  wA  fnall  exceed  /?C,  while  mB 
does  not  exceed  nC.  But  becaufe  A  :  C  :  :  B  :  C  ;  if  mA.  ex- 
a  5.  def. 5.  ceed  nC,  mR  muft  alfo  exceed  ;zCa  \  and  it  is  alfo  fliewn  that 
t?l&  does  not  exceed  /zC,  which  is  impoflible.  Therefore  A 
is  not  greater  than  B  \  and  in  the  fame  wray  it  is  demonflrated 
that  B  is  not  greater  than  A  •,  therefore  A  is  equal  to  B. 
b  A.  5.  Next,   let   C:A::C:B,AzB.      For  by    inverfionf, 

A  :  G  :  :  B  :  C  ;  and  therefore  by  the  firft  cafe,  AzB. 

PRO  P, 


T 
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PROP.    X.     T  H  E  O  R. 

HAT  magnitude  which  has  a  greater  ratio  than 
another  has  unto  the  fame  magnitude  is  the 
greater  of  the  two :  And  that  magnitude  to  which 
the  fame  has  a  greater  ratio  than  it  has  unto  ano- 
ther magnitude  is  the  lefler  of  the  two. 

If  the  ratio  of  A  to  C  be  greater  than  that  of  B  to  C,  A 
is  greater  than  B. 

Becaufe  A  :  C  >  B :  C,  two  numbers   m  and  //  may  be 
ibund,  fuch  that  mA  >  nC,  and  mB  <nC  a.     Therefore  alfo  a  def.  7. 5. 
mA  >  mB,  and  A  >  B  b.  b  4.  Ax.  5, 

Again,  let  C  :  B  >  C  :  A  ;  B  <  A.  For  two  numbers,  m 
and  n  may  be  found,  fuch  that  mQ  >  mB,  and  mC  <  mA  a. 
Therefore,  fince  mB  is  lefs,  and  mA  greater  than  the  fame 
magnitude,  mC,  mB  <  mA,  and  therefore  B  <  A. 


R 


PROP.   XL     T  H  E  O  R. 

ATIOS  that  are  equal  to  the  fame  ratio  are 
equal  to  one  another. 


If  A  :  B  :  :  C  :  D  ;  and  alfo  C  :  D  :  :  E  :  F;  then  A  :  B  :  : 
:F. 

Take  mA,  mC,  m!L  any  equimultiples  of  A,  C,  and  E  ; 
nd  nB,  nD,  n¥  any  equimultiples  of  B,  D,  and  F.     Becaufe 

B  :  :  C  :  D,  if  mA  >  nB,  mC>  nD  a  ;  but  if  ?nC  >  nD,  adef.  5.  5. 
*E  >  ;/F  a,  becaufe  C  :  D  : :  E  :  F  ;  therefore  if  mA,  >  nB, 
E  >  nF.  In  the  fame  manner,  if  mA  r:  nB,  mE  rz  nF  -,  and 
f  mA  <  nB,  mK  <  ?i¥ .  Now,  mA,  wE  are  any  equimulti- 
les  whatever  of  A  and  E ;  and  nB,  nF  any  whatever  of  B 
nd  F ;  therefore  A  :  B  :  :  E  :  F  a.     Therefore,  gtc.  Q^  E.  IX 


PROP. 


Q&»  {f 


Hv* 


ELEMENTS 


PROP.    XII.      THEOR, 

IF  any  number- of  magnitudes  be  proportionals,  a 
one  of  the  antecedents  is  to  its  confequent,  f< 
fhall  all  the  antecedents  taken  together  be  to  all  th< 
confequents. 

If  A  :  B  :  :  C  :  D,  and  C  :  D  :  :  E  :  F ;   A  :  B  :  :  A+C+E 

B+D+F. 

Take  mA,  mC,  mUL  any  equimultiples  of  A,  C,  and  E 
and  /zB,  nD,  «F,  any  equimultiples  of  B,  D,  and  F.    Then,  be 
a  5.  def.  5.  caufe  A  :  B  : :  C  :  D,    if  mA  >  nB,    ??iC  >  riD  a;  and  whe 
mC  >  nT>,  mE  >  »F,  becaufe  C  :  D  :  :  E  :  F.     Therefore, 
mA  >  nB9  mA+mC+mE  >  ;/B+7zD+ffF  :  In  the  fame  mar 
ner,  if  mAzznB,  mA+mC+miLzznB+nD+n'F9  and  if  mA 
«B,    mA+mC4-mlL  <  /zB-f-/zD-f«F.     Now  mA+mC+mUL  : 
h  1.  5.    w.A  +  C  +E  b,  fo  that  mA  and  mA+ mC+mJL  are  any  equ 
multiples  of  A  and  of  A-fC-fE.     And   for  the  fame  reafo 
nB.    and   /zB-f-wD-f/zF  are  any   equimultiples  of  B,  and 
B+B+  F  ;  therefore  a  A  :  B  :  :  A-fC+E  :  B+D+F.    Ther< 
fore,  &c.  Q^E.  D. 


PROP.    XIII.      PR  OB. 

IF  the  firft  has  to  the  fecond  the  fame  ratio  whic 
the  third  has  to  the  fourth,  but  the  third  to  th 
fourth  a  greater  ratio  than  the  fifth  has  to  the  fixth 
the  firft  ihall  alfo  have  to  the  fecond  a  greater  rati 
than  the  fifth  has  to  the  fixth. 

If  A  :  B  : :  C  :  D  ;  but  C  :  D  >  E  :  F ;  then  alfo,  A  :  B  ^ 
E:F. 

Becaufe  C  :  D  >  E  :  F,  there  are  fome  two  numbers  m  and 
a  7.  def.  5.  fuch  drat   mC>  /zD,   but  mE<nY*.     Now,  if  ;/zC  >  nl 
mA  >  nB9  becaufe  A  :  B  :  :  C  :  D.    Therefore  mA  >  nB,  an 
*»E  <  tzF,    wherefore,   A  :  B  >  E  :  F.     Therefore,  &c.     ( 

E.  D. 

PROl 
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PROP.    XIV.     T  H  E  O  R. 

IF  the  firft  has  to  the  fecond  the  fame  ratio  which 
the  third  has  to  the  fourth,  then,  if  the  firit  be 
greater  than  the  third,  the  fecond  (hall  be  greater 
:han  the  fourth  ;  and  if  equal,  equal ;  and  if  lefs, 
efs. 

If  A  :  B : :  C  :  D ;  then  if  A  >  C,  B  >  D,  if  Ar:C,  B=D, 
mdif  A<C,  B<D. 

Firft,  let  A  >  C  ;  then  A :  B  >  C  :  B  a,  but  A  :  B  : :  C  :  D,  , a  8-  * 
herefore  C  :  D  >  C  :  B  b,  and  therefore  B  >  D  c.  °  g  > 

In  the  fame  manner,  it  is  proved,  that  if  A— C,  B— D  ;  and 
fA<C,  B<D.    Therefore,  &c.  Q^E.  D. 


M 


PROP.    XV.      T  H  E  O  R. 

Agnitudes  have  the  fame  ratio  to  one  ano- 
ther which  their  equimultiples  have. 


b  it* 


If  A  and  B  be  two  magnitudes,  and  m  any  number,  A  :  B 
:  mA  :  mB. 

Becaufe  A  :  B  : :  A  :  B*  ;  A:B::  A+A  :  B+Bb,  or  A  :     a  7.  5. 
> :  :  2  A  :  2B.     And  fince  it  has  been  proved  that  A  :  B  :  : 
A  :  2B,   A  :  B  :  :  A+2A  :  :  B+2Bb,   or  A  :  B  : :  3A  :  3B  , 
tid  fo  on,  for  all  the  equimultiples  of  A  and  B.     Therefore, 
c  Q^E.  D. 


PROP.    XVI.      T  H  E  O  R. 

F  four  magnitudes  of  the  fame  kind  be  propor- 
[  tionals.  they  fhall  alfo  be  proportionals  when 
iken  alternately, 

L  If 


ELEMEX    | 

-       __       If    \     7        C     E  .  A:  C::B:D. 

'       "       '      T^ke    -.A,  ~3  any  equimultiple a  of  A  i  /jC,  nl 

5     anv  eGUimultiples  of  C  and  D.     Then  -   A  :  B  :    r:A  : 
*•«  .A  :  -vB.      ButC 

D  :  :  ff  C  :  wD  a  ;  therefore  :  :  ^C  :  >iD  *  ;  wh.  I 

:  -    :    if  •  ;A  >  iC,  «B  >  «D  c  ;  if  m&  —  rC,    .  S  z:  sD.  or  if  ■  A 
,  j»B<jkD;  :B:D.     Therefore,  ^; 

L  D, 


PRO?.     XVII.       T  H  E  0  R. 

I  be  proportional: 

they  (hall  alio  be  propon:  hen  taken  fe 

parately  :  that  is,  if  the  fii  r  with  U 

:ave  to  the  fecond  the  fame  ratio  which  thl 
urth,  has   to  the   fourtlj 
:ond   the  lame 
which  the  third  has  tG  the  : 

ifion  A  :  B  :  :  C  :  D, 

A  and  B,  by  th 

m  and  * ;  an :  L  >  «B  :  to  each  of  thej 

-~B.  Bat iaA-fgBzrjg.A+B 

b    :.  5  ._  -B>  W+ 

+B ;B::C+D :D, if    A-B  >  m+il 

-D  >  '-—-.I 

an  *D.     In  like  manner  i: 
mom^rared.  that  if  «A-  _   D.  and  if  wA  <  r} 

I:Dc.  T  .  Sec  Q^E.1 


PROP, 
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Book  V. 

PROP.    XVIII.     THE  OR. 

F  magnitudes,  taken  feparately,  be  proportionals, 
they  fhall  alfo  be  proportionals  when  taken 
ntly,  that  is,  if  the  firft  be  to  the  fecond  as  the 
ird  to  the  fourth,  the  firft  and  fecond  together 
ill  be  to  the  fecond,  as  the  third  and  fourth  te- 
ther to  the  fourth. 

[f  A  :  B  : :  C  :  D,    then,    by    composition,    A+B  :  B  : : 
D:D. 

Take  jw.A-f-B,  and  «B  any  multiples  whatever  of  A-f-B 
B  :  and  firft,  let  m  be  greater  than  n.     Then,   becadfe 

f-B  is  alfo  greater  than  B,  m.A+R  >  n.B.    For  the  fame 

Con,  ^.Cj-D  >  nD.     In  this  cafe,  therefore,  that  is,  when 

#>  #z. A-f-B  is   greater  than   zzB,   and  m.G-\-T)  is  greater 
#D.     And  in  the  fame  manner  it  may  be  proved,  that 

m  mzzrtj  m.A+ti  is  greater  than  «B,  and  #z.C-j-D  greater 
nD. 

Jext,  let  m<n,  or  n  >  rn,  then  ^.A+B  may  be  greater 

#B,   or  may  be   equal  to  it,    or  may  be  lefs  ;  firft,  let 

4-B  be  greater  than  //B  ;  then  alfo,  mA+mB  >  «B  ;  take 

which  is  lefs  than  z/B,  from  both,  and  mK  >  «B — r/?B, 

i A  >  n — /^.Ba.     But  if  mA  >  n — mM9mC  >  ti^SlB  \  a  6.  5. 

mfe     A  :  B  :  :  C  :  D.       Now,    n-*-mJ)  zz  nD  —  mD  a? 
efore,    mC  >  nD — ?/zD,     and     adding    ;;/D.    to     both 

\-?7iD  >  ^D,  that  isb  #/.C+D  >  nD.  If  therefore,  *w.A-f  R    b  1.  5. 
B,  m.C+B  >  ?iD, 
the  fame  manner  it  will  be  proved,  that  if  m,  A  f  Bzz/zB, 

-f  Dz«D;   and   if    m.A  +B  <  /zB,   w.C  +  i>  <  tfD  *, 
sfore,  A+J>:  B  : :  C+D  :  D.     Therefore,  &c.  Q^  E.  D. 

L  2  PROP. 


ELEMENTS 


Book  V. 


PROP.    XIX.      THEO  R. 

IF  a  whole  magnitude  be  to  a  whole,  as  a  magn 
tude  taken  from  the  firft,  is  to  a  magnitude  t; 
ken  from  the  other ;  the  remainder  fhall  be  to  tl 
remainder,  as  the  whole  to  the  whole. 

If  ki  B  :  :  C  :  D,  and  if  C  be  Ids  than'  A,  A— C  :  B— 
::A:B. 

*  *6-  5.        Becaufe  A  :  B  :  :  C  :  D,  alternately  a,  A  :  C  :  :  B  :  D  ;  ai 
b  t*i:  5.  therefore  by  divifion  b   A — C  :  C  : :  B — D  :  D.     Wherefoi 
again,  alternately,  A — C  :  B — D  : :  C  :  D ;  but  A :  B : :  C  : 
therefore  A— C  :  B— D  : :  A  :  B.    Therefore,  &c.  Q.  E. 
Cor.  A— C:B— D::C:D. 


PROP.   D.     THE  OR. 

F  four  magnitudes  be  proportionals,  they  are  al 
proportionals  by  converiion,  that  is,  the  firft  is 
its  excefs  above  the  fecond,  as  the  third  to  its  exc( 
above  the  fourth. 

If  A  :  B  :  :  G  :  D,  by  converfion,  A  :  A— B  :  :  C  :  C— 

a  17.  5.         For    fince    A  :  B  :  :  C  :  D,     by    divifion  a,     A — B  :  B 

b  A\5      C— D  :  D,  and  inverfely  b:f  B  :  A— B  : :  D  :  C— D ;  therefo 

c  18         Dy  compofiuon  c,    A:  A — B  : :  C  :  C — D.     Therefore,  8 

Q.E.D. 


PRO] 
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Book  V. 

4 — u — i 


PROP.    XX.      T  H  E  O  R. 

[F  there  be  three  magnitudes,   and  other  three, 

which,  taken  two  and  two,  have  the  fame  ratio ; 

the  firft  be  greater  than  the  third,  the  fourth 

all  be  greater  than  the  lixth;  and  if  equal,  equal  ^ 

nd  if  lefs,  tefs. 

If  there  be  three  magnitudes,  A,  B,  and  C,  and  other  three 
I,  E,  and  F  ;  and  if  A  :  B  :  :  D  :  E; 


idalfoB:C::E:F,  thenif  A>C,  A,     B,     C, 

)>F;    if    A=C,    Dz:F;    and    if  D,     E,     F. 

cC,D<F.  I- 


Firft,  let  A  >  C ;  then  A :  B  >  C  :  B  a.  But  A :  B  : :  D  :  E,  a  s.  5. 
erefore  alfo  U  :  E  >  C  ;  Bb.  Now  B  :  C  :  :  E  :  F,  and  in-  b  13.  5. 
*rfely  c,  C  :  B  :  :  F  :  E  ;  and  it  has  been  fhewn  that  D  :  £  c  ^-  5- 
C  :B,  therefore  D  :  E  >  F  :  Eb,  and  consequently  D  >  Fd.  d  10,  5. 
Next,  let  A=C ;  then  A  :  B  : :  C  :  B  e,  but  A  :  B  :  :  D  :  E,  *•  7-  S- 
erefore,     C  :  B  :  :  D  :  E  ;     but    C  :  B  :  :  F  :  E,    therefore, 

E::F:Ef,    and  D=Fg,     Laftly,    let   A  <  C.     Thenfgr^55; 
>  A,  and,  as  was  fliewn  in  the  firft  cafe,  C  :  B  :  :  F  :  E,  and 

A  :  :  E  :  D,  therefore,  by  the  firft  cafe,  if  C>  A,  F  >  D, 
at  is,  if  A  <  C,  D  <  F.     Therefore,  &c.  Q^  E,  D. 


PROP,    XXL      THE  O  R. 

F  there  be  three  magnitudes,  and  other  three, 
which  have  the  fame  ratio  taken  two  and  two, 
Lit  in  a  crofs. order;  if  the  firft  magnitude  be 
'eater  than  the  third,  the  fourth  fhall  be  greater 
tan  the  fixth ;  and  if  equal,  equal ;  and  if  lefs,  lefs. 

If  there  be   three   magnitudes,  A,  B5  C>  and  other  three, 
,  E,  ai  i  ch  that  A  :  B  :  :  E  :  F,  and  B  :  C i : :  D 

k  >  C,  L  ^ ■  F  ,  if  A=C,  B=F,  and  if  A  '<  C,  B  < 
L  3 


x5o  ELEMENTS 


A,    B,    C, 
D,    E,    F. 


BookV.       Firft,  let  A  >C.     ThenA:B>: 

' J —  C  :  B  a,  but  A  :  B  : :  E  :  F,  therefore, 

h\3X    E:F>C:Bb.   Now,  B  :  C  :  :D  :  E, 
and  inverfely,  C  :  B  : :  E  :  D  ;  there- 
c  I0-  5     fore,  E  :  F  >  E  :  D  b,  wherefore,  D  >  F  c. 
dy.  5*         Next,  let   A=C.     Then  d   A:B::C:B;   but  A 

E  :  F,  therefore,  C  :  B  :  :  E  :  F  d ;  but  B  :  C  :  :  D  :  E,  and 
e  ii    5    verfely,  C  :  B  : :  E  :  D,  thereforee,  E  :  F : :  E  :  D,  and,  c 
f  9-  5-    fequently,  D=Ff. 

Laftly,  let  A  <  C.  Then  C>  A,  and,  as  was  proved  in 
firft  cafe,  C:Bl:E:D;  and  B  :  A  ::  F  :  E,  therefore, 
the  firft  cafe,  fince  C  >  A,  F  >  D,  that  is,  D  <  F.  Th 
fore,  &c.  Q^E.  D. 


PROP.    XXII.     THEOR. 

IF  there  be  any  number  of  magnitudes,  and 
many  others,  which,  taken  two  and  two  in  ore 
have  the  fame  ratio ;  the  firft  fhall  have  to  the 
of  the  firft  magnitudes  the   fame   ratio  which  1 
firft  of  the  others  has  to  the  laft  #. 

Firft,  let  there  be  three  magnitudes,  A,  B,  C,  and  ot 
three,  D,  E,  F,  which,  taken  two  and  two  in  order,  have 
fame  ratio,  viz.  A  :  B  : :  D  :  E,  and  B  :  C  : :  E  :  F  -, 
A  :  C  : :  D  :  F. 

Take  of  A  and  D  any  equimultiples  whatever,  mA,  m 
of  B  and  E  any  whatever,  «B,  nK ;  and  of  C   and  F 
whatever,  yC,  q¥.     Became  A  :  B  : : 
D  :  E,  mA :  #B  : :  mD  :  «E  a  •  and  for 
the   fame   reafon,  #B  :  qC  : :  nlL    q¥ 
Therefore  b,  according  as  mA  is  great- 
er than  qC,  equal  to  it,  or  leis,  mB  is 
greater  than  qF9   equal  to  it,  or  lefs ; 
but  mA,  r?iD   are  any  equimultiples  of  A  and  D  ;  and  i 

A  -  q¥  are  any  equimultiples  of  C  and  F  \  therefore  9,  A  :  C 

c  det.  5.  3-  jj  .  p 

,  Agi 

*  N.  B    This  proposition  is  ufually  cited  by  the  words    a  ex  aequali/ 
°  ex  aequo." 


a  4.  5. 

b  20.  j 


A,    B, 

c, 

D,    E, 

F, 

/72A,   #B, 

qC, 

z#D,   «E, 

jr. 
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Again,  let  there  be  four  magnitudes,  and  other  four,  which,  Book  V- 
two  and  two,  have  the  fame  ratio,  viz.  A:B::E:F;B:C:: 
F:  G -;  C  :  D  :  :  G  :  H,  then  A  :  D  : :  E  :  H. 

For  fince  A,  B,  C  are  three  magnitudes, 
and  E,  F,  G  other  three,  which,  taken  two 
and  two,  have  the  fame  ratio,  by  the  fore- 
going cafe  A  :  C  : :  E  :  G.  And  becaufe 
alfo  C  :  D  : :  G :  H,  by  chat  fame  cafe,  A  :  D  :  :  E  :  H.  In 
the  fame  manner  is  the  demonftration  extended  to  any  num- 
ber of  magnitudes.     Therefore,  &c.  Q.-E.  D. 


PROP.   XXIII.     THE  OR. 

IF  there  be  any  number  of  magnitudes,  and  as 
many  others,  which,  taken  two  and  two,  in  a 
crofs  order,  have  the  fame  ratio;  the  firft  (hall  have 
to  the  laft  of  the  firft  magnitudes  the  fame  ratio 
which  the  firft  of  the  others  has  to  the  laft*. 


Firft,  let  there  be  three  magnitudes,  A$  B,  C,  and  other 
three,  D,  E,  and  F,  which,  taken  two  and  two  in  a  crofs  or- 
der, have  the  fame  ratio,  viz-  A  :  B  : :  E  :  F,  and  B  :  C  :  : 
D  :  E,  then  A  :  C  : :  D  :  F. 

Take  of  A.  B,  and  D  any  equimultiples  m A,  mB9  #zD  ; 
and  of  C,  E,  F  any  equimultiples  nC9  nF9  nF. 

Becaufe  A  :  B  : :  E  :  F,  and  becaufe  alfo  A  :  B  : :  mK :  mB  a, 
and  E  :  F  :  :  nF  :  nF    therefore,  mK  :  mB  :  :  nF  :  nF^.     A- 
gain,    becaufe  B  :  C  :  :  D  :  E,    mB  : 
nQ  :  :  mD  :  nF  •,  and  it  has  been  juft 
fhewn  that  mK  :  mB  :  :  //E  :  nF  ;  there- 
fore, if  mA  >  72C,  niD  >  //F  c  ;  if  mK 
~nC9  mDzzriF  9    and   if    mK<nC9 
mD  <  nF.     Now,  m  A  and  mT>  are 
any  equimultiples  of  A  and  D,  and  71C,  nF  any  equimultiples 
of  C  and  F  9  therefore,  A  :  G  :  :  D  :  F<*.  d  5.  def  5. 


A, 

B, 

c, 

D, 

E, 

F, 

v/A, 

mB, 

nC9 

mD, 

«E, 

nF. 

a  15-  5. 

b   11.  5. 


c  21.  5- 


Next, 


•  N.  B.     This  propofition    is   ufually  cited  by  the  words,  «  ex  sequali  in 
proportione  perturbata;"  or,  u  ex  aequo  peitujrbat6." 


i5a  ELEMENTS 

Book  V.        Next,  let  there  be  four  magnitudes  A,  B,  C,  and  D,  an 
Unr*J  other  four,  E,  F,  G,  and  H,  which,  taken  two  and  two  in| 

cro£  order,  have  the  fame  ratio,  viz. 

A  •  B  :  :  G  :  H . ;    B  :  C  :  :  F  :  G,    and 

C     D.:E:F,    then    A:D:  :  E  :  F. 

For  fince  A,  B,  C   are  three  magni- 


A,    B,     C,    D 
E,    F,    G,     H. 


tudes,  and  E,  F,  G  other  three,  which,  taken  two  and  two, 
a  crofs  order,  have  the  fame  ratio,  by  the  firft  cafe  A  :  C 
E  :  G.     But  C  :  D  :  :  G  :  H,  therefore  again,  by  the  firft  caf 
A  :  D  :  :  E  :  H.     In  the  fame  manner  may  the  demonflratid 
be  extended  to  any  number  of  magnitudes.     Therefore,  &< 
Q.E.D. 


PROP.   XXIV.    THE  OR. 

IF  the  firft  has  to  the  fecond  the  fame  ratio  whid 
the  third  has  to  the  fourth  ;  and  the  fifth  to  th 
fecond,  the  fame  ratio  which  the  fixth  has  to  th 
fourth  ;  the  firft  and  fifth  together  fhall  have  to  th 
fecond,  the  fame  ratio  which  the  third  and  fixth  to 
gether  have  to  the  fourth. 

Let  A  :  B  :  :  C  :  D,  and  alfo  E  :  B  : :  F  :  D,  then  A+E 
E  ::C+F:D. 

Becaufe  B  :  E  ;  :  D  ;  F,  by  inverfion,  E  :  B  :  :  F  :  D 
a  22.  5.  But  by  hypothefis,  A  :  B  :  :  C  :  D,  therefore,  ex  aequalia 
b  18.  5.    A  :  E  :  :  C  :  F,  and  by  compofition  b,  A+E  :  E  :  :  C+F 

Now  again  by  hypothefis,  B  :  E  : :  D  :  F,  therefore,  ex  aequalia 
A+E  :  B  :  :  C+F  :  B.     Therefore,  &c.  CX  E.  D. 


R 


PROP.   E.     THEOR. 

ATIOS  which  are  compounded  of  the  fame  ra- 
tios, are  the  fame  with  one  another. 


Lei 
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Let  the  ratios  of  A  to  B,  and  of  B  to  C,  which  compound  Bo°k  V. 
he  ratio  of  A  to  C.  be  equal,  each  to  each,  to  the  ratios  of  D  v^^v>^ 
0  E,  and  E  to  F,  which  compound  the  ratio  of  E  to  F, 
k  :  C  :  :  E  ;  F. 

For,  firft,  if  the  ratio  of  A  to  B  be 
jqual  to  that  of  D  to  E,  and  the  ratio 
)f  B  to  C  equal  to  that  of  E  to  F,  ex 
equali  a,   A  :  C  :  :  D  :  F. a  ^  ^ 

And  next,  if  the  ratio  of  A  to  B  be  equal  to  that  of  E  to  F, 
tnd  the  ratio  of  B  to  C  equal  to  that  of  D  to  E,  ex  aequali  in 
jroportione  perturbata^,  A  :  C  :  :  D  :  F.     In  the  fame  man-  b  23.  5, 
ler  may  the  proposition  be  demonftrated,  whatever  be  the 
lumber  of  ratios.     Therefore,  Sec.  Q^E.  D. 


EU 


ELEME    NTS 
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GEOMETRY. 


BOOK    VI. 


DEFINITIONS. 


I. 


SIMILAR  reailineal  fi- 
,  gures  are  thofe  which 
have  their  feveral  angles 
equal,  each  to  each,  and 
the  fides  about  the  equal 
angles  proportionals. 


Book  VI. 


II. 


Two  fides  of  one  figure  are  faid  to  be  reciprocally  proportion- 
al to  two  fides  of  another,  when  one  of  the  fides  of  the  firft 
is  to  one  of  the  fides  of  the  other,  as  the  remaining  fide  of 
the  other  is  to  the  remaining  fide  of  the  firft. 

III. 

A  ftraight  line  is  faid  to  be  cut  in  extreme  and  mean  ratio, 
when  the  whole  is  to  the  greater  fegment,  a§  the  greater 


fegment  is  to  the  lefs. 


IV. 


The  altitude  of  any  figure  is  the  ftraight 
line  drawn  from  its  vertex  perpendi- 
cular to  the  bafe. 


PROP. 


ELEMENTS 


PROP.    I.     THE  OR. 


T 


>Riangles  and  parallelograms  of  the  fame  alti 
tude  are  one  to  another  as  their  bafes. 


Let  the  triangles  ABC,  ACD,  and  the  parallelograms  EC 
CF  have  the  fame  altitude,  viz.  the  perpendicular  drawn  froi 
the  point  A  to  BD  :  Then,  as  the  bafe  BC  is  to  the  bafe  CI 
fo  is  the  triangle  ABC  to  the  triangle  ACD,  and  the  para 
lelogram  EC  to  the  parallelogram  CF. 

Produce  BD  both  ways  to  the  points  H,  L,  and  take  an; 
number  of  ftraight  lines  BG,  GH,  each  equal  to  the  bafe  BC 
and  DK,  KL,  any  number  of  them,  each  equal  to  the  baf 
CD  ;  and  join  AG,  AH,  AK,  AL :  Then,  becaufe  CB,  BG 
GH  are  all  equal,  the  triangles  AHG,  AGB,  ABC  are  a] 
a  38.  i.  equal a  :  Therefore,  whatever  multiple  the  bafe  HC  is  of  th 
bafe  BC,  the  fame  multiple  is  the  triangle  AHC  of  the  tri 
angle  ABC.  For  the  fame  reafon,  whatever  multiple  th< 
bafe  LC  is  of  the 

bafe  CD,  the  fame  R    A. 

multiple  is  the  tri- 
angle ALC  of  the 
triangle  ADC  : 
And  if  the  bafe 
HC  be  equal  to  the 
bafe  CL,  the  tri- 
angle AHC  is  alfo 
e^ual  to  the  tri- 
angle ALC  a  ;  and  if  the  bafe  HC  be  greater  than  the  baf( 
CL,  like  wife  the  triangle  AHC  is  greater  than  the  triangle 
ALC  ;  and  if  lefs,  lefs.  Therefore,  fince  there  are  four  magni 
tudes,  viz.  the  two  bafes  BC,  CD,  and  the  two  triangles  ABC1 
ACD  ;  a*d  of  the  bafe  BC  and  the  triangle  ABC,  the  firfl 
and  third,  any  equimultples  whatever  have  been  taken,  viz, 
the  bafe  HC  and  triangle  AHC;  arid  of  the  bafe  CD  and 
triangle  ACD,  the  fecond  and  fourth,  have  been  taken  any 
equimultiples  whatever,  viz.  the  bafe  CL  and  triangle  ALC  ; 
and  fince  it  has  been  ihown,  that  if  the  bafe  HC  be  greater 
than  the  bafe  CL,  the  triangle  AHC  is  greater  than  the  tri- 
angle 
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ngle  ALC  \  and  if  equal,  equal  •,  and  if  lefs,  lefs :  There-  Book  VL 
ore  b,  as  the  bafe  BC  is  to  the  bafe  CD,  fo  is  the  triangle  jTPddFT' 
\BC  to  the  triangle  ACD.  5'      ' 5' 

And  becaufe  the  parallelogram  CE  is  double  of  the  triangle 
\BC  c,  and  the  parallelogram  CF  double   of  the  triangle  c  41- *• 
\GD,  and  that  magnitudes  have  the  fame  ratio  which  their 
equimultiples  haved  ;  as  the  triangle  ABC  is  to  the  triangle  d  J5-  S- 
\CD,  fo  is  the  parallelogram  EC   to  the  parallelogram  CF. 
\nd  becaufe  it  has  been  mown,  that,  as  the  bafe  BC  is  to  the 
)afe  CD,  fo  is  the  triangle  ABC  to  the  triangle  ACD  *,  and 
is  the  triangle  ABC  to  the  triangle  ACD,  fo  is  the  parallelo- 
gram EC  to  the  parallelogram  CF;  therefore,  as  the  bafe  BC 
s  to  the  bafe  CD,  fo  is  e  the  parallelogram  EC  to  the  paral-  en,5* 
elogram  CF.     Wherefore  triangles   &c.  Q^E.  D. 

Cor.  From  this  it  is  plain,  that  triangles  and  parallelo- 
rams  that  have  equal  altitudes,  are  one  to  another  as  their 
)aies. 

Let  the  figures  be  placed  fo  as  to  haye  their  bafes  in  the 
ame  ftraight  line  -,  and  having  drawn  perpendiculars  from  the 
vertices  of  the  triangles  to  the  bafes,  the  ftraight  line  which 
oins  the  vertices  is  parallel  to  that  in  which  their  bafes  are  V  f  33-  '* 
)ecaufe  the  perpendiculars  are  both  equal  and  parallel  to  one 
nother.  Then,  if  the  fame  conftruclion  be  made  as  in  the 
jropofition,  the  demonftration  will  be  the  fame. 


P  R  O  P.    II.      T  H  E  O  R. 

IF  a  ftraight  line  be  drawn  parallel  to  one  of  the 
fides  of  a  triangle,  it  fliall  cut  the  other  fides,  or 
he  other  fides  produced,  proportionally  :  And  if  the 
ides,  or  the  fides  produced,  be  cut  proportionally, 
he  ftraight  line  which  joins  the  points  of  le&ion  fhall 
)e  parallel  to  the  remaining  fide  of  the  triangle. 

Let  DE  be   drawn  parallel  to  BC,  one  of  the  fides  of  the 
riangle  ABC  :  BL  is  to  DA,  as  CE  to  EA. 

Join  BE,  CD  \  then  the  triangle  BDE  is  equal  to  the  triangle 
2DJE   ,  becaufe  they  are  on  the  fame  bafe  DE,  and  between  a  37.  u 
lie -fame  parallels  DE,  BC  :  but  ADE  is  another  triangle, 

and 


ijS 


ELEMENTS 


Book  VI. 

1*7.5. 


«3  11.5. 


ei.tf. 


*<M- 


8  39-1- 


and  equal  magnitudes  have  to  the  fame  the  fame  ratio  b 
therefore,  as  the  triangle  BDE  to  the  triangle  ADE,  fo  is  the 
triangle  CDE  to  the  triangle  ADE  but  as  the  triangle  BDE 
to  the  triangle  ADE,  fo  is  c  BD  to  DA,  becaufe  having  the 
fame  altitude,  viz.  the  perpendicular  drawn  from  the  point  E 
to  AB,  they  are  to  one  another  as  their  bafes  ;  and  for  the 
fame  reafon,  as  the  triangle  CDE  to  the  triangle  ADE,  fo  is 
CE  to  E A.  Therefore,  as  BD  to  DA,  fo  is  CE  to  E A  d. 
Next,  let  the  fides  AB,  AC  of  the  triangle  ABC,  or  thefe 


fides  produced,  be  cut  proportionally  in  the  points  D,  E,  that 
is,  fo  that  BD  be  to  DA,  as  CE  to  EA,  and  join  DE  ;  DE 
is  parallel  to  BC. 

The  fame  conftru&ion  being  made,  becaufe  as  BD  to  DA, 
fo  is  CE  to  EA;  and  as  BD  to  DA,  fo  is  the  triangle  BDE 
to  the  triangle  ADE  e  ;  and  as  CE  to  EA,  fo  is  the  triangle 
CDE  to  the  triangle  ADE  ;  therefore  the  triangle  BDE  is  to 
the  triangle  ADE,  as  the  triangle  CDE  to  the  triangle  ADE ; 
that  is,  the  triangles  BDE,  CDE  have  the  fame  ratio  to  the 
triangle  ADE  ;  and  therefore  f  the  triangle  BDE  is  equal  to 
the  triangle  CDE  :  And  they  are  on  the  fame  bafe  DE  ;  but 
equal  triangles  on  the  fame  bafe  are  between  the  fame  paral- 
lels g  ;  therefore  DE  is  parallel  to  BC.  Wherefore,  if  a 
firaight  line,  &c.  QK  E.  D. 
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PROP.   III.    THE  OR. 

"F  the  angle  of  a  triangle  be  bife&ed  by  a  ftraight 
line  which  alfo  cuts  the  bafe  ;  the  fegments  of  the 
afe  ihall  have  the  fame  ratio  which  the  other  fides 
f  the  triangle  have  to  one  another :  And  if  the 
egments  of  the  bafe  have  the  fame  ratio  which  the 
ther  fides  of  the  triangle  have  to  one  another,  the 
raight  line  drawn  from  the  vertex  to  the  point 
f  fe&ion,  bife&s  the  vertical  angle. 


Let  the  angle  BAC  of  any  triangle  ABC  be  divided  into 
wo  equal  angles  by  the  ftraight  line  AD  :  BD  is  to  DC,  as 
A  to  AG. 

Through  the  point  C  draw  CE  parallel  a  to  DA,  and  let  a  31. 1, 
•A  produced  meet  CE  in  E.     Becaufe  the  ftraight  line  AC 
leets  the  parallels  AD,  EC,  the  angle  ACE  is  equal  to  the 
ternate  angle  CAD^;    But  CAD,  by  the  hypothefis,  is  b  *%*j 
jual  to  the  angle  *BAD ;  wherefore  BAD  is  equal  to  the 
igle  ACE.     Again,  be- 
tufe  the  ftraight  line  B  AE 
Leets    the   parallels   AD, 
C,    the    outward    angle 
AD  is  equal  to  the  in- 
ard   and   oppofite    angle 
.EC  :  But  the  angle  ACE 
is  been  proved  equal  to 
e  angle  BAD  ;  therefore 
fo  ACE  is  equal  to  the 
gle    AEC,    and    confe- 
lently  the    fide  AE    is 
ual  to   the    fide  c  AC  : 
nd  becaufe  AD  is  drawn  parallel  to  one  of  the  fides  of  the 

angle  BCE,  viz.  to  EC,  BD  is  to  DC,  as  BA  to  AE  d  ; 
it  AE  is  equal  to  AC  ;  therefore,  as  BD  to  DC,  fo  is  BA 

ACe, 

Let 
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Book  VI.      Let  now  BD  be  to  DC,  as  BA  to  AC,  and  join  AD  ;  tl 
S— v— -*  angle  BAC  is  divided  into  two  equal  angles  by  the  ftrai^ 

line  AD. 

The  fame  conftru&ion  being  made;  becaufe,  as  BD  to  D( 

fo  is  BA  to  AC  ;    and    as 

BD  to  DC,  fo  is  BA  to 
'«•  5-  AE  d,  becaufe  AD  is  pa- 
1 1*  I'      rallel  to  EC  ;  therefore  AB 

is  to  AC,  as  BA  to  AE  f  :  a 

Consequently  AC  is  equal 

to  AE  g,   and    the    angle 

AEC  is  therefore  equal  to 

the  angle  ACE  h  :  But  the 

angle   \EC  is  equal  to  the 

outward  and  oppoiite  angle     jc 

BAD  ;  and  the  angle  ACE     ** 

is   equal   to  the  alternate  angle  CADb  :  Wherefore  alfo  tl 

angle  BAD  is  equal  to  the  angle  CAD  :  Therefore  the  ang\ 

BAG  is  cut  into  two  equal  angles  by  the  ftraight  line  AI 

Therefore,  if  the  angle,  &c.  Q^E.  D. 


PROP.    A.      THEOR, 

IF  the  exterior  angle  of  a  triangle  be  bifeft 
ed  by  a  ftraight  line  which  alfo  cuts  the  baf 
produced ;  the  fegments  between  the  bife&inj 
line  and  the  extremities  of  the  bafe  have  the  fam 
ratio  which  the  other  fides  of  the  triangle  have  t 
one  another:  And  if  the  fegments  of  the  bafe  pro 
duced  have  the  fame  ratio  which  the  other  fides  o 
the  triangle  have,  the  ftraight  line  drawn  from  th< 
vertex  to  the  point  of  fedion  bifects  the  exterio 
angle  of  the  triangle. 

Let  the  outward  angle  CAE  of  any  triangle  ABC  be  di 
vided  into  two  equal  angles  by  the  ftraight  line  AD  whicl 
meets  the  bafe  produced  in  D  :  BD  is  to  DC,  as  BA  t( 
AC. 
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Through  C  draw  CF  parallel  to  AD*;  and  becaufe  the  Book  VI. 
•aight  line  AC  meets  the  parallels  AD,  FC,  the  angle  ACF 

equal  to  the  alternate  angle  C  ADb  :  But  CAD  is  equal 

the  angle  DAE  c ;  therefore  alfo   DAE   is  equal  to  the 
lgle    ACF.     Again,  becaufe  the  ftraight  line  FAE  meets 
e  parallels  AD,   FC,  the  outward  angle  DAE  is  equal  to 
e  inward  and  oppofite  angle  CFA  :  But  the  angle  ACF  has 
jen  proved  to  be  equal 
the    angle    DAE; 
erefore  alfo  the  angle 
CF    is   equal    to    the 
igle  CFA,  and  confe- 
i.ently  the  fide  AF  is 
ual  to  the  fide  AC  d  : 
d  becaufe  AD  is  pa- 
llel  to  FC,  a  fide  of 
triangle  BCF,  BD 

to    DC,    as    BA  to 
Fe  ;  but  AF  is  equal  to  AC  ;  as  therefore  BD  is  to  DC,    e  2.  6. 
is  BA  to  AC. 

Let  now  BD  be  to  DC,  as  BA  to  AC,  and  join  AD  ;  the 
gle  CAD  is  equal  to  the  angle  DAE. 
The  fame  conftruclion  being  made,  becaufe  BD  is  to  DC, 

BA  to  AC;    and  alfo  BD    to  DC,  as  BA  to  Afh 
jrefore  BA  is  to  AC,  as  BA  to  AFf ;  wherefore  AC  is  [  l*-J9 
ial  to  AFg,  and  the  angle  AFC  equal h  to  the  angle  ACF; 
t  the  angle  AFC  is  equal  to  the  outward  angle  EAD,  and 

angle  ACF  to  the  alternate  angle  CAD;  therefore  alfo 
VD  is  equal  to  the  angle  CAD.  Wherefore,  if  the  ex- 
ior,  &c.     QL  E.  D. 

PROP.    IV.      THEOR. 

HE  fides  about  the  equal  angles  of  equiangular 

triangles  are  proportionals;  and  thofe  which 

J  oppoiite   to  the   equal  angles   are  homologous 

es,  that  is,   are  the  antecedents  or  confequents  of 

;  ratios. 

^et  ABC,  DCE  be  equiangular  triangles,  having  the  angle 

iC  equal  to  the  angle  DCE,  and  the  angle  ACB  to  the 

le  DEC,   and  consequently  a  the  angle  BAG  equal  to  the  a  3a.  j. 

le  CDE.     The  fides  about  the  equal  angles  of  the  tri- 

les  ABC,   DCE   are  proportionals  ;   and  thole  are  the  ho- 

logous  fides  which  are  oppofite  to  the  equal  angles. 

M  Let 
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,Book  vr-       Let  the  triangle  DCE  be  placed,  fo  that  its  fide  CE  ma 
~^be  contiguous  to  BC,  and  in  the  fame  ftraight  line  with  it 

And  becaufe  the  angles  ABC,  ACB  are  together  lefs  tha 
b  17.  i.    two  right  angles  b,  ABC  and  DEC,  which  is  equal  to  ACI 

are    alfo   lefs    than   two   right 

angles ;    wherefore    B A,    ED 
c  cor,  29. 1.  produced  fliall  meet  *  ;  let  them 

be  produced  and  meet  in  the 

point  F  ;  and  becaufe  the  angle 

ABC     is    equal   to   the    angle 
d  2B'  »■   DCE,  BF  is  parallel  <l  to  CD. 

Again,  becaufe  the  angle  ACB 

is  equal  to  the  angle  DEC,  AC 

is  parallel  to  FE  d  :    Therefore 

FACD  is  a  parallelogram  •,  and 

confequently    AF    is    equal   to 
e  34.  1.   CD,  and  AC  to  FD  c  :  And  becaufe  AC  is  parallel  to  FI 
f  2.  6.    one  of  the  fides  of  the  triangle  FBE,  BA  :  AF  :  :  BC  :  CE* 
g  7. 5.    but     AF    is     equal    to     CD ;     therefore  g,     B  A  :  CD 

BC  :  CE  •,  and  alternately,  AB  :  BC  :  :  DC  :  CE.b  :  Agaii 

becaufe  CD  is  parallel  to  BF,  BC  :  CE  :  :  FD  :  DE  f  ;  bi 

FxJ  is  equal  to   AC  ;  therefore,  BC  :  CE  :  :  AC  :  DE  ;  an 

alternately,  BC  :  CA  : :  CE  :  ED.     Therefore,  becaufe  it  h: 

been   proved    that    AB  :  BC  :  :  DC  :  CE;    and    BC    CA 

CE :  ED,  ex  ^quali,  BA  :  AC  :  :  C  D  :  DE.     Therefore  tfc 

fides,  &c.     Q^E.  D. 


PROP.    V.     T  H  E  O  R. 

IF  the  fides  of  two  triangles,  about  each  of  the: 
angles,  be  proportionals,  the  triangles  fliall  h 
equiangular,  and  have  their  equal  angles  oppolite  t 
the  homologous  fides. 

Let  the  triangles  ABC,  DEF  have  their  fides  proportioi 
als,  fo  that  AB  is  to  BC,  as  DE  to  EF  •,  and  BC  to  C  A,  1 
EF  to  FD  •,  and  confequently,  ex  aequali,  B  A.  to  AC,  as  E] 
to  DF-,  the  triangle  ABC  is  equiangular  to  the  triangle  DEI 
and  their  equal  angles  are  oppofite  to  the  homologous  fide 
3  *  vi 


OF   GEOMETRY. 

z.  the  alible  ABC  being*  equal  to  the  angle  DEF,  and  BC  A  to 

KD,  and  alfo  BAC  to  EDF. 

At  the  points   E,  F,  in  the  ftraight  line  EF,  make  a  the 

igle  FEG  equal  to  the  angle  ABC,  and  the  angle  EFG 

ual  to    BCA;   wherefore 

e  remaining  angle   BAG 
equal   to  the  remaining 

gle   EGFb,   and  the  tri- 
ple ABC  is  therefore  e- 

iangular   to  the   triangle 

EF ;     and    confequently 

ty  have  their  fides  oppofite 

the  equal  angles  propor- 

nalsc.  Wherefore,  as  AB 

BC,  fo  is  GE  to  EF ; 

as  AB  to  BC,  fo  is  DE 

EF;    therefore  as  DE  to  EF,  fod  GE  to  EF:   There- 

DE  and  GE  have  the  fame  ratio  to  EF,  and  confe- 

ntly  are  equal  e  ;  For  the  fame  reafon,  DF  is  equal  to  FG : 

id  becaufe,  in  the  triangles  DEF,  GEF,  DE  is  equal  to  EG, 

i  EF  common,  and  alfo  the  bafe  DF  equal  to  the  bafe  GF ; 

refore  the  angle  DEF  is  equal  f  to  the  angle  GEF,  and 

other  angles  to  the  other  angles,  which  are  fubtended  by 

equal  fides  g.     Wherefore  the  angle  DFE  is  equal  to  the 

le  GFE,  and  EDF  to  EGF :   and  becaufe  the  angle  DEF 

qual  to  the  angle  GEF,  and  GEF  to  the  angle  ABC  ; 

refore  the  angle  ABC  is  equal  to  the  angle  DEF:  For  the 

ie  reafon,  the  angle  ACB  is  equal  to  the  angle  DFE,  and 

angle  at  A  to  the  angle  at  D.     Therefore  the  triangle 

JC  is  equiangular  to  the  triangle  DEF.    Wherefore,  if  the 

s,&c.  Q^E.  D. 
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PROP.    VI.     THEOR. 

■  two  triangles  have  one  angle  of  the  one  equal  to 
one  angle  of  the  other,  and  the  fides  about  the 
lal  angles  proportionals,   the    triangles  fhall  be 

iangular,  and  (hall  have  thofe  angles  equa}  which 

oppofite  to  the  homologous  fides. 
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Book  VI.  Let  the  triangles  ABC,  DEF  have  the  angle  BAC  in  th 
""""v  one  equal  to  the  angle  EDF  in  the  other,  and  the  fides  abot 
thofe  angles  proportionals ;  that  is,  BA  to  AC,  as  ED  to  DF 
the  triangles  ABC,  DEF  are  equiangular,  and  have  the  angl 
ABC  equal  to  the  angle  DEF,  and  ACB  to  DFE. 
a  23.  i.  At  the  points  D,  F,  in  the  ftraight  line  DF,  makeath 
angle  FDG  equal  to  either  of  the  angles  BAC,  EDF  -,  an 
the  angle  DFG  equal 
to   the    angle    ACB ;  J± 

wherefore  the  remain- 
ing angle  at  B  is  equal 
to  the  remaining  one 
t>  3a.  1.   atGb,  and  confequent- 
ly  the  triangle  ABC  is 
equiangular  to  the  tri- 
angle DGF ;  and  there- 
fore as  BA  to  AC,  fo     B 
c  4.  6.    is  c  GD  to  DF :  But,  by  the  hypothefis,  as  B  A  to  AC,  fo 
d  11.  5    ED  to  DF ;  as  therefore  ED  to  DF,  fo  is  d  GD  to  DI 
e  9.  5-   wherefore  ED  is  equal  c  to  DG :  And  DF  is  common  to  tl 
two  triangles  EDF,  GDF;    therefore  the  two  fides  EI 
DF  are  equal  to  the  two  fides  GD,  DF;  but  the  angle  ED 
is  alfo  equal  to  the  angle  GDF ;  wherefore  the  bafe  EF  is  equ 
f  4. 1,    to  the  bafe  FGf,  and  the  triangle  EDF  to  the  triangle  GD! 
and  the  remaining  angles  to  the  remaining  angles,  each 
each,  which  are  fubtended  by  the  equal  fides  :  Therefore  tl 
angle  DFG  is  equal  to  the  angle  DFE,  and  the  angle  at  G 
the  angle  at  E:    But  the  angle  DFG  is  equal  to  the  ang 
ACB  ;  therefore  the  angle  ACB  is  equal  to  the  angle  DFI 
g  Hyp.     and  &£  angle  BAC  is  equal  to  the  angle  EDFg  ;  wherefo 
alfo  the  remaining  angle  at  B  is  equal  to  the  remaining  ang 
at  E.     Therefore  the  triangle  ABC  is  equiangular  to  the  tl 
angle  DEF.     Wherefore*  if  two  triangles,  &c.  Q^E.  D. 
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PROP,    VII.     T  H  E  O  R. 

'F  two  triangles  have  one  angle  of  the  one  equal 
to  one  angle  of  the  other,  and  the  fides  about 
vo  other  angles  proportionals,  then,  if  each  of  the 
maining  angles  be  either  lefs,  or  not  lefs,  than  a 
ght  angle,  the  triangles  fhall  be  equiangular,  and 
ave  thofe  angles  equal  about  which  the  fides  are 
roportionals. 

Let  the  two  triangles  ABC,  DEF  have  one  angle  in  the 
te  equal  to  one  angle  in  the  other,  viz.  the  angle  BAC  to     ,. 
e  angle  EDF,  and  the  fides  about  two  other  angles  ABC, 
EF  proportionals,  fo  that  AB  is  to  BC,  as  DE  to  EF  ;  and 
the  firft  cafe,  let  each  of  the  remaining  angles  at  C,  F  be 

than  a  right  angle.  The  triangle  ABC  is  equiangular 
the  triangle  DEF,  that  is,  the  angle  ABC  is  equal  to  the 
gle  DEF,  and  the  remaining  angle  at  C  to  the  remaining 
gle  at  F. 

For,  if  the  angles  ABC,  DEF  be  not  equal,  one  of  them  is 
eater  than  the  other  :  Let  ABC  be  the  greater,  and  at  the 
int  B,  in  the  flxaight  line 
B,  make  the  angle  ABG  A. 

ual  to  the  angle  a  DEF:  y\  jj      323.1. 

nd  becaufe  the  angle  at 
is  equal  to  the  angle  at 

and  the  angle  ABG  to 
1  angle  DEF;  the  re- 

ng    angle    AGB    is     Q  C     E  F 

lal  b  to   the   remaining  5  ~2. u 

;le  DFE  :  Therefore  the  triangle  ABG  is  equiangular  to 
^triangle  DEF  \  wherefore  c,  as  AB  is  to  BG,  fo  is  DE  to  c  4.  6. 

but  as  DE  to  EF,  fo,  by  hypothefis,  is  AB  to  BC  : 
jrefore  as  AB  to  BC,  fo  is  AB  to  BG"  •,  and  becaufe  AB  d  n.  5. 
3  the  fame  ratio  to  each  of  the  lines  BC,  BG;  BC  is  equal  e  e  9    5. 

BG,  and  therefore  the  angle   BGC   is  equaLto  the  angle 

'Gf  :  But  the  angle  BCG  is,  by  hypothefis,  lefs  than  a  right  f  &  *• 

;le  ;  therefore  alfo  the  angle  BGC  is  le&  than  a  right  angle, 
M  3  and 
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Book  VI.  anc[  the  adjacent  angle  AGB  muft  be  greater  than  a  rij 
g  j,  It  angle  g.  But  it  was  proved  that  the  angle  AGB  is  equal 
the  angle  at  K ;  therefore  the  angle  at  F  is  greater  than  a  ri| 
angle  :  But,  by  the  hypothefis,  it  is  lefs  than  a  right  ang 
which  is  abfurd.  Therefore  the  angles  ABC,  DEF  are.  i 
unequal,  that  is,  they  are  equal :  And  the  angle  at  A  is  eoj 
to  the  angle  at  D  ;  wherefoe  the  remaining  ancle  at  C 
equal  to  the  remaining  angle  at  F  :  Therefore  the  trian 
ABC  is  equiangular  to  the  triangle  DEF. 

Next,  let  each  of  the  angles  at  C,  F  be  not  lefs  than  a  rh 
angle ;  the  triangle  ABC  is  alfo  in  this  cafe  equiangular  to  1 
triangle  DEF 

The  fame  conftru&ion  -A- 

being  made,  it  may  be 
proved  in  like  manner 
that  BC  is  equal  to  BG, 

and  the  angle  at  C  equal      /^-^ / 

to  the  angle  BGC  :  But  l&  " 
the  angle  at  C  is  not  lefc 
than  a  right  angle;  therefore  the  angle  EGG  is  not  1 
than  a  right  angle  :  Wherefore,  two  angles  of  the  trian« 
BGC  are  together  not  lefs  than  two  right  angles,  which  is  i 
h  i  j.  i„  poffibJeh  ;  and  therefore  the  triangle  ABC  may  be  proved 
be  equiangular  to  the  triangle  DEF,  as  in  the  firft  cafe. 


PRO  P.    VIII.      T  H  E  O  R. 

I  N  a  right  angled  triangle,  if  a  perpendicular 
drawn  from  the  right  angle  to  the  bafe;  the  t 
angles  on  each  fide  of  it   are   fimilar  to  the  whc 
Mriungle,  and  to  one  another. 

Let  ABC  be  a  right  angled  triangle,  having  the  right  art] 
BAG  ;  and  from  the  point  A  let  AD  be  drawn  perpendicu 
to  the  bafe  BC  :  the  triangles  ABD,  ADC  are  fimilar  to  t 
whole  triangle  ABC,  and  to  om  another. 

BecauTe  the  angle  BaC  is  equal  to  the  angle  ADB,  ea 
nf  them  being  a  right  angle,  and  that  the  angle  at  B  is  coi 

m 
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ion 
iBi 


to  the    two  triangles 
,  AdD  ;   the   remain - 

g  angle  AGB  is  equal  to 
tie  remaining  angle  BAD  a: 
lerefore  the  triangle  ABC 
>  equiangular  to  the  tri- 
ngle  ABD,  and  the  fides 
bo  it  their  equal  angles  are 
proportionals  b-  wherefore 
he  triangles  are  fimilar  c  ;  in  the  like  manner  it  may  be  de- 
nonftrated,  that  the  triangle  ADC  is  equiangular  and  fimi- 
ar  to  the  triangle  ABC  :  And  the  triangles  ABD,  ADC, 
>eing  both  equiangular  and  fimilar  to  \BC,  are  equiangular 
nd  fimilar  to  each  other.  Therefore,  in  a  right  angled,  &c. 
2.E.D. 

Cor.  From  this  it  is  manifeft,  that  the  perpendicular  drawn 
rom  the  right  angle  of  a  right  angled  triangle  to  the  bafe,  is 

mean  proportional  between  the  fegments  of  the  bafe  :  and 
Ifo  that  each  of  the  fides  is  a  mean  proportional  between  the 
afe,  and  its  fegment  adjacent  to  that  fide.  For  in  the  tri- 
ngles  BDA,  ADC,  BD  :  DA  :  :  DA  :  DC  b  ;  and  in  the 
riangfes  ABC,  DBA,  BC  :  BA  :  :  BA  :  BD  b  .  and  in 
he  triangles  ABC,  ACD,  BC  :  CA :  :  CA  ;  CD  b. 


Book  VI. 


3*-  *• 


b4.  6. 
c  r.  def.  6. 


PROP.    IX.    PROB. 


FROM  a  given  ftraight  line  to  cut  off  any  part 
required,  that  is,  a  part  of  which  the  line  lhall 
)e  a  given  multiple. 


Let  AB  be  the  given  ftraight  line  *,  it  is  required  to  cut  off 
Tom  it  a  part  of  which  AB  lhall  be  a  given  multiple. 

From  the  point  A  draw  a  ftraight  Jiiie  AC  making  any 
ingle  with  AB  ;  and  in  AC  take  any  point  D,  and  take  AC 
M  4  the 
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Book  VI.  the  fame  multiple  of  AD,  that  AB  -is 
^         of  the  part  which  is  to  be  cut  off  from 

it ;  join  BC,  and  draw  DE  parallel  to  it : 

then  AE  is  the  part  required  to  be  cut 

off. 

Becaufe  ED  is  parallel  to  one  of  the 

fides  of  the  triangle  ABC,  viz.  to  BC, 
a  2.  6.  as  ^D  is  to  DA,  fo  is  a  BE  to  EA;  and, 
b  1 8.  5.  by  compofition  b,  CA  is  to  AD,  as  BA 

to  A  E  :  but  C  A  is  a  multiple  of  AD  ; 
c  C.  5.  therefore  c  BA  is  the  fame  multiple  of 

AE  :  whatever  part  therefore  AD  is  of  AC,  AE  is    th< 

fame  part  of  AB ;  wherefore,  from  the  ftraight  line  AB  th( 

part  required  is  cut  off.     Which  was  to  be  done. 


*  31. 


b  34.  1. 


C  2.  6. 


PROP.    X.     PR  OB. 

TO  divide  #  given  ftraight  line  fimilarly  to  a  gu 
vtn  diyided  .ftraight  line,  that  is,  into  parts 
that  fhall  have  the  fame  ratios  to  one  another  which 
the  parts  of  the  divided  given  ftraight  line  have. 

Let  AB  be  the  ftraight  line  given  to  be  divided,  and  AC 
the  divided  line  ;  it  is  required  to  divide  AB  fimilarly  to  AC. 

Let  AC  be  divided  in  the  points  D,  E  ;  and  let  AB,  AC 
be  placed  fo  as  to  contain  any  angle,  and  join  BC,  and  through 
the  points  D,  E,  draw  a  DF,  EG  parallel  to  BC  ;  and  through 
D  draw  DHK  parallel  to  AB  ;  therefore  each  of  the  figures 
FH,  HB,  is  a  parallelogram ;  wherefore  DH  is  equal  b 
FG,  and  HK  to  GB  :  and  becaufe 
HE  is  parallel  to  KG,  one  of  the 
fides  of  the  triangle  DKC,  as  CE 
to  ED,  fo  is  c  KH  to  HD  :  But 
KH  is  equal  to  BG,  and  HD  to  GF; 
therefore,  as  CE  to  ED,  fo  is  BG 
to  GF  :  again,  becaufe  FD  is  paral- 
lel to  EG,  one  of  the  fides  of  the 
triangle  AGE,  as  ED  to  DA,  fo  is 
GF  to  FA  :  but  it  has  been  proved 


to 
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lat  CE  is  to  ED,  as  EG  to  GF  ;  and  as  ED  to  DA,  fo  GF  Book  vl 

FA  :  therefore  the  given  ftraight  line  AB  is  divided  fimi-  -     * 
irly  to  AC.     Which  was  to  be  done. 


PROP.    XL      PR  OB. 

•O  find  a  third  proportional  to  two  given  ftraight 
lines. 


Let  AB,  AC  be  the  two  given  ftraight  lines,  and  let  them 
e  placed  fo  as  to  contain   any 
igle ;  it  is  required   to   find   a 
lird  proportional  to  AB,  AC. 

Produce  AB,  AC  to  the  points 

}  E  ;  and  make  BD  equal  to 
lC  •,  and  having  joined  BC, 
Lrough  D,  draw  DE  parallel  to 

a. 

Becaufe  BC  is  parallel  to  DE, 
fide  of  the  triangle  ADE,  AB 

b  to  BD,  as  AC  to  CE:  but 
D  is  equal  to  AC  ;  as  therefore  AB  to  AC,  fo  is  AC  to 
E.  Wherefore  to  the  two  given  ftraight  lines  AB,  AC  a 
ird  proportional  CE  is  found.     Which  was  to  be  done. 


a  31.  1. 


bs.  6. 


PROP.    XII.     P  R  O  B. 

PO   find  a    fourth  proportional  to   three   given 
*■     ftraight  lines. 


Let  A,  B,  C  be  the  three  given  ftraight  lines ;  it  is  required 
find  a  fourth  proportional  to  A,  B,  C. 

Take  two  ftraight  lines  DE,  DF,  containing  any  angle 
DF  j  and  upon  theie  make  I)G  equal  to  A,  GE  equal  to 
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Book  VI.  B,  and  DH  equal  to  C  ;  and  having  joined  GH,  draw  E] 


*  3t.  I. 

I  2.   6. 


E  F 

parallel  a  to  it  through  the  point  E  :  and,  becaufe  GH  is  pa 
rallel  to  EF,  one  of  the  fides  of  the  triangle  D-EF,  DG  is  t< 
GE,  as  DH  to  HF  b  •  but  DG  is  equal  to  A,  GE  to  B,  anc 
DH  to  C  \  therefore,  as  A  is  to  B,  fo  is  C  to  HF.  Where 
fore  to  the  three  given  ftraight  lines,  A,  B,  C  a  fourth  pro 
portional  HF  is  found.     Which  was  to  be  done. 


PROP.    XIII.      P  R  O  B. 


r T^O  find  a  mean  proportional  between  two  given 
J[     ftraight  lines. 

Let  AB,  BC  be  the  two  given  ftraight  lines  ;  it  is  required 
to  find  a  mean  proportional  between  them. 

Place  AB,  BC  in  a  ftraight  line,  and  upon  AC  defcribe  the 
femicircle  ADC,  and  from 

a  ii.  i.    the  point  B  draw  a   BD  at  ^JD 

right  angles  to  AC,  andjoin 
AD,DC. 

Becaufe  the  angle  ADC 

in  a  femicircle    is    a   right 

to  31.  3.     angle  b,  and  becaufe  in  the 

right  angled  triangle  ADC,     js^  ~ 
DB  is  drawn  from  the  right 

angle  perpendicular  to  the  bafe,  DB   is   a  mean  proportional 
c  Cor,  8.  6.  between  AB,  BC  the  fegments  of  the  bafe  c  •    therefore  be- 
tween 


B 


C 
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tween  the  two  given  ftraight  lines  AB,  BC,  a  mean  propor-  Book  VI. 
tional  DB  is  found.     Which  was  to  be  done.  v— — y-— 


PRO  P.    XIV.      THEOR. 

EQUAL  parallelograms  which  have  one  angle  oi 
the  one  equal  to  one  angle  of  the  other,  have 
their  fides  about  the  equal  angles  reciprocally  pro- 
portional :  And  parallelograms  that  have  one  angle 
ot  the  one  equal  to  one  angle  of  the  other,  and 
their  fides  about  the  equal  angles  reciprocally  pro- 
portional, are  equal  to  one  another. 

Let  AB,  BC  be  equal  parallelograms,  which  have  the 
angles  at  B  equal,  and  let  the  fides  DB,  BE  be  placed  in  the 
fame  ftraight  line  ;  wherefore  alfo  FB,  BG  are  in  one  ftraight 
line  a  :  the  fides  of  the  parallelograms  AB,  BC  about  the  e-  a  M-1* 
qual  angles,  are  reciprocally  proportional ;  that  is,  DB  is  to 
BE,asGBtoBF. 

Complete  the  parallelogram  FE  \  and  becaufe  the  paralle- 
logram AB  is  equal  to  BC, 

and  that  FE  is  another  pa-     A F 

rallelogram,  AB  is  to  FE,        V~~  ~"T  \ 

as  BC  to  FE  b :  but  as  AB        \  \  Yn     b  7  5 

to  FE,  fo  is  the  bafe   DB         jj |jV V1, 

to  BE  c  ;    and,  as  BC  to  \  \       ci.6, 

FE,  fo  is  the  bafe  GB  to  \  \ 

BF;    therefore,  as  DB  to  \  \ 

BE,  fo  is  GB  to  BF  <*.  V \  d  it.  5. 

Wherefore,  the  fides  of  the  G*  C 

parallelograms  AB,  BC  a- 

bout  their  equal  angles  are  reciprocally  proportional. 

But,  let  the  fides  about  the  equal  angles  be  reciprocally  pro- 
portional,  viz.  as  DB  to  BE,  fo  (^B  to  BF  •,  the  parallelogram 
AB  is  equal  to  the  parallelogram *BC. 

Becaufe,  as  DB  to  BE,  fo  is  GB  to  BF  ;  and  as  DB  to  BE, 
fo  is  the  parallelogram  AB  to  the  parallelogram  FE  ;  and  as 
GB  to  BF,  fo  is  the  parallelogram  BC  to  the  parallelogram 
FE  •,  therefore  as  AB  to  FE,  fo  BC  to  FE  d  :  wherefore  the 

parallelogram 
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Book  VI  parallelogram  AB  is  equal  e  to  the  parallelogram  BC.  There 
c  «.  5.     fore  equal  parallelograms,  &c.     Q^  E.  D. 

PROP.    XV.     THE  OR. 

TTQUAL  triangles  which  have  one  angle  of  th 
one  equal  to  one  angle  of  the  other,  have  thei 
fides  about  the  equal  angles  reciprocally  proportion 
$1 :  And  triangles  which  have  one  angle  in  the  on 
equal  to  one  angle  in  the  other,  and  their  fides 
bout  the  equal  angles  reciprocally  proportional,  an 
equal  to  one  another. 


Let  ABC,  ADE  be  equal  triangles,  which  have  the  angl 
BAG  equal  to  the  angle  DAE  ;  the  fides  about  the  equa 
angles  of  the  triangles  are  reciprocally  proportional  *,  that  is 
CA  is  to  AD,  as  EA  to  AB. 

Let  the  triangles  be  placed  fo  that  their  fides  C  A,  AD  b 
in  one   ftraight  line  ;    wherefore  alfo   EA  and  AB  are  ii 

a  14,  1.    one  ftraight  line  a  ;  join  BD.     Becaufe  the  triangle  ABC 
equal  to  the  triangle 

ADE,andthatABD  B 

is  another  triangle  ; 
therefore  as  the  tri- 
angle CAH  is  to  the 
triangle  BAP,  fo  is 
triangle  E  AD  to  tri- 

*>  7-  5-  angleDAB  *>:  but  as 
triangle  CAB  to  tri- 
angle BAD,  fo  is  the 

c  1.  6.  bafe  CA  to  AD  c  ; 
and  as  triangle  EAD 
to  triangle  DAB,  fo 
is  the  bafe  E A  to  A  B  c  ;  as  therefore  C A  to  AD,  fo  is  EA 

*  "•  5-  to  AB  a  •  wherefore  the  fides  of  the  triangles  ABC,  ADE 
about,  the  ecjual  angles  are  reciprocally  proportional. 

But  let  the  fides  of  the  triangles  ABC,  ADE  about  the 
equal  angles  be  reciprocally  proportional,  viz.  CA  to  AD,  as 

EA 
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'.A  to  AB ;   the  triangle  ABC  is  equal  to   the  triangle  Book  VI\ 
LDE.  *  H  _  u~v— ' 

Having  joined  BD  as  before  ;  becaufe,  as  C  A  to  AD,  fo  is 
^A  to  AB  ;  and  as  CA  to  AD,  fo  is  triangle  ABC  to  tri- 
ngle  BAD  c  ;  and  as  EA  to   AB,  fo  is  triangle  E AD  to  c  i.  6. 
iangle  BAD  c  ;    therefore  d  as  triangle  BAC    to  triangle  d  n.  5. 
AD,  fo  is  triangle  EAD  to  triangle    BAD;  that  is,  the 
iangles  BAC,  EAD  hav^e  the  fame  ratio  to  the  triangle 
JAD  :  wherefore  the  triarfgle  BAC  is  equal  e  to  the  triangle  e  9-  $« 
\DE.     Therefore  equal  triangles,  &c     Q^  E.  D. 


PROP.    XVI.    THEOR, 

KF  four  ftraight  lines  be  proportionals,  the  rect- 
angle contained  by  the  extremes  is  equal  to  the 
rectangle  contained  by  the  means :  And  if  the  rect- 
angle contained  by  the  extremes  be  equal  to  the 
ectangle  contained  by  the  means,  the  four  ftraight 
ines  are  proportionals. 


Let  the  four  ftraight  lines,  AB,  CD,  E,  F  be  proportionals, 
viz*  as  AB  to  CD,  fo  E  to  F  *,  the  rectangle  contained  by 
AB,  F  is  equal  to  the  rectangle  contained  by  CD,  E. 

From  the  points  A,  C  draw  a  AG,  CH  at  right  angles  to  an.  r» 
AB,  CD  ;  and  make  AG  equal  to  F,  and   CH  equal  to  E, 
and  complete  the  parallelograms  BG,  DH  :  becaufe,  as  AB 
to  CD,  fo  is  E  to  F  ;  and  that  E  is  equal  to   CH,  and  F  to 
AG ;  AB  is  b  to  CD,  as  CH  to  AG  :  therefore  the  fides  of  b  7-  $ 
the  parallelograms  BG,  DH  about  the  equal  angles  are  reci- 
procally proportional ;  but  parallelograms  which   have  their 
fides  about  equal  angles  reciprocally  proportional,  are  equal  to 
one  another  c  ;  therefore  the  parallelogram  BG  is  equal  toe  14.  6. 
2  the 
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i  14.  6. 


E- 


the  parallelogram  DH  :  and 
contained  by  the  ftraight 
lines  AB,  F ;  becaufe  AG 
is  equal  to  F  ;  and  the  pa- 
rallelogram DH  is  contain- 
ed by  CD  and  E  ;  becaufe 
CH  is  equal  to  E :  there- 
fore the  rectangle  contain- 
ed by  the  ftraight  lines  \B, 
F  is  equal  to  that  which  is 
contained  by   CD   and  E. 


the    parallelogram    BG    is 


H 


D 


And  if  the  rectangle  contained  by  the  ftraight  lines  AB, 
F  be  equal  to  that  which  is  contained  by  CD,  E  ;  thefe  four 
lines  are  proportionals,  viz.  A B  is  to  CD,  as  E  to  F. 

The  fame  conftruction  being  made,  becaufe  the  rectangle 
contained  by  the  ftraight  lines  AB,  F  is  equal  to  that  which 
is  contained  by  CD,  E,  and  that  the  rectangle  BG  is  con- 
tained by  AB,  F,  becaufe  A.G  is  equal  to  F  ;  and  the  rect- 
angle DH  by  CD,  E,  becaufe  CH  is  equal  to  E  ;  therefore 
the  parallelogram  BG  is  equal  to  the  parallelogram  DH  ;  and 
they  are  equiangular  :  but  the  fides  about  the  equal  angles  oi 
equal  parallelograms  are  reciprocally  proportional  d  :  where- 
fore, as  AB  to  CD,  fo  is  CH  to  AG  ;  and  CH  is  equal  to  E, 
and  AG  to  F  :  as  therefore  AB  is  to  CD,  fo  E  to  F.  Where- 
fore, if  four,  &c.    Q^E.  D. 


PROP.     XVII.    THEOR, 

IF  three  ftraight  lines  be  proportionals,  the  red- 
angle  contained  by  the  extremes  is  equal  to  the 
fquare  of  the  mean  :  And  if  the  re&angle  contain- 
ed  by  the  extremes  be  equal  to  the  lquare  of  the 
mean,  the  three  ftraight  lines  are  proportionals. 


Let  the  three  ftraight  lines  A,  B,  C  be  proportionals,  viz 
as  A  to  B,  fo  B  to  C  ;  the  rectangle  contained  by  A,  C  is  e- 
quai  to  the  iquare  of  B. 
-.  Take 
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Take  D  equal  to  B  ;  and  becaufe  as  A  to  B,  fo  B  to   C/ Book  VI. 
nd  that  B  is  equal  to  D  ;  A  is  a  to  B,  as  D  to  C  :  but  if  four    a    y  _    " 
:raight  lines  be  proportionals,  the  rectangle  contained  by  the 
xtremes  is  equal  to   that  which 

»    contained    by    the   means  b  :         ^ ,      ,  , 

here  fore  the   rectangle  contained 

y  A,  C  is  equal  to  that  contain-         B 

d  by  B,  D  :  .  but   the    rectangle         -j-v 

ontained  by  B?  D    is  the   fquare         " 
"  B  ;  becaufe   B  is  equal  to   D  :         ^ 
here  fore  the  rectangle   contained 
y  A,  C  is  equal  to  the  fquare  of  B. 

And  if  the  rectangle  contained  by  A,  C  be  equal  to  the 
ijuare  of  B  ;  A  is  to  B,  as  B  to  C.  I 

The  fame  conftruction  being  made,  becaufe  the  rectangle 
ontained  by  A,  C  is  equal  to  the  fquare  of  B,  and  the  fquare 
>f  B  is  equal  to  the  rectangle  contained  by  B,  D,  becaufe  B 
3  equal  to  D  ;  therefore  the  rectangle  contained  by  A,  C  is 
qual  to  that  contained  by  B,  D  :  but  if  the  rectangle  eon- 
ained  by  the  extreme  ■»  be  equal  to  that  contained  by  the 
neans,  the  four  llraight  lines  are  proportionals  b  ;  therefore  A 
3  to  B,  as  D  to  C  ;  but  B  is  equal  to  D  y  wherefore  as  A  to 
J,  fo  B  to  C.   Therefore,  if  three  flraight  lines,  &c.  QL  E.  D. 


PROP.    XVIII.      PROB, 

TPON  a  given  flraight  line  to  defcribe  a  redti- 
\^J  lineal  figure  iimilar,  and  fimilarly  fituated  to 
i  given  redtilineal  figure. 

Let  AB  be  the  given  llraight  line,  and  CDEF  the  given 
■ectilineal  figure  of  four  fides  *,  it  is  required  upon  the  given 
Iraight  line  AB  to  defcribe  a  rectilineal  figure  Iimilar,  and  fi- 
nilarly  fituated  to  CDEF. 

Join  DF,  and  at  the  points  A,  B  in  the  llraight  line   AB, 
nake  a  the  angle  BAG  equal  to   the   angle   at   C,   and   the  a  13.  u 
ngle  ABG  equal  to  the  angle  CDF ;  therefore  the  remain- 
ng  angle  CFD  is   equal  to   the   remaining   angle    AGB  b  •  b  33.  1, 
fore  the  triangle    FCD    is  equiangular  to  the  triangle 

GAB : 


ijS 
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^ookVI.  GAB:  again,  at  the  points  G,  B  in  the  ftraight  line  G 
a  23.  i.  ma^e  ^the  angle  BGH  equal,  to  the  angle  DFE,  and  ti 
angle  GBH  equal  to  FDE  ;  therefore  the  remaining  ang] 
FED  is  equal  to  the  remaining  angle  GHB,  and  the  triang] 
FDE  equiangular  to  the  triangle  "GBH  :  then,  becaufe  th 
angle  AGB 
is  equal  to 
the  angle 
CFD,  and 
BGH  to 
DFE,  the 
whole  angle 
AGH  is  e- 
qual  to  the 

wholeCFE:  15  t  D 

for  the  fame  reafon,  the  angle  ABH  is  equal  to  the  ang] 
CDE  ;  alfo  the  angle  at  A  is  equal  to  the  angle  at  C,  and  th 
angle  GHB  to  FED  :  therefore  the  rectilineal  figure  ABH( 
is  equiangular  to  CDEF  :  but  likewife  thefe  figures  hav 
their  fides  about  the  equal  angles  proportionals :  becaufe  th 
triangles  GAB>  FCD  being  equiangular,  BA  is  c  to  AG, 
DC  to  CF  ;  and  becaufe  AG  is  to  GB,  as  CF  to  FD  ;  an 
as  GB  to  GH,  fo,  by  reafon  of  the  equiangular  triangles  BGE 
DFE,  is  FD  to  FE  ;  therefore,  ex  aequali  d,  AG  is  to  Gl 
as  CF  to  FE :  in  the  fame  manner  it  may  be  proved  th: 
AB  is  to  BH,  as  CD  to  DE;  and  GH  is  to  HB,  as  FE 
ED  c.  Wherefore,  becaufe  the  rectilineal  figures  ABHG 
CDEF  are  equiangular,  and  have  their  fides  about  the  equ 
c  1.  def.  6.  angles  proportionals,  they  are  fimilar  to  one  another  e. 

Next,  Let  it  be  required  to  defcribe  upon  a  given  ftraigl 
line  AB.  a  rectilineal  figure  fimilar,  and  limilarly  fituated 
the  rectilineal  figure  CDKEF. 

Join  DE,  and  upon  the  given  ftraight  line  AB  defcribe  tl 
rectilineal  figure  ABHG  fimilar,  and  fimilarly  fituated  to  th 
quadrilateral  figure  CDEF,  by  the  former  cafe ;  and  at  th 
points  By  H  in  the  ftraight  line  BH,  make  the  angle  HBL 
qual  to  the  angle  EDK,  and  the  angle  BHL  equal  to  th 
angle  DEK. ;  therefore  the  remaining  angle  at  K  is  equal  l 
the  remaining  angle  at  L  :  and  becaufe  the  figures  ABHG 
CDEF  are  fimilar,  the  angle  GHB  is  equal  to  the  ang 
FED,  and  BHL  is  equal  to  DEK  ;  wherefore  the  who! 
angle  GHL  is  equal  to  the  whole  angle  FEK :  for  the  fam 

reafo 


c  4.  6. 


&  22.  c. 
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eafon  the  angle  ABL  is  equal  to  the  angle  CDK :  therefore  Book.  VI. 

tie  five  fided  figures  AGHLB*  CFEKD  are  equiangular.;,  and        vr"~ 

eeaufe  the  figures  AGHB,  CFED  are  fimilar,  GH  is  to 

IB,  as  FE  to  ED  ;  and  as  HB  to  HL,  fo  is  ED  to  EK  c  3    c  4.  6. 

tierefore,  ex  oequali  d,  GH  is  to  HL,  as  FE  to  EK  :  for  the    ^22.  & 

ime  reafon,  AB  is  to  BL,  as  CD  to  DK  :  and  BL  is  to  LH, 

s  c  DK  to  KE,  becaufe  the  triangles  BLH,  DKE  are  equi- 

ngular:  therefore,  becaufe  the  five '  fided  figures  AGHLB, 

1FEKD  are  equiangular,  and  have  their  fides  about  the  e- 

ual  angles  proportionals,  they  are  fimilaf  to  one   another  : 

nd  in  the  fame  manner  a  rectilineal  figure  of  fix  or  more 

des  may  be  defcribed  upon  a  given  ftraight  line  fimilar  to 

ne  given,  and  fo  on.     Which  was  to  be  done. 


PROP.    XIX.      t  H  E  O  Ro 


Mmilar  triangles  are  to  one  another  in  the  dii- 
j  plicate  ratio  of  their  homologous  fides. 

Let  ABC,  DEF  be  fimilar  triangles,  having  the  angle  B 
Rial  to  the  angle  E,  and  let  AB  be  to  BC,  as  DE  to  EF,  fo 
lat  the  fide  BC  is  homologous  to  EF  a  :  the  triangle  ABC  a^.def.xj, 
is  to  the  triangle  DEF,  the  duplicate  ratio  of   that  which 
C  has  to  EF. 

Take  BG  a  third  proportional  to  BC,  EF  b,  fo  that  BC  is 

>  EF,  as  EF  to  BG,  and  join  GA  :  then,  becaufe  as  AB  to 
C,  fo  DE  to  EF  ;  j>x 
ternately  c5ABis                               J\  6 

>  DE,  as  BC  to 
F  :  but  as  BC  to 
F,  fo  is    EF   ta 
G ;  therefore  d  as  - 
.BtoDE,foisEF 

BG:  wherefore 

e  fides  of  the  tri-      B         G  Cft  F 

:gles  A.BG,DEF  which  are  about  the  equal  angles,  are  reci- 
rocally  proportional :  but  triangles  which  have  the  fides  a- 

N  bout 


b  n.  6. 


An. 


i;8 
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&xk  VI-  bout  two  equal  angles  reciprocally  proportional  are  equal  to  ofl 


'  another  e  :    there 
fore     the     tr: 
ABG   is    equal  to 
the  triangle  DEF  ; 
and  becamfc  gs  BC 
is  to  EF.  fo  EF  to 
BG ;    and   that  if 
three  ftraight  lines 
be      proportionals, 
the  firft  has  to  the 
third  plicate    ratio  of  that  which  it  has    to  the   ft 

cond  :  BC  therefore  has  to  BG  the  duplicate   ratio  of  th: 
whic  £F  :    but  as   BC   to  BG,  fo  is  f  the   tr 

angle  ABC  to  the  triangle   ABG.     Therefore  the  triang 
:he  triangle   ABG  the  duplicate  ratio  of  ths 
to  EF  :  but  the  triangle  ABG  is  equal  to   th 
ngle  DEF  :  v  alfo  the  triangle  ABC  has  to  th 

triangle  DjlF  the  duplicate  ratio  of  that  which   BC   has 
EF.     Therefore  fimilar  triangles,  &c.     Q^  E.  D. 

Cos.     From  this  it  is  manifeft,  that  if  three  ftraight  line 
be  proportionals,  as  the  the  firft  is  to  the  third,  fo  is  any  tr 
e  upon  the  firft  to  a  fimilar,  and   fimilarly  defcribed  tr 
c  upon  the  fecond. 

PROP.     XX-      T  H  E  O  R. 

SImilar  polygons  may  be  divided  into  the 
number  of  fimilar  triangles,   having  the  (am 
io  to  one  another  that  the   polygons  have;  an 
the  polygons  have  to  one  another  the  duplicate  rati 
of  that  which  their  homologous  fides  have. 

t  fimilar  poly. 
be  the  homologous   fide  to   FG  :    the   polygons   ABCDE 
FG.:  the   lame  number  of  limik 

triar  .  ich  has  the  lame  ratio  which  th 

^ons  have  *,  and  the  polyg  UE   has    to  : 

lygon  FG  e  ratio  of  that  which  the  fide  A^ 

it  iide  F< 

Jo  L,  :e  the  polygon  ABCD] 

ft A£  is  eqm 
.   as  GF  to  FL 
whe:  have   ar: 

ad  their  fides  abo 
thei 
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lefe  equal  angles  proportionals,  the  triangle  ABE  is  equi-    Book  VI^ 
mgular  k,  and  therefore  fimilar  to  the  triangle  FGL  c  j  where-  b  6.  6. 
ore  the  angle  ABE  is  equal  to  the  angle  FGL  :    and,  be-  c  4.  6. 
aufe  the  polygons  are  fimilar,  the  whole  angle  ABC  is  equal 
to  the  whole  angle  FGH ;  therefore  the  remaining    angle 
BC  is  equal  to  the  remaining  angle  LGH  :  and  becaufe  the 
riangles  ABE,  FGL  are  fimilar,  EB  is  to  BA,   as  LG  to 
Fa;  and  alfo,  becaufe  the  polygons  are  fimilar,   A  B    is  to 
5C,  as  FG  to  GH  a  ;  therefore,  ex  eequali  d,  EB  is  to   BC  d  **•  §1 

LG  to  GH  ;  that  is,  the  fides  about  the  equal  angles 
BC,  LGH  are  proportionals  ;  therefore  b  the  triangle  EBC 
equiangular  to  the  triangle  LGH,  and  fimilar  to  it  c.  For 
le  fame  reafon,  the  triangle  ECD  likewife  is  fimilar  to  the 
iangle  LHK;  therefore  the  fimilar  polygons  ABCDE, 
GHKL  are  divided  into  the  fame  number  of  fimilar  triangles. 


Alfo  thefe  triangles  have,  each  to  each,  the  fame  ratio 
lich  the  polygons  have  to  one  another,  the  antecedents  be- 
g  ABE,  EBC,  ECD,  and  the  confequents  FGL,  LGH, 
3K  :  and  the  polygon  ABC  D  E  has  to  the  polygon  FGHKL 
e  duplicate  ratio  of  that  which  the  fide  AB  has  to  the  ho- 
ologous  fide  FG. 

Becaufe  the  triangle  ABE  is  fimilar  to  the   triangle  FGL, 

BE  has  to  FGL  the  duplicate  ratio  e   of  that  which  the  e  1$.  6, 

e  BE  has  to  the  fide  GL  :  for  the  fame  reafon,  the  triangle 

lC  has  to  GLH  the  duplicate  ratio  of  that  which  BE  has 

GL  :  therefore,  as  the  triangle  ABE  to  the  triangle  FGL, 

f  is  the  triangle  BEC  to  the  triangle  GLH.     Again,  be-  *"  "•  5* 

ie  the  triangle  EEC  is  fimilar  to  the  triangle  LGH,   EBC 

to  LGH  the  duplicate  ratio   ef  that   which  the    fide   EC 

to  the  fide  LH  :  for  the  fame  reafon,   the   triangle   ECD 

to  the  triangle  LHK,  the   duplicate  ratio  of  that  which 

1  has  to  LH  :  as  therefore  the  triangle  EBC  to  the  triangle 

rtl,  fo  is  f  the  triangle  ECD  to  the  triangle  LHK  :  but  it 

been  proved,  that  the  triangle  EBC   is  likewife  to  the 


N  z  triangle 
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«  Q°J  '.  triangle  LGH,  as  the  triangle  ABE  to  the  triangle  FGI 
Therefore,  as  the  triangle  ABE  is  to  the  triangle  FGL,  fo  i 
triangle  EBC  to  triangle  LGH,  and  triangle  ECD  to  tri 
angle  LHK  :  and  therefore,  as  one  of  the  antecedents  to  on 


of  the  confequents,  fo  are  all  the  antecedents  to  all  the  coi 
S  I2-  5.  fequents  g.  Wherefore,  as  the  triangle  ABE  to  the  triang 
FGL,  fo  is  the  polygon  ABCDE  to  the  polygon  FGHK1 
but  the  triangle  ABE  has  to  the  triangle  FGL,  the  duplica 
ratio  of  that  which  the  fide  AB  has  to  the  homologous  lie 
FG.  Therefore  alfo  the  polygon  iVBCDE  has  to  the  poh 
gon  FGHKL  the  duplicate  ratio  of  that  which  AB  has 
the  homologous  fide  FG.  Wherefore  fimilar  polygons,  & 
Q.E.D.    ^ 

Con.  i.  In  like  manner  it  may  be  proved,  that  fimil 
four  fided  figures,  or  of  any  number  of  rides,  are  one  to  an 
ther  in  the  duplicate  ratio  of  their  homologous  fides,  and 
has  already  been  proved  in  triangles.  Therefore,  univerfal 
fimilar  rectilineal  figures  are  to  one  another  in  the  duplica 
ratio  of  their  homologous  fides. 

Cor.  2.  And  if  to  AB,  FG,  two  of  the  homologous  fidi 

hn.def.5.a  third  proportional  M  be  taken,  A B  has  h  to  M  the  dup' 
cate  ratio  of  that  which  AB  has  to  FG :  but  the  four  fid 
figure  or  polygon  upon  AB  has  to  the  four  fided  figure 
polygon  upon  FG-  likewife  the  duplicate  ratio  of  that  whi 
AB  has  to  FG  :  therefore,  as  AB  is  to  M,  fo  is  the  figure  u 
on  AB  to  the  figure  upon  FG,  which  was  alfo  proved  in  t 

i  Cor. 1 9.  6.  angles  i.     Therefore,  univeriaily,  it  is  manifeft,  that  if 

ftraight  lines  be  proportionals,  as  the  firir.  is  to  the  third,  fo 
any  rectilineal  figure  upon  the  fiiir,  to  a  fimilar  and  fimilai 
described  rectilineal  figure  upon  the  fecond. 

Ccr.  3.  Becaufe  all  femares  are  fimilar  figures,  the  ral 
of  any  two  fquares  ro  one  another  is  the  fame  with  the  dup 
cate  ratio  of  their  fides  ;  and  hence,  alfo,  any  two  fimilar  r( 
tilincal  figures  are  to  one  another  as  the  fcruares  of  their  1 
Kiolo.n;ous  fides. 

PRO 
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PROP.    XXI.      T  H  E  O  R. 

REctilineal  figures  which  are  limilar  to  the 
fame  rectilineal  figure,  are  alfo  fimilar  to  one 
nother. 

Let  each  of  the  reffilineal  figures  A,  B  be  fimilar  to  the 
>&ilineal  figure  C  :    The  figure  A  is  fimilar  to  the  figure 

Becaufe  A  is  fimilar  to  C,  they  are  equiangular,  and  alfo 
ave  their  fides  about  the  equal  angles  proportionals*.  Again,  a  i.  def.  6. 
ecaufe  B  is  fimilar  to 
,  they  are  equiangu- 
and  have  their 
des  about  the  equal 
igles  proportionals  *: 
lerefore  the  figures 
l,  B  are  each  of  them 
juiangular  to  C,  and 
rve  the    fides  about 

»e  equal  angles  of  each  of  them  and    of    C    proportionals, 
therefore  the  recTilineal  figures   A  and  B  are  equiangular  b,b  i.  Ax.  i, 
id  have  their  fides  about  the   equal  angles    proportionals  <\c  n.  5. 
herefore  A  is  fimilar  a  to  B.     Q^E.  D. 


PROP.     XXII.      THEOR. 

"F  four  ftraight  lines  be  proportionals,  the  fimilar 
rectilineal  figures  fimilarly  defcribed  upon  them 
lali  alfo  be  proportionals  ;  ^nd  if  the  fimilar 
:dilineal  figures  fimilarly  defcribed  upon  four 
raight  lines  be  proportionals,  thofe  ftraight  lines 
lall  be  proportionals. 


Let  the  four  ftraight  lines  AB,  CD,   EF,   GH  be   propor- 
onals,  viz.  AB  to  CD,  as  EF  to  GH,  and   upon  AB,  CD 
JST  3  let 


Ib2 
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Book  VI- 


a  ii.  6. 

b  it.  5. 

c  22  5. 
d  2.  cor. 
20.  6. 
d  2.  cor. 
20.  6. 

e  12.  6. 
f  18.  6. 


g  9-  3. 


let  the  fimilar  rectilineal  figures  KAB,  LCD  be  fimilarly  dp 
fcribed  ;  and  upon  EF  GH  the  fimilar  rectilineal  figures  MF 
NH  in  like  manner  :  the  rectilineal  figure  KAB  is  to  LCD 
as  MF  to  NH. 

To  AB,  CD  take  a  third  proportional  a  X ;  and  to  EF 
GH  a  third  proportional  O  :  and  becaufe  AB  is  to  CD,  a 
EF  to  GH,  and  that  CD  is  b  to  X,  as  GH  to  O ;  wherefore 
ex  aequali  c,  as  AB  to  X,  fo  EF  to  O  :  but  as  AB  to  X,  f( 
is  d  the  rectilineal  KAB  to  the  rectilineal  LCD,  and  as  EF  t< 
O,  fo  is  d  the  rectilineal  MF  to  the  rectilineal  NH  :  therefore 
as  KAB  to  LCD,  fo  b  is  MF  to  NH. 

And  if  the  rectilineal  KAB  be  to  LCD,  as  MF  to  NH 
-the  ftraight  line  AB  is  to  CD,  as  EF  to  GH. 

Make  e  as  AB  to  CD,  fo  EF  to  PR,  and  upon  PR  defcrib 
f  the  rectilineal  figure  SR  fimilar  and  fimilarly   fituated 


either  of  the  figures  MF,  NH  :  then,  becaufe  as  AB  to  CD 
fo  is  EF  to  PR,  and  that  upon  AB,  CD  are  defcribed  the  fi 
milar  and  fimilarly  fituated  redtilineals  KAB,  LCD,  and  up 
on  EF,  PR,  in  like  manner,  the  fimilar  redtilineals  MF,  SR 
KAB  is  to  LCD,  as  MF  to  SR ;  but,  by  the  hypothefis 
KAB  is  to  LCD,  as  MF  to  NH;  and  therefore  the  rectilinea 
MF  having  the  fame  ratio  to  each  of  the  two  NH,  SR,  thefi 
are  equal  |  to  one  another  :  they  are  alfo  fimilar,  and  fimilar 
ly  fituated ;  therefore  GH  is  equal  to  PR  :  and  becaufe  as  AE 
to  CD;  fo  is  EF  to  PR,  and  that  PR  is  equal  to  GH  ;  AB  I 
to  CD,  as  EF  to  GH.  If  therefore  four  ftraight  lines,  &c 
Q.E.D. 


PRO? 
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Book  VI. 


PROP.    XXIII.      T  H  E  O  R. 

Equiangular  parallelograms  have  to  one  ano- 
ther the  ratio  which  is  compounded  of  the  ra- 
tios of  their  fides. 


a  14.  1, 

b  12.  6. 


Let  AC,  CF  be  equiangular  parallelograms,  having  die 
angle  BCD  equal  to  the  angle  ECG  :  the  ratio  of  the  paral- 
lelogram AC  to  the  parallelogram  CF,  is  the  fame  with  the 
ratio  which  is  compounded  of  the  ratios  of  their  fides. 

Let  BC,  CG  be  placed  in  a  ftraight  line ;  therefore  DC 
and  CE  are  alfo  in  a  ftraight  line  a  ;  and  complete  the  paral- 
lelogram DG ;  and,  taking  any  ftraight  line  K,  make  b  as 
BC  to  CG,  foKtoL  •,  and  as  DC  to  CE,  fo  make  b  L  to 
M  :  therefore  the  ratios  of  K  to  L,  and  L  to  M,  are  the  fame 
with  the  ratios  of  the  fides,  viz.  of  BC  to  CG,  and  DC  10 
CE.  But  the  ratio  of  K  to  M  is  that  which  is  faid  to  be 
compounded  c  0f  the  ratios  of  K  to  L,  and  LtoM;  where-  c  io.def.5. 
fore   alfo   K   has  to    M   the 

ratio  compounded  of  the  ra-     j\^  j)         [_[ 

tios  of  the  fides  :  and  becaufe 
as  BG  to  CG,  fo  is  the  paral- 
lelogram AC  to  the  parallelo- 
gram CH  d  ;  but  as  BC  to 
CG,  fo  is  K  to  L  ;  therefore 
K  is  e  to  L,  as  the  parallelo- 
gram AC  to  the  parallelo- 
gram CH  :  again,  becaufe  as 
DC  to  CE,  fo  is  the  parallelo- 
gram CH  to  the  parallelo- 
gram CF  ;  but  as  DC  to  CE, 
io  is  L  to  M  ;  wherefore  L  is 
e  to  M,  as  the  parallelogram  CH  to  the  parallogram  CF : 
therefore,  fince  it  has  been  proved,  that  as  K  to  L,  fo  is  the 
parallelogram  AC  to  the  parallelogram  CH  ;  and  as  L  to  M, 
fo  the  parallelogram  CH  to  the  parallelogram  CF  ;  ex  sequa- 
li  f ,  K  is  to  M,  as  the  parallelogram  AC  to  the  parallelogram  f  22.  5] 

N  4  CF : 


d  x.6. 


e  11.  £, 
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Bock  Vr.  CF  :  but  K  has  to  M  the  ratio  which  is  compounded  of  tr 
•"T"—~  ratios  of  the  fides  \  therefore  alfo  the  parallelogram  AC  h; 
to  the   parallelogram  CF  the  ratio  which  is  compounded 
the  ratios  of  the  fides.  Wherefore  equiangular  parallelogram 
&c     Q^E.  D, 


PROP.    XXIV.     THEOR. 


IE  parallelograms  about  the  diameter  of  an; 
>arallelogram,   are  fimilar  to  the  whole,  and  t 


THE 

one  another. 


a  29.  1. 


Let  ABCD  be  a  parallelogram,  of  which  the  diameter 
AC  ;  and  EG,  HK  the  parallelograms  about  the   diameter 
The  parallelograms  EG,  HK  are  fimilar  both  to  the  whol 
parallelogram  ABCD,  and  to  one  another. 

Becaufe  DC,  GF  are  parallels,  the  angle  ADC  is  equal 
to  the  angle  AGF  :  for  the  fame  reafon,  becaufe  BC,  EF  ar< 
parallels,  the  angle  ABC  is  equal  to  the  angle  AEF  :  anc 
each  of  the  angles  BCD,  EFG  is  equal  to  the  oppolite  angl< 
k  34-  *•  DAB  £,  and  therefore  are  equal  to  one  another,  wherefore 
the  parallelograms  ABCD,  AEFG  are  equiangular  :  and  be 
caufe  the  angle  ABC  is  equal  to  the  angle  AEE,  and  the 
angle  BAG  common  to  the  two 
triangles  BAG,  EAF,  they  are 
equiangular  to  one  another  •,  there- 

c  4.  6-  fore  c  as  AB  to  BC,  fo  is  AE  to 
EF  :  and  becaufe  the  oppofite 
fides    of  parallelograms  are  equal 

£  7.  £.  to  one  another  b,  AB  is  d  to  AD, 
as  AE  to  AG;  and  DC  to  CB, 
as  GF  to  FE  ;  and  alfo  CD' to 
DA,  as  FG  to  GA  :  therefore 
the  fides  of  the  parallelograms  ABCD,  AEFG  about  the  e- 
quai  angles  are  proportionals  ;  and  they  are  therefore  fimilar 
>i.def  6.  to  one  another  e  1  for  the  fame  reafon,  the  parallelogram 
ABCD  is  fimilar  to  the  parallelogram  FHCK.  Wheiefore 
each  of  the  parallelograms,  GE,  KH  is  fimilar  to  DB  :  bat 
rectilineal  figures  which  are  fimilar  to  the  fame  re&ilineal  fi- 
gure 
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lire,  are  alfo  fimilar  to  one  another  f  *,    therefore  the  paral-  Book  VI. 
logram  GE  is  fimilar  to  KH.  Wherefore  the  parallelograms,  ^     " 
Q.E.D. 


"V" 

11.  6. 


£C. 


PROP.   XXV.     PROB. 

P'O  defcribe  a  re&ilineal  figure  which  fhall  be 
J-  fimilar  to  one,  and  equal  to  another  given  rec- 
ilineal  figure. 


Let  ABC  be  the  given  rectilineal  figure,  to  which  the  fi- 
ur$  to  be  defcribed  is  required  to  be  fimilar,  and  D  that  to 
hich  it  mull  be  equal.     It  is  required  to  defcribe   a  re&ili- 

al  figure  fimilar  to  ABC,  and  equal  to  D. 

Upon  the  ftraight  line  BC  defcribe  a  the  parallelogram  BEacor-45>*« 
jual  to  the  figure  ABC  ;  alfo  upon  CE  defcribe  a  the  paral- 
logram  CM  equal  to  D,  and  having  the  angle  FCE  equal 

the  angle  CBL  :  therefore  BC   and   CF  are  in  a  ftraight 
ne  k,  as  alfo  LE  and  EM     between   BE  and  BF   find 'c  a  b  S29-  *• 
ean  proportional  GH,  and  upon  GH  defcribe  <i  the  reclili-      **4  *• 

d  xS.  6. 


:al  figure  KGH  fimilar  and  fimilarly  fituated  to  die  figure 
BC  :  and  becaufe  BC  is  to  GH  as  GH  to  CF,  and  if  three 
aight  lines  be  proportional,  as  the  firftis  to  the  third,  fo  is 
:he  figure  upon  the  firft  to  the  fimilar  and  fimilarly  de- 
:ibed  figure  upon  the  lecond  j  therefore  as  BC  to  Cl%  fo  is 
e  rectilineal  figure  ABC  to  KGH  :  but  as  BC  to  CF,  fo  is 
he  parallelogram  BE  to  the  parallelogram  EF :  therefore 


e  2 

20. 


cor. 
6. 
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^Book  VI. ^  the  re&ilineal  figure  ABC  is  to  KGH,  fo  is  the  paralle 
^  j  j  T  gram  BE  to  the  parallelogram  EF  g  :  and  the  re&ilineal 
gure  ABC  is  equal  to  the  parallelogram  BE  ;  therefore  the  re 
b  14.  5.  tilineal  figure  KGH  is  equal  h  to  the  parallelogram  EF  : 
EF  is  equal  to  the  figure  D  -,  wherefore  alio  KGH  is  equal 
D  ;  and  it  is  fimilar  to  ABC.  Therefore  the  rectilineal 
gure  KGH  has  been  defcribed  fimilar  to  the  figure  ABC,  a 
equal  to  D.     Which  was  to  be  done. 


PROP.    XXVI.     THEOR. 

IF   two   fimilar   parallelograms   have   a   cornmc 
angle,  and  be  fimilarly  fituated,  they  are  abo 
the  fame  diameter. 

Let  the  parallelograms  ABCD,  AEFG  be  fimilar  and 

milarly  fituated,  and  have  the  angle  DAB  common.     ABC 

and  AEFG  are  about  the  fame  diameter. 
For,  if  not,  let,  if  pofiible,  the 

parallelogram   BD  have  its    dia-       J±  G 

meter  AHC  in  a  different  ftraight 

line  from  AF  the  diameter  of  the 

parallelogram   EG,   and   let   GF 

meet  AHC  in  H  ;    and   through 

H  draw  HK   parallel  to  AD    or 

BC :  therefore  the  parallelograms 

ABCD,  AKHG  being  about  the      B 
a  24.  6.    fame  diameter,  they  are  fimilar  to  one  another  a  :   wherefoi 
b  1.  dcf.  6.  as  DA  to  AB,  fo  is  b  GA  to  AK  :  but  becaufe  ABCD  x 

AEFG  are  fimilar  parallelograms,  as  DA  is  to   AB,  fo 
c  11.  5     GA  to  AE  ;  therefore  c  as   GA  to  AE,  fo  GA  to  A  J 

wherefore  GA  has  the  fame  ratio  to  each  of  the  ftraight  lin 
A  .9-  5-      AE,  AK  ;  and  consequently  AK  is  equal  <*  to  AE,  the  1< 

to  the  greater,   which    is  impoffible  :  therefore  ABCD  ai 

AKHG  are  net  about  the  feme  diameter  ;  wherefore  ABC 

and  A  EFG  muft  be  about  the  fame  diameter.     Therefore, 

two  fimilar,  &c.  Q^E.  D. 

a  PRO 


£ 

<*£. 

J 

1 

f> 
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PROP.    XXVII.      T  H  E  O  R. 


DF  all  ;the  re&angles  contained  by  the  fegments 
of  £  given  ftraight  line,  the  greateft  is  the 
[uare  which  is  defcribed  on  half  the  line. 


Let  AB  be  a  given  ftraight  line,  which  is  bife&ed  in  C  ; 
id  let  D  be  any  point  in  it,  the 

uare  on  AC  is  greater  than  the        JT  ?;       7Z — Z> 

ftangle  AD,  DB.  l       U    fi 

For  iince  the  ftraight  line  AB  is  divided  into  two   equal 
irts  in  C,  and  into  two  unequal  parts  in  D,  the  reclangle  con- 
ined  by  AD  and  DB,  together  with  the  fquare  of  CD,  is  e- 
lal  to  the   fquare  of  AC  a.     The  fquare  of  AC  is  there-   a  5.  2. 
re  greater  than  the  reclangle  AD,  DB.     Therefore,  &c. 

e.d; 


PROP.    XXVIII.     PRGB. 


O  divide  a  given  ftraight  line,  fo  that  the  red- 
angle  contained  by  its  fegments  may  be  equal 
a  given  fpace  ;  but  that  fpace  muft  not  be  greater 
lan  the  fquare  of  half  the  given  line. 

Let  AB  be  the  given  ftraight  line,  and  let  the  fquare  upon 
e  given  ftraight  line  C  be  the  fpace  to  which  the  reclangle 
ntained  by  the  fegments  of  AB  rnuft  be  equal,  and  this 
uare,  by  the  determination,  is  not  greater  than  that  upon 
df  the  ftraight  line  AB. 

Bifeft  AB  in  D,  and  if  the  fquare  upon  AD  be  equal  to 
e  fquare  upon  C,  the  thing  required  is  done :  But  if  it  be  not 

equal 


a  5.  2. 


*8S  ELEMENTS 

Book  VI.  eqUal  to  it,  AD  muft  be  greater  than  C,  according  to  the  A 

^^^^^  termination  :    Draw  DE   at' 
right    angles    to    AB,    and 
make  it  equal  to  C  ;  produce 
ED  to  F,  fo  that  EF  be  e- 
qual  to  AD  or  DB,  and  from 
the  centre  E,  at  the  diflance 
EF,  defcribe  a  circle  meet- 
ing AB   in   G^    Join  £G ; 
and  becaufe  AB  is  divided 
equally  in  D,  and  unequal- 
ly in  G,  the  rectangle  AG,  GB,  together  with  the  fquare 
DG  is  equal  *  to  the  fquare  of  DB,  that  is,  of  EF  or  EG 
but  the  fquares  of  ED,  DG  are  alfo  equal  to  the  fquare 

b  47- 1.  EG  b  j  therefore  the  re&angle  AG,  GB,  together  with  th 
fquare  of  DG,  is  equal  to  the  fquares  of  ED  and  DG  ;  tak 
away  the  fquare  of  DG  from  each  of  thefe  equals  ;  therefor 
the  remaining  reftangle  AG,  GB  is  equal  to  the  fquare  c 
ED.  that  is,  of  C  :  Wherefore  the  given  line  AB  is  divide 
is  G,  fo  that  the  re£tangle  contained  by  the  fegments  AG 
GB  is  equal  to  the  fquare  upon  the  given  ftraight  line 
Which  was  to  be  done. 


PROP.    XXIX.     P  Pv  O  B. 

TO  produce  a  given  ftraight  line,  fo  that  tin 
rectangle  contained  by  the  fegments  betweet 
the  extremities  of  the  given  line  and  the  point 
which  it  is  produced,  may  be  equal  to  a  given  fpace 

Let  AB  be  the  given  ftraight  line,  and  let  the  fquare  upoi 
the  given  ftraight  line  C  be  the  fpace  to  'which  the  rectangk 
under  the  fegments  of  AB  produced,  muft  be  equal. 

Sifeft  AB  in  D,  and  draw  BE  at  right  angles  to  it,  fo  thai 
BE  be  equal  to  C  ;  and  having  joined  DE,  from  the  centre  E 
at  the  diflance  DE  defcribe  a  circle  meeting  AB  produced  ir 

G 
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And  becaufe  AB  is  bife&ed  in  D,  and  produced  to  G,  Sqo^  vI. 
re&angle  AG,  GBtoge- 


le 

ler  with  the  fquare  of  DB 
equal  a  to  the  fquare  of 
)G,  or  of  DE,  that  is,  to 
fquares  of  EB,  BD  b. 
equals 
DB  ; 


le 

rom   each   of  thefe 
ike     the    fquare    of 
erefore  the  remaining  recl- 
igle  AG,   GB   is   equal  to 


a  6.  2. 


b  47.  1. 


c 


le  fquare  of  BE,  that  is,  to  the  fquare  upon  C.  Where- 
>re  the  line  AB  is  produced  to  G,  fo  that  the  rectangle  con- 
lined  by  the  fegments  AG,  GB  of  the  line  produced  is  e- 
gid  to  the  fquare  of  C.     Which  was  to  be  done. 


PROP.   XXX.     P  R  O  B. 

rO  cut  a  given  ftraight  line  in  extreme  and 
mean  ratio. 


Let  AB  be  the  given  ftraight  line  ;  it  is  required  to  cut  it 
1  extreme  and  mean  ratio. 

Upon  AB  defcribe*  the  fquare  BC,  and  produce  CA  to  D, 
3  that  the  rectangle  CD,  DA  may  be  equal  to  the  fquare 
]B  b.  Take  AE  equal  to  AD,  and  complete  the  rectangle 
)F  under  DC  and  AE,  or  under  DC  and  DA.  Then,  be- 
aufe  the  rectangle  CD,  DA  is  equal 
0  the  fquare  CB,  the  rectangle  DF 
equal  to  CB.  Take  away  the 
ommon  part  CE  from  each,  and  the 

mainder  FB  is  equal  to  the  remain-        A  | \^ — |  B 

tr  DE.  But  FB  is  the  rectangle 
obtained  by  FE  and  EB,  that  is,  by 
VB  and  BE  ;  and  DE  is  the  fquare 
pon  AE  ;  therefore  AE  is  a  mean 
ropcrtional  between  AB  and  BE  c, 
AB  is  to  AE  as  AE  to  EB. 
hit     AB     is     greater    than     AE ; 

wherefore 


D 


E 

a  46.   x. 


29^ 


6, 


190  ELEMENTS 

Book  VI.  ^  wherefore  AE  is  greater  than  EB  e  :  Therefore  the  ftraig! 
e  j  *  '  line  AB  is  cut  in  extreme  and  mean  ratio  in  E  f «  Whic 
f  3.  def.  6.  was  to  be  done. 

Otherwife, 

Let  AB  be  the  given  ftraight  line  -,  it  is  required  to  cut 
in  extreme  and  mean  ratio. 

Divide  AB  in  the  point  C,  fo  that  the  reclangle  containe 
by  AB,  BC   be  equal  to  the  fquare  of 

g  11.  2.    AC  g  :    Then,    becaufe  the  reclangle ^ — 

AB,  BC  is  equal  to  the  fquare  of  AC,  J 

h  17.  6.    as  BA  to  AC,  fo  is  AC  to  CB  h  : 

Therefore  AB  is   cut  in  extreme  and  mean  ratio  in  C 
Which  was  to  be  done. 


PROP.    XXXI.     THEOR. 


IN  right  angled  triangles,  the  rectilineal  figure  de 
fcribed  upon  the  fide  oppofite  to  the  right  angle 
is  equal  to  the  fimilar,  and  fimilarly  defcribed  fi 
gures  upon  the  fides  containing  the  right  angle. 


Let  ABC  be  a  right  angled  triangle,  having  the  right  angle 
BAC  :  The  re&ilmeal  figure  defcribed  upon  BC  is  equal  t( 
the  fimilar,  and  fimilarly  defcribed  figures  upon  BA,  AC. 

Draw  the  perpendicular  AD  ;  therefore,  becaufe  in  the 
right  angled  triangle  ABC,  AD  is  drawn  from  the  right  angle 
at  A  perpendicular  to  thebafe  BC,  the  triangles  ABD,  ADC 
are  fimilar  to  the  whole  triangle  ABC,  and  to  one  another  m 
and  becaufe  the  triangle  ABC  is  fimilar  to  ADB,  as  CB  to 
b  4.  o\    g^  £0  -ls  -g^  tQ  -gjQ  b .  an(j  becaufe  thefe  three  ftraight  lines 

are  proportionals,  as  the  firft  to  the  third,  fo  is  the  figure  upon 

the  firft  to  the  fimilar,  and  fimilarly  defcribed  figure  upon  the 

0"c^  '   fecond  c  :    Therefore  as  CB   to  BD,  fo  is  the  figure  upon 

CB 


a  8.  6. 


c  2.  Cor. 
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Book  VI. 
*B.  5. 


e24.  5, 


f  A.  5. 


B  to  the  fimilar  and  fimi- 
ly  defcribed  figure  upon 
A.:  and  inverfelyd,  as 
B  to  BC,  fo  is  the  figure 
>on  B  A  to  that  upon  BC ; 
•  the  fame  reafon,  as  DC 
CB,  fo  is  the  figure  upon 
A.  to  that  upon  CB. 
herefore,  as  BD  and  DC 
gether  to  BC,  to  are  the 

ures  upon  BA,  AC  to  that  upon  BCe  :  But  BD  and  DC 
aether  are  equal  to  BC.  Therefore  the  figure  defcribed  on 
is  equal  f  to  the  fimilar  and  firnilarly  defcribed  figures 
BA,  AC.  Wherefore,  in  right  angled  triangles,  &c. 
IE.D. 

PROP.    XXXII.    THEOR. 

F  two  triangles  which  have  two  fides  of  the  one 

proportional  to  two  fides  of  the  other,  be  joined 

one  angle,  fo  as  to  have  their  homologous  fides 

rallel  to  one  another ;  the  remaining  fides  ihall 

:  in  a  ftraight  line. 

Let  ABC,  DCE  be  two  triangles  which  have  the  two  fides 

\,  AC  proportional  to  the  two  CD,  DE,  viz.  BA  to  AC, 

CD  to  DE ;  and  let  AB  be  parallel  to  DC,  and  AC  to 

E,  BC  and  GE  are  in  a  ftraight  line. 

Becaufe  AB  is  parallel  to  DC,  and  the  ftraight  line  AG 

sets  them,  the  alternate  angles  BAG,  ACD  are  equal  a;  for  *  tg.  *> 

fame  reafon,  the  angle  CDE  is  equal  to  the  angle  ACD ; 
lerefore  alfo  BAC  is  equal  to  CDE :  And  becaufe  the  tri- 
gles  ABC,  DCE  have 
e  angle  at  A  equal  to      ^ 

at  D,  and  the  fides  a- 
ut  thefe  angles  propor- 
nals,  viz.  BA  to  AC, 
CD  to  DE,  the  tri- 
ple ABC  is  equiangu- 
b  to  DCE  :  Therefore 
\  angle  ABC  is  equal 
the  angle  DCE  :  And 
\  angle  BAC  was  pro- 
ved 


h6.€t 
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Book  VI.  ve(j  to  be  equal  to  ACD  :  Therefore  the  whole  angle  AC 

*■— "V—— '  j3  equal  to  the  two  angles   ABC,  BAC ;  add  the  comm 

angle  ACB,  then  the  angles  ACE,  ACB  are  equal  to  t 

angles  ABC,BAC,  ACB:  But  ABC,  BAC,  ACB  are  eqi 

c  32.  1.  to  two  right  angles  c  ;  therefore  alfo  the  angles  ACE,  A( 
are  equal  to  twro  right  angles  :  And  fince  at  the  point  C, 
the  ftraight  line  AC,  the  two  ftraight  lines  BC,  CE,  whi 
are    on   the    oppofite  fides   of  it,  make  the  adjacent  ang 

i  14.  1.  ACE,  ACB  equal  to  two  right  angles  *,  therefore  ^  BC  a 
CE  are  in  a  ftraight  line.  Wherefore,  if  two  triangles,  & 
Q^E.D. 


PROP.    XXXIII.      T  H  E  O  R. 

IN  equal  circles,  angles,  whether  at  the  centres 
circumferences,   have  the  fame  ratio  which  tl 
circumferences  on  which  they  ftand  have  to  one 
nother  :  So  alfo  have  the  fedors. 

Let  ABC,  DEF  be  equal  circles  ;  and  at  their  centres  tl 
angles  BGC,  EHF,  and  the  angles  BAC,  EDF  at  their  ci 
cumferences  ;  as  the  circumference  BC  to  the  circumferen 
EF,  fo  is  the  angle  BGC  to  the  angle  EHF,  and  the  ang 
BAC  to  the  angle  EDF;  and  alfo  the  feclor  BGC  to  tl 
feftor  EHF. 

Take  any  number  of  circumferences  CK,  KL,  each  equal 
BC,  and  anynumber  whatever  FM,  MN  each  equal  to  EI 
and  join  GK,  GL,  HM,  HN.  Becaufe  the  circumferenc 
BC,  CK,  KL  are  all  equal,  the  angles  BGC,  CGK,  KGL  a 
%f*  3.  alfo  all  equal a  :  Therefore  what  multiple  foe ver  the  circun 
ference  BL  is  of  the  circumference  BC,  the  fame  multiple 
the  angle  BGL  of  the  angle  BGC :  For  the  fame  reafo 
whatever  multiple  the  circumference  EN  is  of  the  circun 
ference  EF,  the  fame  multiple  is  the  angle  EHN  of  the  ang 
EHF  :  And  if  the  circumference  BL  be  equal  to  the  circuu 
ference  EN,  the  angle  BGL  is  alfo  equal a  to  the  angle  EI© 
and  if  the  circumference  BL  be  greater  than  EN,  like  wife  tl 
angle  BGL  is  greater  than  EHN  *,  and  if  lefs,  lefs  :  Thei 
being  then  four  magnitudes,  the  twTo  circumferences  BC,  £1 
-  an 


OF      GEOMETRY. 


193 


-r- 


A  the  two  angles  BGC,  EHF,  of  the  circumference  BC,and  BookVL 
the  angle  BGC,  have  been  taken  any  equimultiples  what-  "~ 
rer,  viz.  the  circumference  BL,  and  the  angle  BGL ;  and  of 
e  circumference  EF,  and  of  the  angle  EHF,  any  equimul- 


>les  whatever,  viz.  the  circumference  EN,  and  the  angle 
EIN  :  And  it  has  been  proved,  that,  if  the  circumference 
be  greater  than  EN,  the  angle  BGL  is  greater  than 
3N  ;  and  if  equal,  equal ;  and  if  lefs,  lefs  :  As  therefore 

circumference  BC  to  the  circumference  EF,  fob  is  the  b  5-  def.  5- 
gle  BGC  to  the  angle  EHF :  But  as  the  angle  BGC  is  to 
:  angle  EHF,  fo  is  c  the  angle  BAG  to  the  angle  EDF,  for  c  15.  5.  . 
h  is  double  of  each  d  ;  Therefore,  as  the  circumference  BC  d  20,  3. 

0  EF,  fo  is  the  angle  BGC  to  the  angle  EHF,  and  the 
*le  BAG  to  the  angle  EDF. 

Alfo,  as  the  circumference  BC  to  EF,  fo  is  the  fe£tor  BGC 
the  feftor  EHF.  Join  BC,  CK,  and  in  the  circumferences 
J,  CK  take  any  points  X,  O,  and  join  BX,  XC,  CO,  OK : 
ten,  becaufe  in  the  triangles  GBC,  GCK  the  two  fides  BG, 
are  equal  to  the  two  CG,  GK,  and  that  they  contain  e- 

1  angles  ;  the  bafe  BC  is  equal  e  to  the  bafe  CK,  and  the     e  4.  i„ 
ngle  GBC  to  the  triangle  GCK :  And  becaufe  the  circum- 

nce  BC  is  equal  to  the  circumference  CK,  the  remaining 
t  of  the  whole  circumference  of  the  circle  ABC,  is  equal  to 
remaining  part  pf  the  whole  circumference  of  the  fame 
:le :  Wherefore  the  angle  BXC  is  equal  to  the  angle 
)K*-5  and  the  fegment  BXC  is  therefore  limilar  to  the  feg- 
nt  COK  f  *,  and  they  are  upon  equal  ftraight  lines  BC,  CK :  f  9  aef.  3, 
fimilar  fegments  of  circles  upon  equal  ftraight  lines,  are 
al  g  to  one  another  :  Therefore  the  fegment  BXC  is  equal  g  24.  J. 
O  to 


ip4 
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Book  VI.  t0  tfre  fegment  COK  :  And  the  triangle  BGC  is  equal  to  thi 
5— ""-v— '  triangle  CGK  ;  therefore  the  whole,  the  feclor  BGC,  is  equa 
to  the  whole,  the  feSor  CGK  :  For  the  fame  reafon,  the  feclo 
KGL  is  equal  to  each  of  the  feclors  BGC,  CGK :  In  the  fam 
manner,  the  feclors  EHF,  FHM,  MHN  may  be  proved  equa 
to  one  another :  Therefore,  wrjat  multiple  foever  the  circum 
ference  BL  is  of  the  circumference  BC,  the  fame  multiple  i 
the  feclor  BGL  of  the  feclor  BGC  :  For  the  fame  reafoi 
whatever  multiple  the  circumference  EN  is  of  EF,  the  fam 
multiple  is  the  feclor  EHN  of  the  feclor  EHF :  And  if  th 


circumference  BL  be  equal  to  EN,  the  feclor  BGL  is  equ 
to  the  feclor  EHN  *,  and  if  the  circumference  BL  be  great 
than  EN,  the  feclor  BGL  is  greater  than  the  feclor  EHN 
and  if  lefs,  lefs  :    Since,  then,  there  are  four  magnitudes,  tl 
two  circumferences  BC,  EF,  and  the  two  feclors  iiGC,  EH 
and  of  the  circumference  BC,  and  feclor  $GC,  the  circur 
ference  BL  and  feclor  BGL  are  any  equal  multiples  whateve 
and  of  the  ciicumference  EF,  and  feclor  EHF,  the  circui 
ference  EN  and  feclor  EHN,  are  any  equimultiples  whateve 
and  that  it  has   been  proved,  if  the  circumference  BL 
greater  than  EiN ,  the  feclor  BGL  is  greater  than  the  feci 
J>  s.def.  5.  EHN  *,  and  if  equal,  equal ;  and  if  lefs,  lefs.     Therefore  b, 
the  circumference   BC   is  to  the  ciicumference  EF,  fo  is 
lector  I'GC  to  the  feclor  EHF.    Wherefore,  in  equal  circl 
£tc.     Q^E.Do 


PRO! 
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PROP.    B,      T  H  E  O  R. 


F  an  angle  of  a  triangle  be  bife&ed  by  a  ftraight 
line,  which  likewife  cuts  the  bafe ;  the  re&kngle 
ntained  by  the  fides  of  the  triangle  is  equal  to  the 
dangle  contained  by  the  fegments  of  the  bafe,  to- 
ther  with  the  fquare  of  the  ftraight  line  bife&ing 
angle. 


Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be  bife&ed 
the  ftraight  line  AD  ;  the  rectangle  BA,  AC  is  equal  to 
rectangle  BD,  DC,  together  with  the  fquare  of  AD. 

Defcribe  the  circle  a  ACB  about  the  triangle,  and  produce 

D  to  the  circumference  in  E, 

1  join  EC  :    Then  becaufe  the 

rle  BAD  is  equal  to  the  angle 

IlE,  and  the  angle  ABD  to 

angle  *>  AEC,  for  they  are  in 

fame  fegment ;  the  triangles 

>D,  AEC  are  equiangular  to 

another:  Therefore  as  BA 

\D,  fo  is  c  E  A  to  AC,  and 

fequently  the  reftangle  BA, 

is  equal  d   to  the  rectangle 

AD,  that  is  e,  to  the  reel- 

le  ED,  DA,  together  with  the  fquare  of  AD  :  But  the 

:angle    ED,   DA  is  equal   to  the  rectangle  f  BD,   DC. 

erefore  the  rectangle  BA,  AC   is  equal  to  the  rectangle 

,  DC,  together  with  the  fquare  of  AD.    Wherefore,  if  an 

le,  &c.  Q^E.D. 


a  5-  4- 


b  7,1.  3. 


f  35- 


O    2 
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Bork  VI. 


PROP.    C.      THE  OR. 


F  from  any  angle  of  a  triangle  a  ftraierbt  line  b 
drawn  perpendicular  to  the  bafe  ;  the  redtangl 
contained  by  the  fides  of  the  triangle  is  equal  to  th 
red:  ingle  contained  by  the  perpendicular  and  th 
diameter  of  the  circle  defcribed  about  the  triangle. 


a  S-4^ 


b  3-3- 


c  21.  3. 


«U-  6 


e  16.  6. 


Let  ABC  be  a  triangle,  and  AD  the  perpendicular  fror 
the  angle  A  to  the  bafe  BC  ;  the  rectangle  BA,  AC  is  equ; 
to  the  rectangle  contained  by  AD  and  the  diameter  of  tr 
circle  defcribed  about  the  triangle. 

Defcribe  a  the  circle  ACB  a- 
bout  the  triangle,  and  draw  its 
diameter  AE,  and  join  EC  :  Be- 
caufe  the  right  angle  BDA  is  e- 
qualb  to  the  angle  EC  A.  in  a  fe- 
micircle,  and  the  angle  ABD  to 
the  angle  AEC  in  the  fame  feg- 
ment  c  ;  the  triangles  ABD, 
AEC  are  equiangular:  There- 
fore, as  d  BA  to  AD,  fo  is  E  A 
to  AC ;  and  confequently  the 
rectangle  BA,  AC  is  equal  e  to 

the  rectangle  EA>  AD.     If  therefore,  from  an  angle ,  & 
Q.E.D. 


PROP,    D.      T  H  E  O  R. 

BeeN.    rrp jj£  re&angle  contained  by  the  diagonals  of 

■*■     quadrilateral  inferibed  in  *  circle,  is  equal  1 

both  the  rectangles  contained  by  its  oppofite  fides. 


Let  ABCD  be  any  quadrilateral  inferibed  in  a  circle,  ai 
join' AC,  BD;  the  rectangle  contained  by  AC,  BD  is  equ 


c  16.  6. 
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0  the  two  rectangles  contained  by  AB,  CD,  and  by  AD,  TSookVl^ 
IC. 

Make  the  angle  ABE  equal  to  the  angle  DEC ;  add  to  each 
£  thefe  the  common  angle  EBD,  then  the  angle  ABD  is  e- 
ual  to  the  angle  EBC  :    And  the  angle  BDA  is  equal  a  to-    a  aI  3- 
he  angle  BCE,  becaufe  they  are  in  the  fame  fegment  5  there- 
ore  the  triangle  ABD  is  equi- 

.ngular  to  the  triangle  BCE  :  

therefore  b   as  BC   is  to  CE,  "\  b  4'  6' 

0  is  BD  to  DA ;  and  confe- 
[uently  the  rectangle  BC,  AD 

equal  c  to  the  rectangle  BD, 

E  :  Again,  becaufe  the  angle 
\BE  is  equal  to  the  angle 
DBC,  and  the  angle  a  BAE  to 
he  angle  BDC,  the  triangle 
\BE  is  equiangular  to  the  tri- 
angle BCD  :  As  therefore  BA 

o  AE,  fo  is  BD  to  DC  ;  wherefore  the  rectangle  BA,  DC 
5  equal  to  the  rectangle  BD,  AE :  But  the  rectangle  BC,  AD 
las  been  Ihewn  equal  to  the  rectangle  BD,  CE;  therefore 
he  whole  rectangle  AC,  BD<*  is  equal  to  the  rectangle  AB, 
)C,  together  with  the  rectangle  AD,  BC.  Therefore  the 
ectangle,  &c.  Q^E.  D. 


PROP.    E.     THEOR, 

DF  a  fegment  of  a  circle  be  bife&ed,  and  from  the 
extremities  of  the  bafe  of  the  fegtnenr,  and  from 
:he  point  of  bife&ion  ftraight  lines  be  inflected  to 
any  point  in  the  circumference,  the  turn  of  the  two 
lines  drawn  from  the  extremities  of  the  bale  will 
ave  to  the  line  drawn  from  the  point  of  bifedtion 
the  fame  ratio  which  the  bafe  of  the  fegment  has 
to  the  bafe  of  half  the  fegment. 

Let  ABD  be  a  circle,   of  which  AB  is  a  fegment  bifected 
in  C,  and  from  A,  C  and  B  to  D,  any  point  whatever  in  the 
O  3  circumference, 


d  i.  2, 
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tfoofc  VI.  circumference,  let  AD,  CD,  BD  be  drawn  ;  the  fum  of  the 
u"""'v"~' two  lines  AD  and  DB  has  to  DC  the  fame  ratio  that  BA  ha^ 

to  AC. 

For  fince  ACBD  is  a  quadrilateral  infcribed  in  a  circle,  o: 

which  the  diagonals  are  AB  and  CD,  the  re&angles  AD,  CB 
a  D-  6-  and  DB,  AC  are  together  equal  to  the  rectangle a  AB,  CD 

But  the  re&angle  AD,  BC  is  e- 

qual  to  the  rectangle  AD,  AC, 

becaufe    BC   is  equal  to  AC; 

and  therefore    the    two    reel- 
angles  AD,  AC  and  BD,  AC 

are    equal    to    the     reftangle 

AB,  CD.     But  the  two  red- 
angles  AD,  AC,  and  BD,  AC, 

are     the     reftangle     contained 

by  AC,  and  the  fum  of  the 

lines  AD  and  DBb.  Wherefore 

the  redtangle  contained  by  AG 

and  the  fum  of  the  lines  AD, 

DB  is  equal  to  the  reclangle  AB, 

CD  ;  and  becaufe  the  fides  of  equal  rectangles  are  recipro 

cally  proportional  c,  the  fum  of  AD  and  DB  is  to   DC 

ABto  AC.     Q^E.  D. 


h    1.    2, 


14.  6. 


PROP.    F.      T  H  E  O  R. 

IF  two  points  be  taken  in  the  diameter  of  a -circle 
Inch  that  the  rectangle  contained  by  the  feg- 
rhents  intercepted  between  them  and  the  centre  o 
the  circle  be  equal  to  the  fquare  of  the  femidiame- 
ter  ;  and  if  from  thefe  points  two  ftraight  lines  b( 
inflected  to  any  point  whatfoever  in  the  circumfe- 
rence of  the  circle,  the  ratio  of  the  lines  infle&ec 
Will  be  the  fame  with  the  ratio  of  the  fegments  in- 
tercepted  between  the  two  firft  mentioned  point! 
and  the  circumference  of  the  circle. 


Let  ABC  be  a  circle,  of  which  the  centre  is  D,  and  in  DA 
produced,  let  the  points  E   and  F  be  fuch  that  the  rec~ian*rl( 

ED 
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ID,  DF  is  equal  to  the  fquare  of  AD ;  from  E  and  F  to  any  Book  VI. 
oint  B  in   the   circumference,   let    EB,    FB    be    drawn *,        v 
B  :  BE  :  :  FA  :  AE. 

Join  BD,  and  becaufe  the  rectangle  FD,  DE  is  e^ual  to  the 
pare  of  AD,  that  is,  of  DB,  FD:DB:  :DB:DEa.     The  a  17.  5. 


b  6*.  6. 


4.  6. 

16.  $. 

17.  5. 


o  triangles,  FDB,  BDE  have  therefore  the  fides  propor- 
onal  that  are  about   the  common   angle  D  ;  therefore  they 
'e  equiangular  b,  the  angle  DEB  being  equal  to  the  angle 
)BF,  and  DBE  to  DFB.  Now,  fince  the  fides  about   thefe 
jual  angles  are  alfo  proportional  c,  FS  :  BD  :  :  BE  :  ED,  and  c 
ternately  d.f  FB  :  BE  :  :  BD  :  ED,  or  FB  :  3E  ;  :  AD  :  DE.  d 
it  becaufe  FD :  DA  :  :  D  A  :  DE,  by  divifion  e,  FA  :  DA  : :  c 
l!E  :  ED,  and  alternately  c,  FA  :  AE  :  :  DA  :  ED.     Now, 

has   been    lhewn    that   FB  :  BE  :  :  AD  :  DE,  therefore  f  fii.  5 
B  :  BE  :  :  FA  :  AE.     Therefore,  &c.     Q^  E.  D. 

Cor.  If  AB  be  drawn,  becaufe  FB  :  BE  :  :  FA  :  AE,  the 
igle  FBE  is  bifeftedg  by  AB.  Alfo,  fince  FD  :  DC  :  : 
)C  :  DE,  by  composition  h,  FC  :  DC  :  :  CE  :  ED,  and  fince  it 
as  been  {hewn  that  FA  :  AD  (DC)  :  :  AE  :  ED,  therefore, 
equo,  FA  :  AE  : :  FC  :  CE.  But  FB  :  BE  :  :  FA  :  AE, 
erefore,  FB  :  BE  : :  FC  :  CE  f  ;  fo  that  if  FB  be  produced 
)  G,  and  if  BC.  be  drawn,  the  angle  EBG  is  bifecled  by  the 
ne  EC  k. 


*3- 

h  18 


k  A.  6. 


o 
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PROP.    G.    THEOR. 


IF  from  the  extremity  of  the  diameter  of  a  circle 
a  ftraight  line  be  drawn  in  the  circle,  and 
either  within  the  circle  or  produced  without  it,  ii 
meet  a  line  perpendicular  to  the  fame  diameter,  th( 
re&angle  contained  by  the  ftraight  line  drawn  ii 
the  circle,  and  the  fegment  of  it  intercepted  be- 
tween  the  extremity  of  the  diameter  and  the  per 
pendicular,  is  equa4  to  the  re&angle  contained  b) 
the  diameter  and  the  fegment  of  it  cut  off  by  th( 
perpendicular. 

Let  ABC  be  a  circle,  of  which  AC  is  a  diameter,  let  DE 
be  perpendicular  to  the  diameter  AC,  and  let  AB  meet  DF 
in  F ;  the  reftangle  B A,  AF  is  equal  to  the  re&angle  C  A,  AD 
join   EC,    and  becaufe  ABC   is  an  angle   in  a  femicircle 


a  31.  3.  it  is  a  right  angle  a  :    Now,  the  angle  ADF  is  alfo  a  right 

b  Hyp.     angle  b  ;   and  the  angle  BAG   is  either  the  fame  with  D AF, 

or' vertical  to  it ;   therefore     the    triangles  ABC,  ADF  are 

c4.6,    equiangular,  and  BA:  AC  :  :  AD  :  AFc  •,  therefore  alio  the 

rectangle  BA,  AF,   contained   by  the    extremes,  is  equal  to 

d  16.  6.  the  rectangle  AC,  AD  contained  by  the  meansd.  If  therefore, 

&c.     Q.E.  D. 

PROP. 
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PROP.    H.     THEOR. 


rHE    perpendiculars    drawn    fronv  the    three 
angles  of  any  triangle  to  the  oppolite  fides  in- 
rfedt  one  another  in  the  fame  point. 

Let  ABC  be  a  triangle,  BD  and  CE  two  perpendiculars 

terfe&ing  one  another  in  F  ;  let  AF  be  joined,  and,  produced 

neceflary,  let  it  meet  BC  in  G,  AG  is  perpendicular  toBC. 

Join  DE,  and  about  the  triangle  AEF  let  a  circle  be  de- 

ribed,  AEF  ;    then,  becaufe   AEF  is  a  right  angle,  the 

rcle  defcribed  about  the 

iangle   AEF   will    have 

F  for  its  diameter  a*     In 

e  fame  manner,  the  circle 

fcribed  about  the  triangle 

DF  has  AF  for  its  di- 

leter ;  therefore  the  points 

,  E,  F  and  D  are  in  the 

•ctimference  of  the  fame 

•cle.      But    becaufe    the 

gle  EFB  is  equal  to  the 

gle  DFC  b,  and  alfo  the 

gle  BEF   to    the   angle 

DF,    being    both    right 

gles,  the  triangles  BEF 

d  CDF  are  equiangular,  and  therefore  BF:EF::  CF:FD,c 

alternately  d,  BF  :  FC  : :  EF  :  FD.     Since,  then,  the  fides 

out  the  equal  angles  BFC,  EFD  are  proportionals,  the  tri- 

gles  BFC,  EFD  are  alfo  equiangular  e  ^  wherefore  the  angle 

CB   is  equal  to  the   angle  EDF.      But  EDF  is  equal  to 

AF,  becaufe  they  are  angles  in  the  fame  fegrnent  f  ;  there  - 

re  the  angle  EAF  is  equal  to  the  angle  FCG  :  Now,  the 

igles  AEF,  CFG  are  alfo  equal,  becaufe  they  are  vertical 

igles ;  therefore  the  remaining  angles  AEF,  FGC  are  alfo 

[ualg  :  But  AEF  is  a  right  angle,  therefore  FGC  is  a  right 

igle,  and  AG  is  perpendicular  to  BC.     Q^  E.  D. 


a  3'-  > 


b  15. 1. 

c  4.  6. 
d  16.  fc 

e  6.  6. 

f  21.  3. 

g  3*   '• 
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BOOK     VII. 


DEFINITIONS. 


L      : 

Ik  ftraight  line  is  perpendicular,  or  at  right  angles  to  a  Book  Vir. 
j^  plane,  when  it  makes  right  angles  with  every  ftraight '  ■"  -r  — ' 
line  meeting  it  in  that  plane. 

II. 

plane  is  perpendicular  to  a  plane,  when  the  ftraight  lines 
irawn  in  one  of  the  planes  perpendicularly  to  the  common 
'eftion  of  the  two  planes,  are  perpendicular  to  the  other 
plane. 

III. 

Le  inclination  of  a  ftraight  line  to  a  plane  is  the  acute  angle 
contained  by  that  ftraight  line  and  another  drawn  from 
ihe  point  in  which  the  firft   line   meets  the  plane,  to  the 

point 
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Book  VII.  point  in  which  a  perpendicular  to  the  plane  drawn  fro 
any  point  of  the  firft  line  above  the  plane,  meets  the  fan 
plane. 

IV. 

The  inclination  of  a  plane  to  a  plane  is  the  acute  angle  co 
tained  by  two  ftraight  lines  drawn  from  any  the  fame  poi 
of  their  common  fection  at  right  angles  to  it,  one  upon  01 
plane,  and  the  other  upon  the  other  plane. 

V. 

Two  planes  are  faid  to  have  the  fame,  or  a  like  inclination 
one  another,  which  two  other  planes  have,  when  the  fa 
angles  of  inclination  are  equal  to  one  another. 

VI. 

Parallel  planes  are  fuch  as  do  not  meet  one  another  thou 
produced. 

VII. 

A  Solid  is  that  which  has  lengtn,  breadth,  and  thicknels. 

VIII. 

See  K.  A  folid  angle  is  that  which  is  made  by  the  meeting  of  mc 
than  two  plane  angles,  wThich  are  not  in  the  fame  plane, 
one  point. 

IX. 

See  N.  Similar  folid  figures  are  fuch  as  are  contained  by  the  fax 
number  of  limilar  planes  limilariy  htuated,  and  having  li 
inclinations  to  one  another. 

X. 

A  pyramid  is  a  folid  figure  contained  by  planes  that  are  cc 
ftituted  betwixt  one  plane  and  a  point  above  it  in  whi 
they  meet. 
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XL 

prifm  is  a  folid  figure  contained  by  plane  figures,  of  which 
two  that  are  oppofite  are  equal,  fimilar,  and  parallel  to  one 
another  ;  and  the  others  parallelograms. 

XII. 

parallelopiped  is  a  folid  figure  contained  by  fix  quadrilate- 
ral figures,  whereof  every  oppofite  two  are  parallel. 

XIII. 

cube  is  a  folid  figure  contained  by  fix  equal  fquares. 

XIV. 

fphere  is  a  folid  figure  defcribed  by  the  revolution  of  a  fe- 
micircle  about  a  diameter,  which  remains  unmoved. 

XV. 

he  axis  of  a  fphere  is  the  fixed  ftraight  line  about  which  the 
femicircle  revolves. 

XVI. 

he  centre  of  a  fphere  is  the  fame  with  that  of  the  femicircle, 

XVII. 

he  diameter  of  a  fphere  is  any  ftraight  line  which  paffes 
through  the  centre,  and  is  terminated  both  ways  by  the  fu- 
perficies  of  the  fphere. 

XVIII. 

cone  is  a  folid  figure  defcribed  by  the  revolution  of  a  right 
angled  triangle  about  one  of  the  fides  containing  the  right 
angle,  which  fide  remains  fixed. 

XIX. 

'he  axis  of  a  cone  is  the  fixed  ftraight  line  about  which  the 
triangle  revolves. 

XX. 
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XX. 

The  bale  of  a  cone  is  the  circle  defcribed  by  that  fide  cc 
taining  the  right  angle,  which  revolves. 

XX. 

A  cylinder  is  a  folid  figure  defcribed  by  the  revolution  of 
right  angled  parallelogram  about  one  of  its  fides  which 
mains  fixed. 

XXI. 

The  axis  of  a  cylinder  is  the  fixed  ftraight  line  about  whi 
the  parallelogram  revolves. 

XXII. 

The  bafes  of  a  cylinder  are  the  circles  defcribed  by  the  tT 
revolving  oppofite  fides  of  the  parallelogram. 

XXIII. 

Similar  cones  and  cylinders  are  thofe  which  have  their  ax 
and  the  diameters  of  their  bafes  proportionals. 


PRO 
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PROP.  I.  THEOR. 


) 


NE  part  of  a  ftraight  line  cannot  be  in  a  plane    seeN. 
and  another  part  above  it. 


f  it  be  poffible,  let  AB,  part  of  the  ftraight  line  ABC,  be 

he  plane,  and  the  part  BC  above  it :  and  fince  the  ftraight 
AB  is  in  the  plane,  it  can 

Droduced  in  that  plane  :  let 

De  produced   to  D  :  Then 

JC    and    ABD    are     two 

ight  lines,  and  they  have 
common    fegment    AB, 

ich  is  impoffible  k.     There- 
ABC  is  not  a  ftraight  line 

E.  D. 


Wherefore  one  part,   &c. 


PROP.   II.    THEOR. 

NY  three  ftraight  lines  which  meet  one  ano- 
ther, not  in  the  fame  point,  are  in  one  plane. 

Let  the  three  ftraight  lines  AB,  CD,  CB,  meet  one  ano- 

:r  in  the  points  B,   C  and  E  ;  AB,   CD,   CB  are   in  one 

ne. 

Let  any  plane   pafs   through   the 

aigkt  line  EB,  and  let   the  plane 

turned  about  EB,  produced,  if 
ceflary,  until  it  pafs  through  the 
int  C  :  Then,   becaufe  the  points 

C  are  in  this  plane,  the  ftraight 
e  EC  is  in  it a  :  for  the  fame  rea- 
i,  the  ftraight  line  BC  is  in  the 
Tie  •,  and,  by  the  hypothefis,  EB  is 

it  :  therefore  the  three  ftraight 
tes  EC,  CB,  BE  are  in  one  plane : 
Lt  the  whole  of  the  lines  DC,  AB, 

id  BC  produced,  are  in  the  fame  plane  with  the  parts  of  them 

EC, 


a  s.def.  i. 


sqS 


ELEMENTS 


Book  vii.  ec,  EB,  BC  b.     Therefore  AB,  CD,  CB,  arc  all  in  on 
b  i.  7.    plane.     Wherefore,  &c.    Q^E.  D. 

Cor.     It  is  manifeft,  that  any  two  ftraight  lines  which  cv 
one  another  are  in  one  plane. 


PR  OP.  III.      THE  OR. 


IE  two  planes  cut  one  another,  their  common  fee 
tioa  is  a  ftraight  line. 

Let  two  planes  AB,  BC  cut  one  another,  and  let  B  and  I 
.he  two  points  in  the  line  of  their  common  fe&ion.  From  1 
to  D  draw  the  ftraight  line  BD  \ 
and  becaufe  the  points  1$  and  D 
are  in  the  plane  AB,  the  ftraight 
a  5.  elef  1.  line  BD  is  in  that  plane  a  :  for  the 
fame  reafon  it  is  in  the  plane  CB  *, 
the  ftraight  line  BD  is  therefore 
common  to  the  planes  AB  and  BC, 
or  it  is  the  common  feclion  of 
thefe    planes.       Therefore,    &c. 

q,E.  D. 


JB 


D 


P  R  O  P.    IV.      T  H  E  O  R. 


F  a  ftraight  line  (land  at  right  angles  to  each  0 
two  ftraight  lines  in  the  point  of  their  inter  fed 
tion,  it  will  alfo  be  at  right  angles  to  the  plane 
in  which  thefe  lines  are. 

Let  the  ftraight  line  EF  ftand  at  right  angles  to  each  of  the 
ftraight  lines  A&,  CD  in  E,  the  point  of  their  interferon 
EF  is  alfo  at  right  angles  to  the  plane  pafling  through  AB 
CD. 

Take  the  ftraight  lines  jBAE,  EB,  CE,  ED  all  equal  to  one 
another  ;  and  through  E  draw,  in  the  plane  in  which  are  AB 

CD 
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any  ftraight  line  GEH  ;  and  join  AD,  CB  ;  then,  from  k™k  vit. 
y  point  F  in  EF,  draw  FA,  FG,  FD,  FC,  FH,  FB  :    and  **-#*" 
caufe  the  two  ftraight  lines,  AE,  ED  are  equal  to  the  two 
E,  EC,  and  that  they  contain  equal  angles  a   A  ED,  BEC,  a  5.  r. 
bafe  AD  is  equal  b   to    the  bale   BC,  and  the  angle  b  4.  1. 
AE  to  the  angle  EBC  :  and  the  angle  AEG  is   equal  to 

angle  BEH  a ;  therefore  the  triangles  AEG,   BEH  have 
o  angles  of  one  equal  to  two  angles  of  the   other,  each  to 
h,  and  the  fides  AE,  EB,  adjacent  to  the  equal  angles,  e- 
al  to  one  another ;  wherefore  they  ftiall  have  their  other 
es  equal  c  ;  GE  is  therefore  equal  to  EH,  and  AG  to  BH  :  c  26.  1. 
d  becaufe  AE  is  equal  to    EB,  and  FE  common  and  at 
ht  angles  to  them,  the  bafe  AF  is  equal  b  to  the  bafe  FB ;  b  4.  1. 
the  fame  reafon,  CF  is  equal  to  FD  :  and  becaufe  AD  is 
lal  to  BC,  and  AF   to  FB; 
i  becaufe  the  bafe  DF  was  pro- 
i  equal  to  the  bafe  FC  ;  there- 
e  the  angle  FAD  is  equal  d  to 

angle  FBC.     Again,  it  was  //I      \W 

)ved    that     GA    is    equal  to 
I,    and     AF    to     FB j     and 

angle  FAG  has  alfo  been 
>ved  equal  to  the  angle  FBH  ; 
refore  the  bafe  GF  is  equal 
0  the  bafe  FH  :  And  becaufe 

is  equal  to  EH,  as  was  al- 
dy  proved,  and  EF  is  com- 
n  to  the  triangles  GFE,HFE; 

alfo   the  bafe  GF  equal  to 
bafe  FH  ;   the  angle  GEF  is  equal  d  to  the   angle  HEF  ; 
Iconfequently  each  of  thefe  angles  is  a  right  e  angle.    There-  c  7.  dctu 

FE  makes  right  angles  withGH,  that  is  with  any  ftraight 
i  drawn  through  E  in  the  plane  paffing  through  AB^  DC  ; 
refore  it  makes  right  angles  with  every  ftraight  line  which 
ets  it  in  that  plane.  But  a  ftraight  line  is  at  right  angles  to 
lane  when  it  makes  right  angles  with  every  ftraight  line 
ich  meets  it  in  that  plane  f  :  therefore  EF  is  at  right  angles  f  i.d«£  7. 
3ie  plane  in  which  are  AB,  CD.  Wherefore,  if  a  ftraight 
;,&c.     CXE.  D. 


P 


PROP, 


2JLO 
Bcok  '  If. 


ELEMENTS 


PROP,    V,      THEOR, 


IF  three  ftraight  lines  meet  all  in  one  point,  and 
ftraight  line  ftand   at  right    angles   to   each 
them  in  that  point :  thefe  three  ftraight  lines  are 
one  and  the  fame  plane. 


Let  the  ftraight  line  AB  ftand  at  right  angles  to  each 
the  ftraight  lines  BC,  BD,  BE,  in  B,  the  point  where  th 
meet  ;  BC,  BD,  BE  are  in  one  and  the  fame  plane. 

If  not,  let,  if  it  be  poffible,  BD  and  BE  be  in  one  plane,  a 
BC  be  above  it;  and  let  a  plane  pafs  through  AB,  BC, 
common  feffion  of  which  with  the  plane,  in  which  BD   \ 
BE  are,  fliall  be  a  ftraight  a  line  ;  let  this  be  BF  :    therefc 
the  three  ftraight  lines  AB,  BC,  BF  are  all  in  one  plane,  v 
that  which  panes  through  AB,  BC  ;  and  becaufe  AB  ftai 
at  right  angles  to  each  of  the  ftraight  lines  BD,  BE,  it  is 
fo  at  right  angles  b  to  the  plane  pafling  through  them  •,  2 
c  i.def.7.  therefore  makes  right  angles  c  with 
every  ftraight  line  meeting  it  in  that 
plane  ;    but  BF   which   is   in  that 
plane  meets  it :  therefore  the  angle 


b  1.  ti. 


ABF 


is   a 


right 


anrie  ;    but   th? 


angle  ABC,  by  the  hypothefis,  is 

alfo   a  right   angle  •,    therefore   the 

angle  ABF  is   equal  to   the   angle 

ABC,   and   they  are   both   in   the 

fame   plane,    which    is   impoflible  : 

therefore  the  ftraight  line  BC  is'not 

above  the   plane  in   which  are  BD 

and   BE  :     Wherefore     the     three 

ftraight  lines  BC,  BD,  BE  are   in  one  and  the  fame  pis 

Therefore,  if  three  ftraight  lines,  &c.  Q^E.  D. 


PROP 
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PROP.    VI.     THEO  R. 


F  two  ftraight  lines  be  at  right  angles  to  the  fame 
plane,  they  fhall  be  parallel  to  one  another. 

Let  the  ftraight  lines  AB,  CD  be  at  right  angles  to  the  fame 
.ne ;  AB  is  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points  B,  D,  and  draw  the 
light  line  BD,  to  which  draw  DE  at  right  angles,  in  the 
ae  plane  ;  and  make  DE  equal  to 
3,  and  join  BE,  AE,  AD.  Then, 
aufe  AB  is  perpendicular  to  the 
it    mail   make   right   a    angles 


ne, 


th  every  ftraight  line  which  meets  it, 

is  in  that  plane  :  but  BD,  BE, 
ich  are  in  that  plane,  do  eacli  of 
m  meet  AB.  Therefore  each  of 
angles  ABD,  ABE  is  a  right  angle : 
the  fame  reaibn,  each  of  the  angles 
)B,  CDE  is  a  right  angle  :  and  be- 
ife  AB  is  equal  to  DE,  and  BD 
nmon,  the  two  fides  AB,  BD,  are 
lal  to  the  two  ED,  DB ;  and 
y  contain  right  angles  ;  therefore  the  bafe  AD  is  equal  b  to 

bafe  BE.  Again,  becaufe  AB  is  equal  to  DE,  and  BE  to 
D,  and  the  bafe  AE  common  to  the  triangles  ABE,  EDA  5 
jangle  ABE  is  equal  c  to  the  angle  EDA  :  felt  ABE  is  a 
ht  angle  ;  therefore  EDA  is  alfo  a  right  angle,  and  ED  per- 
ndicular  to  D  A :  but  it  is  alfo  perpendicular  to  each  of  the 
o  BD,  DC  :  Wherefore  ED  is  at  right  angles  to  each  of 
t  three  ftraight  lines  BD,  DA,  DC  in  the  point  in  which 
:y  meet :  Therefore  thefe  three  ftraight  lines  are  all  in  the 
ne  plane  d  :  but  AB  is  in  the  plane  in  which  are  BD,  DA, 
caufe  any  three  ftraight  lines  which  meet  one  another  are  in 

plane  e  :  Therefore  AB,  BD,  DC  are  in  one  plane  ;  and 
ch  of  the  angles  ABD,  BDC  is  aright  angle  ;  therefore  AB 


b  4. 1* 


c  S.  t. 


d  5,  7> 


parallel  f 
.  E.  D, 


to  CD.     Wherefore,  it  two  ftraight  lines,  £cc,     f  a$. 


P  2 


PROP, 


ELEMENTS 


PROP.    VII.     THEOR, 

"I  F  two  ftraight  lines  be  parallel,  and  one  of  thei 
I  is  at  right  angles  to  a  plane ;  the  other  alfo  iha 
be  at  right  angles  to  the  fame  plane. 


Let  AB,  CD  be  two  parallel  ftraight  lines,  and  let  one 
them  AB  be  at  right  angles 
to  a  plane  ;  the   other   CD 
is   at   right   angles   to  the 
fame  plane. 

For,  if  CD  be  not  per- 
pendicular to  the  plane  to 
which  AB   is  perpendicu-      p 
1  r,  let  DG  be  perpendicu-  \ 

lar  to  it.     Then  a    DG  is 
parallel  to  AB:  DG   and 

D(    therefore  are   both  pa-  v ■ 

ralkl  to  AB,  and  are  drawn 
b  1 1. Ax.  i.  through  the  fame  point  D,  which  is  impoffible  K 


a  6,  7. 


B 


*4.  7. 


PROP.     VIII.    THEOR. 

TWO  ftraight  lines  which  are  each  of  them  p: 
rallcl  to  the  fame  ftraight  line,  though  not  bot 
in  the  fame  plane  with  it,  are  parallel  to  one  anothe 

Let  AB,  CD  be  each  of  them  parallel  to  EF,  and  not 
the  fame  plane  with  it ;  AB  mail  be  parallel  to  CD. 

In  EF  take  any  point  G,  from  which  draw,  in  the  plai 
palling  through  EF,  AB,  the  ftraight  line  GH  at  rig 
angles  to  EF  ;  and  in  the  plane  palling  through  EF,  CI 
draw  GK  at  rig;ht  angles  to  the  fame  EF.  And  becaufe  L 
is  perpendicular  both  to  GH  and  GK,  EF  is  perpendicular 
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the  Diane  HGK  palling  through  them  :  and  EF  is  paral-  Book  Vir. 
to   A'jd  ;    therefore  ~mmmJ 

s  is  at  right  angles  b        A ^  b  7-  7- 

the  plane  HGK.  For 
!  fame  reafon,  CD 
like  wife  at  right 
4es  to  the  plane 
iK.  Therefore  AB, 
)  are  each  of  them 
right  angles  to  the 
me  HGK.      But  if 

o  ftraight  lines  are  at  ripht  angles  to  "he  fame  plane,  *hey 
parallel  c    to   one    another.     Therefore    AB  is   parallel 
CD.     Wherefore  two  itraight  lines,  &c.  Q^  E.  D. 


PROP.    IX.     THEOR, 

two  ftraight  lines  meeting  one  another  be  na- 

rallcl    to   two    others  that    meet    one  another, 

ugh  not  in  the  fame  plane  with  the  firft  tw  o  ;  the 

:    two    and  the  other  two  lhall    contain    equal 


2:!e^. 


et  the  two  ftraight  lines  AB,  BC   which  meet  one  ano- 
r  be  parallel  to  the  two  ftraight  lines   DE,   EF   that  meet 

another,  and  are  not  in  the  fame 

ne     with     AB,    BC.     The    angle 

Ji    is  equal  to  the  an  le  D  EF. 

Take  BA,  BC,  ED,  EF  all  equal  to 

another ;  and  join  AD,   CF,  BE, 

,   i)F:  becaufe  BA   is  equal  and 

llel   to   ED.    therefore  AD    is  a 

1  equal  and  parallel  to  BE.     For 

fame  revtibn,  C  F  is  equal  aud  paral- 

to  BE.     Therefore   AD   and  CF 

each  of   them   equal  and  parallel 

>E.  Hut  ftraight  lines  that  are  paral- 

to  the   fame   ftraight   line,  though 

in  the  iame  pl.ne  with  it,   are  pa 

ti  b   to  one  another.     Therefoic  AiJ  is  parallel  to  CF  ;  b  8.  7. 


a  33- *• 


J?3 


and 


ai4  E  L  E  M  E  NT  S 

Book  vn*  and  it  is  equal  to  it,  and  AC,  DF  join  them  towards  the  fan 
4    r^  parts  .  an(j  ^erefoj-g  a  AC  is  equal  and  parallel  to  DF.   Ar 
becaufe  AB,  BC  are  equal  to  DE,  EF,  and  the  bafe  AC 
c  S.  j.    the  bafe  DF  ;  the  angle  ABC  is  equal  p   to  the  angle  DE 
Therefore,  if  two  ftraight  lines,  fee.    Q^E.  D. 


PROP.    X.     THE  OR. 

TO  draw  a  ftraight  line  perpendicular  to  a  plan 
from  a  given  point  above  it. 

Let  A  be  the  given  point  above  the  plane  BH ;  it  is 

quired  to  draw  from  the  point  A  a  ftraight  line  perpendicul 

to  the  plane  BH 

In  the  plane -draw  any  ftraight  line  BC,  and  from  the  poi 
M2t  i,    A  draw  a  AD  perpendicular  to  BC.     If  then  AD   be  a 

perpendicular  to  the  plane  BH,  the  thing  required  is  alrea 

done  *,  but  if  it  be  not,  from 
b  ii.  i.   the  point  D  draw  k,  in  the  j^ 

plane  BH,  the  ftraight  line  g 

DE  at  right  angles  to  BC  ; 

and  from  the  point  A  draw 

AF  perpendicular  to  DE;     G 
c  31.  1.  and  through  F  draw  c  GH 

parallel  to  BC  :  and  becaufe 

BC  is  at  right  angles  to  ED 


I 


and  DA,   BC   is   at   right  J}  J) 

d  4-7-      angles  d  to   the  plane  paf- 

ling  through  ED,  DA.     And  GH  is  parallel  to  BC  •,  but, 
two  ftraight  lines  be  parallel,  one  of  which  is  at  right  and 

e  7-  7-  to  a  plane,  the  other  fhall  be  at  right  e  angles  to  the  far 
plane  ;  wherefore  GH  is  at  right  angles  to  the  plane  throu 
f  1.  def.  7.  EB^  DA,  and  is  perpendicular  f  to  every  ftraight  line  me< 
ing  it  in  that  plane.  But  AF,  which  is  in  the  plane  throu 
ED,  DA,  meets  it :  Therefore  GH  is  perpendicular 
AF  ;  and  confecmently  AF  is  perpendicular  to  GK 
and  AF  is  alfo  perpendicular  to  DE  :  Therefore  AF  is  p« 
pendicular  to  each  of  the  ftraight  lines  GH,  DE.  But 
a  ftraight  line  ftands  at  right  angles  to  each  of  two  ftraig 
lines  in  the  point  of  their  interferon,  it  ihajl  alfo  be  at  rig 

angl 
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gles  to  the  plane  palling  through  them  <*.  And  the  plane  paf-ffQok  VI1; 
g  through  ED,  GH  is  the  plane  BH;  therefore  AF  is  per- 
ndicular  to  the  plane    BH  ;  fo  that,  from  the  given  point 
,  above  the  plane  BH,  the  ftraight  line  AF  is  drawn  per- 
ndicular  to  that  plane.     Which  was  to  be  done. 

Cor.  If  it  be  required  from  a  point  C  in  a  plane  to 
z&  a  perpendicular  to  that  plane,  take  a  point  A  above  the 
me,  and  draw  AF  perpendicular  to  the  plane,  then,  if  from 
a  line  be  drawn  parallel  to  AF,  it  will  be  the  perpendicu- 
•  required  ;  for  being  parallel  to  AF  it  will  be  perpend icu- 

tothe  fame  plane  to  which  AF  is  perpendicular  e . 


PROP.    XL      T  H  E  O  R. 

pROM  the  fame  point  in  a  given  plane,  there 
^  cannot  be  two  ftraight  lines  at  right  angles  to 
e  plane,  upon  the  fame  fide  of  it :  And  there  can 
I  but  one  perpendicular  to  a  plane  from  a  point 
>ove  the  plane. 

For,  if  it  be  poffible,  let  the  two  ftraight  lines  AC,  AB  be  at 
jht  angles  to  a  given  plane  from  the  fame  point  A  in  the 
ane,  and  upon  the  fame  fide  of  it ;  and  let  a  plane  pals 
rough  B  A,  AC  ,  the  common  feclion  of  this  with  the  given 
me  is  a  ftraight a  line  pailing  through  A:  Let  DAE  be 
eir  common  feclion  :  Therefore  the  ftraight  lines  AB,  AC, 
AE  are  in  one  plane  :  And  becaufe  CA  is  at  right  angles 
the  given  plane,  it  fhall  make 
jht  angles  with  every  ftraight 
le  meeting  it  in  that  plane.  But 
AE,  which  is  in  that  plane, 
eets  C  A  ;  therefore  C  AE  is  a 
ht  angle.  For  the  fame  reafon 
LE  is  a  right  angle.  Where- 
re  the  angle  C  AE  is  equal  to 
e  angle  B AE ;  and  they  are  in       -fj  A*       ""    ^~15 

e   plane,   which  is  impoflible. 

lfo,  from  a  point  above  a  plane,  there  c?n  ae  but  one  per- 
ndrcular  to  that  plane  •,  for,  if  there  cculd  be  two,  they 
P  a  would 


2l6 


ELEMENTS 


Bf  c  k  VIT,  wouij  DC  parallel  b  to  one  another,  which  is  abfurd.     There 
b  6  ?>    fore,  from  the  fame  point,  &c  Q^E.  D. 


PROP.    XII.     THE  OR. 


PLANES  to  which  the  fame  ftraight  line  is  per 
pendicul^r,  are  parallel  to  one  another. 

Let  the  ftraight  Tne  AB  be  perpendicular  to  each  of  thi 

planes  CD,  EF  ;  thefe  planes  are  parallel  to  one  another. 
If  not,  they  fliall  meet  one  another  when  produced ;  le 

them  meet ;  their  common  feclion 

ftiall  be  a  ftraight  line  GH,  in  which 

take   any  point  K,  and  join  AK, 

BK:  Then,  becaufe  AB  is  perpen- 
dicular to  the  plane  EF,  it  is  per- 
il i»  def.7.  pendicular  a  to  the  ftraight  line  BK 

which  is  in  that  plane.     Therefore 

ABK   is  a  right  angle.     For  the 

fame  reafon,  BAK  is  a  right  angle; 

wherefore   the  two   angles   ABK, 

BAK   of  the   triangle   ABK    are 

equal  to  two  right  angles,  which  is 
b  17.  1.  impoffibleb  :    Therefore  the  planes 

CD,  EF,  though  produced,  do  not 
c  6.  dei  7. meet  one  another;    that  is,  they  are  parallel c.     Therefore 

planes,  &x.  Q^  E.  D. 


PROP.    XIII.      T  H  E  O  R. 

IF  two  ftraight  lines  meeting  one  another,  be  pa- 
rallel to  two  ftraight  lines  which  meet  one  ano- 
ther, but  are  not  in  the  fame  plane  with  the  firft 
two ;  the  plane  which  pafles  through  thefe  is  pa- 
rallel to  the  plane  palling  through  the  others* 


Let 
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ftraight 
meeting  it  in"  that 


Let  AB,  BC,  two  ftraight  lines  meeting  one  another,  be&^kVH. 

rallel  to  DE,  EF  that  meet  one  another,  but  are  not  in  the        ¥      ~f 

ne  plane  with  AB.  B  2  :  The    lanes  through  AB,  BC,  and 

E,  EF  fhall  not  meet,  though  produced 

From   the  point  B  draw  B'G  perpendicular  a  to  the  plane  a  10.  71? 

lich  paffes  through  DE,  EF,  and  let  it  meet  that  ptane  in 

and  through  G  draw  GH   parallel     to  LD,  and  GK  pa-  ^  31.  x, 
lei  to  EF  :  And  becaufe  BG  is  perpendicular  to  the  plane 
•ough   DE,    EF,  it 
ill  make  right  angles 
th     every 
e  m 

me  c .  But  the  ftraight 
es  GH,  GK  in  that 
me  meet  it :  There- 
e  each  of  the  angles 
JH,  BGK  is  a  right 
gle :  And  becaufe 
\  is  parallel  d  to  GH 
>r  each  of  them  is 
rallel  to    DE,)   the 

gles  GBA,  BGH  are  together  equal  e  to  two  right  angles  :  e  29.  1. 
rid   BGH    is    a   right   angle ;    therefore    alfo   GBA    is   a 
^ht  angle,  and  GB  perpendicular  to  BA:   For  the  fame 
ifon,   GB  is.    perpendicular   to    BC:    Since   therefore   the 
aight  line  GB  ftands  at  right  angles  to  the  two  ftraight  lines 
V,  BC,  that  cut  one  another  in  B  ;  GB  is  perpendicular  f  f  4-  7- 
the  plane  through  BA,  BC  :  And  it  is  perpendicular  to  the 
ine  through  DE,   EF  ;  therefore  BG  is  perpendicular  to 
:h  of  the  planes  through  AB,  BC,  and  DE,  EF ;  Biit  planes 
which  the  fame  ftraight  line  is  perpendicular,  are  parallel  g   g  12.7. 
one  another :  Therefore  the  plane  through  AB,  BC  is  pa- 
lel  to  the  plane  through  DE,  EF.     Wherefore,  if  twq 
aight  lines,  &c.  Q^E.  D. 


PROP. 
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PROP.    XIV.     THEOR. 


I 


F  two  parallel  planes  be  cut  by  another  plan«, 
their  common  fe&ions  with  it  are  parallels. 


Let  the  parallel   planes   AB,  CD  be  cut  by  the  plane 
EFHG,  and  let  their  common  feclions  with  it  be  EF,  GH 
EF  is  parallel  to  GH.  *.  . 

For  the  ftraight  lines  ^^  ^^P 

EF  and  GH  are  in  the 
fame  plane,  viz.  EFHG, 
,  wjiich  cuts  the  planes 
AB  and  CD  ;  and  they 
do  not  meet  though  pro- 
duced ;  for  the  planes  in 
which  they  are  do  not 
meet  ;  therefore  EF 
a  30.  def.i.and  GH  are  parallel a* 
Q.E.D. 


PRO  P.    XV.      THEOR. 


I 


F  two  parallel  planes  be  cut  by  a  third   plane, 
they  have  the  fame  inclination  to  that  plane. 


Let  AB  and  CD  be  two  parallel  planes,  and  EH  a  thirc 
plane  cutting  them  :  The  planes  AB  and  CD  are  equally  in- 
clined to  EH. 

Let  the  ftraight  lines  EF  and  GH  be  the  common  fection 
of  the  plane  EH  with  the  two  planes  AB  and  CD  ;  and 
from  K  any. point  in  EF,  draw  in  the  plane  EH  the  ftraight 
line  KM  at  right  angles  to  EF,  and  let  it  meet  GH  in  L  *, 
draw  alfo  KN  at  right  angles  to  EF  in  the  plane  AB  :  and 
through  the  ftraight  lines  KM,  KN,  let  a  plane  be  made 
to  pals  cutting  the  plane  CD  in  the  line  LO.  And  becaufe  EF 
and  GH  are  the  common  feclions  of  the  plane  EH  with  the 

two 
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7-  7- 


vo  parallel  planes  AB  and  CD,   EF  is  parallel  to  GH*.  BookviL 
ut  EF  is  at  right   angles  to  the  plane   that  pafles  through  a  14.  7. 
N  and  KM  b,  be-  b4-  7- 

mfe  it  is  at  right 
irlesto  the  lines 
;M  and  KN  : 
lerefore  GH  is 
Ifo  at  right  angles 
5  the  fame  plane, 
and  it  is  there- 
)reat  right  angles 
:>  the  lines  LM,LO  g 
mich  it  meets  in 
lat  plane.  There- 
:>re,  fince  LM  and 
.O  are   at  tright 

n°les  to  LG,  the  common  feclion  of  the  two  planes  CD  and 
H,  the  angle  OLM  is  the  inclination  of  the  plane  CD  to  the 
lane  EH  |L     For  the  fame  reafon  the  angle  MKN  is  the  in- a  4.  dcf.  ?. 
lination  of  the  plane  AB  to  .the  plane  EH.     But  becaufe 
LM  and  LO  are  parallel,  being  the  common  feftions  of  the 
arallel  planes  AB  and  CD  with  a  third  plane,  the  interior 
ngle  NKM  is  equal  to  the  exterior  angle  OLM> ;  that  is,  the  e  29.  i« 
Qclination  of  the  plane  AB  to  the  plane  EH,  is  equal  to  the  ( 
nclination  of  the  plane  CD  to  the  fame  plane  EH.     There- 
ore,  &c.     Q^E.D. 
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ELEMENTS 


PROP.   XVI.    THEO  R. 


I 


F  two  ftraight  lines  be  cut  by  parallel  planes,  tbey 
fhall  be  cut  in  the  fame  ratio. 


*4-7 


1)2.  6. 


en.  5. 


Let  the  ftraight  lines  AB,  CD  be  cut  by  the  parallel  planes 
GH,  KL,  MN,°in  the  points  A,  E,  B>  C,  F,  D :  As  AE  is 
to  EB,  fo  is  CF  to  FD. 

Join  AC,  BD,  AD,  and  let  AD  meet  the  plane  KL  in  the! 
po'nt  X;  and  join  EX,  XF: 
Becaufe  the  two  parallel 
planes  KL,  MN  are  cut  by 
the  plane  EBDX,  the  com- 
mon feclions  EX,  BD,  are 
parallel a.  For  the  fame  rea- 
ion,  becaufe  the  two  parallel 
planes  GH,  KL  are  cut  by 
the  plane  AXFC,  the  com- 
mon feclions  AC.  XF  are  pa- 
rallel: And  becaufe  EX  is 
parallel  to  BD,  a  fide  of  the 
triangle  ABD,as  AE  to  ):.B, 
fo  is  b  AX  to  XD.  Acrain, 
becaufe  XF  is  parallel  to 
AC,  a  fide  of  the  triangle 
ADC,  as  AX  to  XD,  fo  is 
CF  to  FD  :  And  it  was  pro- 
ved that  AX  is  to  XD,  as  AE  to  EB  :  Therefore  c,  as  AE 
to  Eb,  fo  is  CF  to  FD.  Wherefore,  if  two  ftraight  lines, 
&c.  Q^E.D. 


.PROF.   XVII.     THE  OR. 

IF  a  ftraight  line  be   at   right   angles  to   a  plane, 
every  plane  *  hi  h  paffes   through  it  fliall  be  at 
right  angles  to  that  plane. 


Let 
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Let  the  flxaight  line  A  B  be  at  right  angles  to  a  plane  Book  VH, 
]K  ;  every  plane  which  panes  through  AB  mall  be  at  right  *  ' 
ngles  to  the  plane  CK. 

Let  any  plane  DE  pafs  through  AB,  and  let  CE  be  the 
ommon  fection  of  the  pknes  DE,  CK  ;  take  any  point  F  in 
>E,  from  which  draw  FG  in  the  plane  DE  at  right  angles  to 
"E:  And  becaufe  AB  is 

erpendicular  to  the  plane  'P  G        A        H 

^K,  therefore  it  is  alfo 
erpendicular  to  every 
xaight  line  meeting  it   n 

tiat   plane*;    and    confe-      ^- J— 1 kK.  a  i.  <&£-/, 

uently  it  is  perpendicular 

CE:  Wherefore  ABF 

a  right  angle;  but  GFB 

like  wife  a  right  angle;  Q  JT        B         F' 

lerefore  AB  is  parallel  b  b  28.  s. 

FG.  And  AB  is  at  right  amies  to  the  plane  CK;  there- 
>re  FG  is  alfo  at  right  angles  to  the  fame  plane  c.  But  one  c  7.  7. 
lane  is  at  right  angles  to  another  plane  when  the  flxaight 
nes  drawn  in  one  of  the  planes,  at  right  angles  to  their  com- 
ion  feftion,  are  alfo  at  right  angles  ;o  the  other  plane  d  ;  andd  s«  def.  $, 
ly  flraight  line  FG  in  the  plane  DE,  which  is  at  right  ang- 
les to  CE  the  common  feclion  of  the  planes,  has  been  proved 

be  perpendicular  to  the  other  plane  CK  ;  therefore  the 
lane  DE  is  at  right  angles  to  the  plane  CK.  In  like  man- 
fr,  it  may  be  proved  that  all  the  planes  which  pafs  through 
lB  are  at  right  angles  to  the  plane  CK.  Therefore,  if  a 
raight  line,  &x.  Q^  E.  D. 


PROP.    XVIII.      T  H  E  O  R. 

[F  two  planes  catting  one  another  be  each  of  them 
perpendicular  to  a  thrd  plane,  their  common 
action  (hall  be  perpendicular  to  the  fame  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpendicular 
>  a  third  plane  and  let  i»D  be  the  common  ieclion  of  the 
rft  two  j  BD  is  perpendicular  to  the  plane  ADC, 

From 
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Book  VII.      From  D  in  the  plane  ADC,  draw  DE  perpendicnlai  t 
^—-v— — >  AD,  and  DF  to  DC.     Becaufe  DE  is  perpendicular  to  AD 

the    common  fe&ion  of    the    planes  B 

AB  and  ADC ;  and  becaufe  the  plane 

AB  is  at  right  angles  to  ADC,  DE 
a  2.  def.  7.  is  at  right  angles  to  th^  plane  AB  a, 

and  therefore  alfo  to  the  Itraight  line 
b  1.  def.  7-BD  in  that  plane  b.  For  the  fame  rea- 

fon,  DF  is  at    right  angles  to  DB. 

Since  Bt)   is  therefore  at  right  angles 

to  both  the  lines  DE  and  DF,  it  is  at 

right  angles  to  the  plane  in  which  DE 

and   DF  are,   that   is,  to   the    plane 
C4-7-    ADC  c8  Wherefore,  &c  Q^E.D. 


1$  1. 


I 


PROP.    XIX.      THEoi, 

F  a  folid  angle  be  contained  by  three  plane  angle* 
any  two  of  them  are  greater  than  the  third. 


D 


Let  the  folid  angle  at  A  be  contained  by  the  three  plan 
angles  BAC,  CAD,  DAB.  Any  two  of  them  are  greatt 
than  the  third. 

If  the  angles  BAC,  CAD,  DAB  be  all  equal,  it  is  ev 
dent  that  any  two  of  them  are  greater  than  the  third.  B 
if  they  are  not,  let  BAC  be  that  angle  which  is  not  lefs  th; 
either  of  the  other  two,  and  is 
greater  than  one  of  them  DAB; 
and  at  the  point  A  in  the  ftraight 
line  AB,  make,  in  the  plane  which 
paffes  through  BA,  AC,  the  angle 
B  AE  equal  a  to  the  angle  DAB;  and 
make  AE  equal  to  AD,  and  through 
Edraw  BEC  cutting  AB,  AC  in  the 
points  B,  C,  and  join  DB,  DC. 
And  becaufe  DA  is  equal  to  AE, 
and  AB  is  common  to  the  two  triangles  ABD,  ABI 
and  alfo  the  angle  DAB  equal  to  the   angle   EAB  ;    therl 

£o| 


B 
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ore  the  bafe  DB  is  equal  b  to  the  bafe  BE.  And  be- Book  VII* 
aufe  BD,  DC  are  greater  c  than  Cr),  and  one  of  them  BD  ' 
las  been  proved  equal  to  BE  ^part  of  CB,  therefore  the  o- 
her  DC  is  greater  than  the  remaining  part  EC.  And  be- 
aufe  DA  is  equal  to  AE,  and  AC  common,  but  the  bafe 
DC  greater  than  the  bafe  EC  *,  therefore  the  angle  DAC  is 
rreater  d  than  the  angle  EAC  ;  and,  by  the  conftru&ion,  the  d  25-  r* 
ngle  DAB  is  equal  to  the  angle  B AE  ;  wherefore  the  angles 
DAB,  DAC  are  together  greater  than  BAE,  EAC,  that  is, 
han  the  angle  BAG.  But  BAC  is  not  lefs  than  either  of 
he  angles  DAB,  DAC  ;  therefore  BAC,  with  either  of 
hem,  is  greater  than  the  other.  Wherefore,  if  a  folid  angle, 
fcc.    Q^E.  D. 


PROP.    XX.     T  H  E  O  R. 


E 


VERY  folid  angle  is  contained  by  plane  angles 
which  together  are  lefs  than  four  right  angles. 


Firft,  Let  the  folid  angle  at  A  be  contained  by  three  plane 
ingles  BAC,  CAD,  DAB.  Thefe  three  together  are  lefs 
:han  four  right  angles. 

Take  in  each  of  the  ftraight  lines  AB,  AC,  AD  any 
joints  B,  C,  D,  and  join  BC,  CD,  DB  :  then,  becaufe  the  fo- 
id  angle  at  B  is  contained  by  the  three  plane  angles  CBA, 
ABD,  DBC,  any  two  of  them  are  greater  a  than  the  third  ; 
therefore  the  angles  CBA,  ABD  are  greater  than  the  angle 
DBC  :  for  the  fame  reafon,  the  angles  BC  A,  ACD  are  great- 

than  the  angle  DCB ;  and 
the  angles  CD  A,  ADB  greater 
than  BDC  :  Wherefore  the  fix 
angles  CBA,  ABD,  BCA, 
ACD,  CDA,  ADB  are  great- 
er than  the  three  angles  DBC, 
BCD,  CDB:  but  the  three 
angles  DBC,  BCD,  CDB  are 
qual    to    two  right   angles  b  : 

Therefore  the  fix  angles  CBA,  ABD,  ECA,  ACD,  CDA, 
ADB  are  greater  than  two  light  angles  :    and  becaufe  tine 

three 
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Book  VIT. three  angles  of  each  of  the  triangles  ABC,  ACD,  AI 
*—— v— '  are  equal  to  two  right  angles,  therefore  the  nine  angles 
thefe  three  triangles,  viz.  the  angles  CBA,  BAC,  AC 
ACD,  CDA,  DAC,  ADB,  DBA,  BAD  are  equal  to 
right  angles  :  Of  thefe,  the  fix  angles  CBA,  ACB,  AC 
CDA,  ADB,  DBA  are  greater  than  two  right  angle 
therefore  the  remaining  three  angles  BAC,  DAC,  BA 
which  contain  the  folid  angle  at  A,  are  lefs  than  four  rig 
angles. 

Next,  Let  the  folid  angle  at  A  be  contained  by  any  nui 
ber  of  plane  angles  BAC,  CAD,  DAE,  EAF,  FAB  ;  the 
together  are  lefs  than  four  right  angles. 

Let  the  planes  in  which  the  angles  are,  be  cut  by  a  plai 
and  let  the  common  feclions  of  it  with  thofe  planes  be  B 
CD,  DE,  EF,  bB :  and  becaufe  the  folid  angle  at  B  is  ci 
tained     by    three    plane    angles 
CBA,  ABF,  FBC,  of  which  any 

a  19.  7.  two  are  greater  a  than  the  third, 
the  angles  CBA,  ABF  are  great- 
er than  the  angle  FBC  :  for  the 
fame  reafon,  the  two  plane  angles 
at  each  of  the  points  C,  D,  E,  F, 
viz.  the  angles  which  are  at  the 
bafes  of  the  triangles  having  the 
common  vertex  A,  are  greater 
than  the  third  angle  at  the  fame 
point,  which  is  one  of  the  angles 
of  the  polygon  BCDEF  :  there- 
fore all  the  angles  at  the  bafes  of 

the  triangles  are  together  g  eater  than  all  the  angles  of 
polygon  :  and  becaufe  all  the  angles  of  the  triangles  are 
gether  equal  to  twice  as  many  right  angles  as  there   are 

b  32. 1.  angles b  ;  that  is,  as  there  are  fides  in  the  polygon  BCDEI 
and  becaufe  all  the  angles  of  the  polygon,  together  with  fo 
right  angles,  are  like  wife  equal  to  twice  as  many  right  ang. 

c  1.  cor.  as  there  are  fides  in  the  polygon  c  ;  therefore  all  the  angles 
the  triangles  are  equal  to  all  the  angles  of  the  polygon  tog 
ther  with  four  right  angles.  But  all  the  angles  at  the  bafes 
the  triaiigles  are  greater  than  all  the  angles  of  the  polygc 
as  has  been  proved.  Wherefore,  the  remaining  angles  of  t 
triangles,  viz.  thofe  at  the  vertex,  which  contain  the  fol 

an  2 


32. 1. 


OF   GEOMETRY. 


22j 


lgle  at  A,  are  lefs  than  four  right  angles.     Therefore  every  Book  VW. 
lid  angle,  &c.  Q^  E.  D.  { r — ' 


PROP.   XXL    T  H  E  O  R. 

F  two  folids  be  contained  by  the  fame  number  of 
equal  and  fimilar  planes,  limilarly  fituated,  and 
the  inclination  of  any  two  contiguous  planes  in 
le  one  folid  be  the  fame  with  the  inclination  of 
e  two  equal,  and  fimilarly  fituated  planes  in  the 
her,  the  folids  themfelves  are  equal  and  fimilar. 

Let  AG  and  KQ^  be  two  folids  contained  by  the  fame 
imber  of  equal  and  fimilar  planes,  fimilarly  fituated,  fo  that 
e  plane  AC  is  fimilar  and  eq  ual  to  the  plane  KM,  the 
me  AF  to  the  plane  KP  •,  BG  to  LQ^,  GD  to  QN,  D£  to 
O,  and  FH  to  PR.  Let  alfo  the  inclination  of  the  plane 
F  to  the  plane  AC  be  the  fame  with  that  of  the  plane  KP 
the  plane  KM,  and  fo  of  the  reft  \  the  folid  KQ^is  equal 
3  fimilar  to  the  folid  AG. 

Let  the  folid  KQ^be  applied  to  the  folid  AG,  fo  that  the 
fesKMand 
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C,  which 
\  equal  and 
filar,  may 
ncidea,the 
int  N  co- 
iding  with 

point  D, 
with  A,  L 
:h   B,  and 

on.  And  becaufe  the  plane  KM  coincides  with  the 
ne  AC,  and,  by  hypothefis,  the  inclination  of  KR  to  KM 
the  fame  with  the  inclination  of  AH  to  AC,  the  plane 
.  will  be  upon  the  plane  AH,  and  will  coincide  with  it, 
aufe  they  are  fimilar  and  equal  a,  and  becaufe  their  equal 
es  KN  and  AD  coincide.  And  in  the  fame  manner, 
is  fhewn  that  the  other  planes  of  the  folid  KQ^coin- 
e  with  the  other  planes  of  the  folid  AG,  each  with  each : 
erefore  the  folids  KQ^and  AG  do  wholly  coincide,  and 

equal    and   fimilar   to  one    another.      Therefore,   &c. 
E.  D.     - 


a  8.  Ax.  i. 
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PROP.    XXII.     THEOR. 


IF  a  folid  be  contained  by  fix  planes,  two  and  t^ 
of  which  are  parallel,  the  oppofite  planes  are 
milar  and  equal  parallelograms. 


a  14.  7» 


b9.  7. 


c  4.  1. 


Let  the  folid  CDGH  be  contained  by  the  parallel  plai 
AC,  GF  ;  BG,  CE ;  FB,  AE  :  its  oppofite  planes  are  fir 
lar  and  equal  parallelograms. 

Becaufe  the  two  parallel  planes  BG,  CE,  are  cut  by 
plane  AC,  their  common  feclions  AB,  CD,  are  parallel  a.  . 
gain,  becaufe  the  two  parallel  planes  BF,  AE,  are  cut  by 
plane  AC,  their  common  feftions  AD,  BC  are  parallel 
and  AB  is  parallel  to  CD  ;  therefore  AC  is  a  parallelogra 
In  like  manner,  it  may  be  proved 
that  each  of  the  figures  CE,  FG, 
GB,  BF,  AE  is  a  parallelogram  : 
Join  AH,  DF  ;  and  becaufe  AB 
is  parallel  to  DC,  and  BH  to  CF  ; 
the  two  ftraight  lines  AB,  BH, 
which  meet  one  another,  are  pa- 
rallel to  DC  and  CF,  which 
meet  one  another  •,  wherefore,  tho' 
the  firfltwoare  not  in  the  fame  plane 
with  the  other  two,  they  contain  e- 
qual  angles  b  ;  the  angle  ABH  is 
therefore  equal  to  the  angle  DCF. 
And  becaufe  AB,  BH,  are  equal  to  DC,  CF,  and  the  an 
AKH  equal  to  the  angle  DCF  •,  therefore  the  bafe  AH 
equal  c  to  the  bafe  DF,  and  the  triangle  ABH  to  the 
angle  DCF  :  For  the  fame  reafon,  the  triangle  AGH  is  eq 
to  the  triangle  DEF;  and  therefore  the  parallelogram  BG 
equal  and  fimilar  to  the  parallelogram  CE.  In  the  fa 
manner  it  may  be  proved,  that  the  parallelogram  AC  is  eq 
and  fimilar  to  the  parallelogram  GF,  and  the  parallelogr 
AE  to   BF.     Therefore,  if  a  folid,  &c.     Q^E.  D. 


PRO 
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PROP.    XXIII.      THEOR. 

F  a  folid  parallelepiped  be  cut  by  a  plane  parallel 
to  two  of  its  oppofite  planes,  it  will  be   divided 
to  two  folids,  which  will  be  to   one   another  as 
eir  bafes. 

Let  the  folid  parallelepiped  ABCD  be  cut  by  the  plane 
V,  which  is  parallel  to  the  oppofite  planes  Alt,  HD,  and 
rides  the  whole  into  the  folids  ABFV,  EGCD  ;  as  the 
fe  AEFY  to  the  bafe  EHCF,  fo  is  the  folid  ABFV  to  the 
id  EGCD. 

Produce  AH  both  ways,  and  take  any  number  of  ftraight 
tes  HM,  MN,  each  equal  to  EH,  and  any  number  AK,  KL 
ch  equal  to  EA,  and  complete  the  parallelograms  LO,  KY, 
Q/MS,  and  the  folids  LP,  KR,  HU,  MT  :    then,  becaufe 


B 


ftraight  lines  LK,  KA,  AE  are  all  equal,  and  alfo  the 
aight  lines  KO,  AY,  EF,  which  make  equal  angles  with 
v,    KA,    AE,  the    parallelograms  LO;   KY,  AF  are  e- 

1  and  fimilar  a  :  and  likewife  the  parallelograms  KX, 
AG  ;  as  alfo  b  the  parallelograms  LZ,  KP,  AR, 
:caufe  they  are  oppofite  planes.  For  the  fame  reafon, 
e  parallelograms  EC,  HO  ,  MS,  are  equal  a  ;  and  the  pa- 
llelograms°HG,  HI,  IN,  as  alfo  b  HD,  MU,  NT  ;  there- 
re  three   planes    of    the   folid    LP,   are   equal  and  fimilar 

three  planes  of  the  folid  KR,  as  alfo  to  three  planes  of 
e  folid  AV  :  but  the  three  planes  oppofite  to  thefe  three 
e  equal  and  fimilar  to  them  b  in  the  feveral  folids  •,  there- 
re  the  folids  LP,  KR,  AV  are  contained  by  equal  and  fi- 
ilar  planes.  And  becaufe  the  planes- LZ,  KP,  AR  are  pa- 
Uel,  and  are  cut  by  the  plane  XV,  the  inclination  of  LZ 

Q^2  tO 


b  22. 
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Book  VII.  to  XP  is  equal  to  that  of  KP  to  PB,  or  of  AR  to  BV  c 


c   15    7 

&   21-  7- 


''  the  fame  is  true  of  the  other  contiguous  planes,  therefore 
folids  LP,  KR,  and  AV,  are  equal  to  one  another  <I.  For  t 
fame  reafon,  the  three  folids  ED,  HU,  MT  are  equal  to  o 
another ;  therefore  what  multiple  foever  the  bafe  LF  is 
the  bafe  AF,  the  fame  multiple  is  the  folid  LV  of  the  fo] 
AV  ;  for  the  fame  reafon,  whatever  multiple  the  bafe  NF 
of  the  bafe  HF,  the  fame  multiple  is  the  folid  NV  of 
folid  ED  :  and  if  the  bafe  LF  be  equal  to  the  bafe  NF, 
fojid  LV  is  equal  d  to  the  folic!  NV  ;  and  if  the  bafe  LF 
greater  than  the  bafe  NF,  the  folid  LV  is  greater  th 
the  folid  N V  :  and  if  lefs,  lefs.     Since  then  there  are   fo 
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f  I.   6. 


magnitudes,  viz.  the  two  bafes   A.F,  FH,  and  the  two  f 
lids~AV,  ED,  and  of  the  bafe  AF  and  folid  AV,  the  ba 
LF  and  folid  LV  are  any  equimultiples  whatever  ;  and 
the  bafe  FH  and  folid  ED,  the  bafe  FN  and  folid  NV  a: 
any  equimultiples  whatever;  and  it  has  been  proved,  that 
the  bafe  LF  is  greater  than  the  bafe  FN,  the  folid  LV 
greater  than  the  folid  NV ;  and  if  equal,  equal ;  and  if  lei 
lefs  :    Therefore  e,  as  the  bafe  AF  is  to   the   bafe  FH,  fo 
the  folid  AV  to  the  folid  ED.     Wherefore,  if  a  folid,  & 
Q.E.D. 

CoR.  Becaufe  the  parallelogram  AF  is  to  the  parallelograr 
FH  as  YF  to  FC  f ,  therefore  the  folid  AV  is  to  the  folid  El 
as  YF  toFC. 


PROP,    XXIV.     T  H  E  O  R. 


F  a  folid  parallelepiped  be  cut  by  a  plane  pafliiij 
through  the  diagonals   of  two  of  the  oppofit 
planes,  it  fliall  be  cut  in  two  equal  prifms. 


U 


OF    GEOMETRY. 


229 


Let  AB  be  a  folid  parallelepiped,  and  DE,  CF  rhe  diago-  Book  VII. 
Is  of  the  oppofite  parallelograms  AH,  GB,  viz.  thofe  which 
Irawn   betwixt   the    equal  angles  in   each  :  and  becaufe 
D,  FE  are  each  of  them  parallel  to  GA,  though  not  in  the 
ne  plane  with  it,  CD,  FE  are  parallel  a  ;   wherefore  the 
igonals  CF,  DE   are  in  the  plane 
which  the  parallels  are,  and  are 
smfelves  parallels  b :  and  the  plane 
DEF  mall  cut  the  folid  AB  into 
o  equal  parts 

Becaufe  the  triangle  CGF  is  equal 
0  the  triangle  CBF,  and  the  tri- 
gle  DAE  to  DHE  ;  and  that  the 
rallelogram  C  A  is  equal  <*  and  fi- 
ilar  to  the  oppofite  one  BE ;  and 
parallelogram  GE  to  CH : 
erefore  the  planes  which  contain 

prifms  C  AE,  CBE,  are  equal  and  fimilar,  each  to  each ;  and 
sgr  are  alfo  equally  inclined  to  one  another,  becaufe  the  planes 
C,  EB  are  parallel,  as  alfo  AF^arrcf  BD,  and  they  are  cut 

the  plane  CE  e.  Therefore ^the  prifm  CAE  is  equal  to  the 
ifm  CBE  e,  and  the  folid  A B  is  cut  into  two  equal  prifms 
•  the  plane  CDEF.     Q^E.  D. 

N.  B.  The  infilling  ftraight  lines  of  a  parallelepiped,  men- 
ded in  the  following  propofitions,  are  the  iides  of  the  paral- 
ograms  betwixt  the  bafe  and  the  plane  parallel  to  it. 


a  S.  7. 


b  14.  7. 


c  34.  x. 


d  22.   7* 


e  21.  7, 
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PROP.   XXV.     THE  OR. 


OLID  parallelepipeds  upon  the  fame  bafe,  a 
lj$  of  the  fame  altitude,  the  infilling  ftraight  lir 
of  which  are  terminated  in  the  fame  ftraight  lir 
in  the  plane  oppofite  to  the  bafe,  are  equal  to 
another. 


a  34.  1. 

b  38.  1. 
c  36.  1. 

<3  22.  7, 


Let  the  fofid  parallelopipeds  AH,  AK  be  upon  the  fa 
bafe  AB,  and  of  the  fame  altitude,  and  let  their  infill 
ftraight  lines  AF,  AG,  LM,  LN,  be  terminated  in  the  fa 
ftraight  line  FN,  and  CD,  CE,  BH,  BK  be  terminated  in 
fame  ftraight  line  DK;  the  folid  AH  is  equal  to  the  fo 
AK. 

Becaufe  CH,  CK  are  parallelograms,  CB  is  equal  a  to  es 
of  the  oppofite  fides  DH,  EK  *,  wherefore  DH  is  equal 
EK  :  add,  or  take  away  the  common  part  HE  ;  then  DE 
equal  to  HK  :  Wherefore  alfo  the  triangle  CDE  is  equal  b 
the  triangle  BHK  :  and  the  parallelogram  DG  is  equal  c 
the  parallelogram  HN.  For  the  fame  reafon,  the  trian 
AFG  is  equal  to  the  triangle  LMN,  and  the  parallelogr 
CF  is  equal  d  to  the  parallelogram  BM,  and  CG  to  BN  \ 


e  u  7. 


f  21.  7. 


they  are  oppofite.  Therefore  the  planes  which  contain  t 
priim  -DAG  are  fimilar  and  equal  to  thofe  which  contain  t 
prifm  HLN,  each  to  each  ;  and  the  contiguous  planes  are  a 
equally  inclined  to  one  another  e,  becaufe  that  the  paraJ 
planes  AD  and  LH,  as  alfo  AE  and  LK,  are  cut  by  the  fa: 
plane  DN  :  therefore  the  prifms  DAG,  HLN  are  equal  *\ 

there  fc 
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refore  the  prifm  LNH  be  taken  from  the  folid,  of  which  Book  VIT. 
j  bafe  is  the  parallelogram  AB,  and  FDKN  the  plane  op-       '**"" 
(ite  to  the  bafe ;  and  if  from  this  fame  folid  there  be  taken 
prifm  AGD,  the  remaining  folid,  viz.  the  parallelepiped 
i,  is  equal  to  the  remaining  parallelepiped  AK.      There- 
e  folid  parallelepipeds,  &c.     Q^E.  D. 


PROP.    XXVI.     THEOR, 

OLID  parallelepipeds  upon  the  fame  bafe,  and 
I  of  the  fame  altitude,  the  infifting  ftraight  lines 
which  are  not  terminated  in   the   fame  ftraight 

les  in  the  plane  oppoiite  to  the  bafe,  are  equal  to 

le  another. 

Let  the  parallelepipeds  CM,  CN,  be  upon  the  fame  bafe 
J,  and  of  the  fame  altitude,  but  their  infilling  ftraight 
es  AF,  AG,  LM,  LN,  CD,  CE,  BH,  BK,  not  terminated 
the  fame  ftraight  lines  ;  the  folids  CM,  CN  are  equal  to 
le  another. 

Produce  FD,  MH,  and  NG,  KE,  and  let  them  meet  one        * 
other  in  the  points  O,  P,  Q ,  R ;  and  join  AO,  LP,  BQ^, 
R.     Becaufe  the  planes  a    LBHM   and    ACDF    are    pa-aiidef.;. 


allel,  and  becaufe  the  plane  LBHM  is  that   in  which   ard 

lie  parallels  LB,  MKPQj,  and  in  which   alfo  is  the  figure 

0.4  BLPQj 
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Book  VII.  BLPQj  and  becaufe  the  plane  AGDF  is  that  in  whic 
are  the  parallels  AC,  FDOR,  and  in  which  alfo  is  the 
gure  CAOR;  therefore  the  figures  BLPQ^,  CAOR  a 
in  parallel  planes.  In  like  manner,  becaufe  the  planes  ALN 
and  CBKE  are  parallel,  and  the  plane  ALNG  is  that  in  whic 
are  the  parallels  AL,  OPGN,  and  in  which  alfo  is  the  figu 
ALPO  •,  and  the  plane  CBKE  is  that  in  which  are  the  para 
lels  CB,  RQEK,  and  in  which  alfo  is  the  figure  CBQB 
therefore  the  figures  ALPO,  CBQR  are  in  parallel  plane 
But  the  planes  ACBL,  ORQP  are  alfo  parallel;  ther 
fore  the  folid  CP  is  a  parallelepiped.      Now  the  folid  para 


b  25.  7.  lelepiped  CM  is  equals  to  the  folid  parallelepiped  CP ;  becau 
they  are  upon  the  fame  bafe,  and  their  infilling  ftraigl 
lines  AF,  AO,  CD,  CR;  LM,  LP,  BH,  BQ^are  in  the  fair 
ftraight  lines  FR,  MQj  and  the  folid  CP  is  equal  b  to  the  f( 
lid  CN  *,  for  they  are  upon  the  fame  bafe  ACBL,  and  the 
infilling  ftraight  lines  AO,  AG,  LP,  LN  ;  CR,  CE,  BQ 
BK  are  in  the  fame  ftraight  lines  ON,  RK  :  therefore  the  f< 
lid  CM  is  equal  to  the  folid  CN.  Wherefore  folid  parallel* 
pipeds,  &c.     Q^E.  D. 


PRO] 
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PROP.    XXVII.      T  H  E  O  R. 

2*  OLID  parallelepipeds  which  are  upon  equal 
_j  bafes,  and  of  the  fame  altitude,  are  equal  to  one 
nother. 


Let  the  folid  parallelepipeds,  AE,  CF,  be  upon  equal  bafes 
LB,  CD,  and  be  of  the  fame  altitude :  the  folid  AE  is  equal 
3  the  folid  CF. 

Cafe  i .  Let  the  infilling  ftraight  lines  be  at  right  angles  to  the 
afes  AB,  CD,  and  let  the  bafes  be  placed  in  the  fame  plane, 
nd  fo  as  that  the  fides  CL,  LB  be  in  a  ftraight  line ;  there- 
ore  the  ftraight  line  LM,  which  is  at  right  angles  to  the  plane 
n  which  the  bafes  are,  in  the  point  L,  is  common  a  to  the  a  it.  7. 
wo  folids  AE,  CF  ;  let  the  other  infilling  lines  of  the  folids 
e  AG,  HK,  BE  ;  DF,  OP,  CN :  and  firft,  let  the  angle 
LLB  be  equal  to  the  angle  CLD ;  then  AL,  LD  are  in  a 
raight  line  b.  Produce  OD,  HB,  and  let  them  meet  in  Qj  b  14.  x. 
nd  complete  the  folid  parallelepiped  LR,  the  bafe  of  which 
3  the  parallelogram  LQ^,  and  of  which  LM  is  one  of  its  Mi- 
lling ftraight  lines  :  therefore,  becaufe  the  parallelogram  AB 

equal  to  CD,  as  the  bafe  AB  is  to  the  bafe  LQ  ,  fo  is  c  the  c  7.  5. 
afe  CD  to  the  fame  LQj  and  becaufe  the  folid  parallelepi- 
ed  AR  is  cut  by 

he  plane  LMEB,      p  F  R 

vhich    is   parallel 
the     oppofite 
Janes  AK,  DR^ 

s  the  bafe  AB  is  fir  ::^-i H-^iX 

o  the  bafe  LQ^,  fa 

<i  the  folid  AE     w\  D\  \  d  *3.  7, 

the  folid  LR : 

r  the  fame  rea- 
bn,  becaufe  the  fo-  A     S  H    T 

id    parallelepiped 
HR  is  cut  by  the 

>lane  LMFD,  which  is  parallel  to  the  oppofite  planes   CP, 
3R  ^  as  the  bafe  CD  to  the  bafe  hQj,  fo  is  the  folid  CF  to 

the 
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the  folidLR  :  but  as  the  bafe  AR  to  the  bafe  LQ,  fo  the 
bafe  CD  to  the  bafe  LQj,  as  has  been  proved  :  therefore  as 
the  folid  AE  to  the  folid  LR,  fo  is  the  folid  CF  to  the  folid 
LR  ;  and  therefore  the  folid  AE  is  equal  e  to  the  folid  CF 

But  let  the  folid  parallelepipeds  SE,  CF  be  upon  equal 
bafes  SB,  CD,  and  be  of  the  fame  altitude,  and  let  their 
lifting  ftraight  lines  be  at  right  angles  to  the  bales ;  and  place 
he  bafes  SB,  CD  in  the  fame  plane,  fo  that  CL,  LB  be  in 
ftraight  line ;  and  let  the  angles  SLB,  CLD  be  unequal  \  the 
folid  SE  is  alfo  in  this  cafe  equal  to  the  folid  CF.  Produce 
DL,  TS  until  they  meet  in  A,  and  from  B  draw  BH  paral- 
lel to  DA  ;  and  let  HB,  OD  produced  meet  in  Q^,  and  com- 
plete the  folids  AE,  LR  :  therefore  the  folid  AE,  of  which 
the  bafe  is  the  parallelogram  LE,  and  AK  the  plane  oppofite 
to  it,  is  equal  f  to 

the   folid   SE,  of      p  F  R 

which  the  bafe  is 
LE,  and  SX  the 
plane      oppofite ; 

for  they  are  upon  <T| —  U^^iX 

the  fame  bafe  LE, 
and  of  the  fame 
altitude,  and  their 
infilling     ftraight 

lines,  viz.  LA,  LS,  yv      g 

BH,  BT;  MG, 
MU,EK,EXare 
in  the  fame  ftraight  lines  AT,  GX  :  and  becaufe  the  paral- 
lelogram AB  is  equal  g  to  SB,  for  they  are  upon  the  fame 
bale  LB,  and  between  the  fame  parallels  LB,  AT  ;  and  becaufe 
the  bafe  SB  is  equal  to  the  bafe  CD  ;  therefore  the  bafe  AB  is 
equal  to  the  bafe  CD-,  but  the  angle  ALB  is  equal  to  the 
?ngle  CLD  :  therefore,  by  the  firftcafe,  the  folid  AE  is  equal 
to  the  folid  CF ;  but  the  folid  AE  is  equal  to  the  folid  SE,  as 
was  demonftrated  \  therefore  the  folid  SE  is  equal  to  the  fo- 
lid CF. 

Cafe  2.  If  the  infilling  ftraight  lines  AG,  HK,  BE, 
LM ;  CN,  RS,  DF,  OP,  be  not  at  right  angles  to  the 
bafes  AB,  CD;  in  this  cafe  likewife  the  folid  AE  is  e- 
qual  to  the   folid   CF.     Becufe  folid  parallelepipeds  on  the 
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id  parallelepipeds  be  conftituted  on  the  bafcs  AB  and  CD  Book  VII. 


)f  the  fame  altitude  with  the  folids  AE  and  CF,  and  with 
heir  infilling  lines  perpendicular  to  their  bafes,  they  will  be 
»qual  to  the  folids  AE  and  CF  ;  and,  by  the  firft  cafe  of  this 
Dropofition,  they  will  be  equal  to  one  another ;  wherefore, 
he  folids  AE  and  CF  are  alfo  equal.  Wherefore,  folid  pa- 
•allelepipeds,  &c.     Q^  E.  D. 


PROP.     XXVIII.      T  H  E  O  R. 

SOLID  parallelepipeds  which  have  the   fame  al- 
titude, are  to  one  another  as  their  bafes. 


Let  AB,  CD  be  folid  parallelepipeds  of  the  fame  altitude  : 
;hey  are  to  one  another  as  their  bafes  ;  that  is,  as  the  bafe  AE 
:o  the  bafe  CF,  fo  is  the  folid  AB  to  the  folid  CD. 

To  the  ftraight  line  FG  apply  the  parallelogram  FH  equal 
*  to    AE,   fo 


chat  the  angle 
FGH  be  e- 
qual  to  the 
rle  LCG; 
and  complete 
the  folid  paral- 
lelepiped GK 
upon  thu  bale 

FH,  one    oJ       hofe    infilling    lines  is  FD,  whereby   the  fo- 
lids CD,  GK.  mull  be  of  the  fame  altitude.    Therefore   the 

folid 


a  cor.  45.  r. 
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3ook  VII,  fplid  AB  is  equal  b  to  the  folid  GK,  becaufe  they  are  upon 

b  27  V~  equal  bafes  AE,  FH,  and  are  of  the  fame  altitude  :  and  be- 
caufe the  folid  parallelepiped  CK  is  cut  by  the  plane  DG 

c  23-  7»  which  is  parallel  to  its  oppofite  planes,  the  bafe  HF  is  c  to 
the  bafe  FC,  as  the  folid  HD  to  the  folid  DC  :  But  the  ba?e 
HF  is  equal  to  the  bafe  AE,  and  the  folid  GK  to  the  folid 
AB  :  therefore,  as  the  bafe  AE  to  the  bafe  CF,  fo  is  the  fo- 
lid AB  to  the  folid  CD.  Wherefore  folid  parallelepipeds, 
&c.     Q^E.  D. 

Cor.  1.  From  this  it  is  manifeft,  that  prifms  upon  triangu- 
lar bafes,  of  the  fame  altitude,  are  to  one  another  as  their  bafes. 
Let  the  prifms  BNM,  DPG  the  bafes  of  which  are  the  tri- 
angles AEM,  CFG,  have  the  fame  altitude ;  complete  the 
parallelograms  AE,  CF,  and  the  folid  parallelepipeds  -  AB, 
CD,  in  the  firft  of  which  let  AN,  and  in  the  other  let  CP 
be  one  of  the  infilling  lines.  And  becaufe  the  folid  paral- 
lelepipeds AB,  CD  have  the  fame  altitude,  they  are  to  one 
another  as  the  bafe   A  E  is  to  the  bafe   CF ;  wherefore  the 

d  24.  7.  prifms,  which  are  their  halves  d  are  to  one  another,  as  the 
bafe  AE  to  the  bafe  CF ;  that  is,  as  the  triangle  AEM  to. 
the  triangle  CFG. 

Cor.  !•  Alfo  a  prifm  and  a  parallelepiped,  which  have  the 
fame  altitude,  are  to  one  another  as  their  bafes  ;  that  is,  the 
prifm  BNM  is  to  the  parallelepiped  CD  as  the  triangle  AEM 
to  the  parallel  ogram  LG.  For  by  the  laft  C  or.  the  prifm  BNM  is 
to  the  prifm  DPG  as  the  triangle  AME  to  the  triangle  CGF, 
and  therefore  the  prifm  BNM  is  to  twice  the  prifm  DPG  as 

e  4.  5-  the  triangle  AME  to  twice  the  triangle  CGF  e  ;  that  is,  the 
prifm  BNM  is  to  the  parallelepiped  CD  as  the  triangle  AME 
to  the  parallelogram  LG. 


PROP. 
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PR  OR    XXIX.     THE  OR. 

^OLID  parallelepipeds  are  to  one  another  in  the 
ratio  that  is  compounded  of  the  ratios  of  their 
ifes,  and  of  their  altitudes. 


Let  AF  and  GO  be  two  folid  parallelepipeds,  of  which  the 
fes  are  the  parallelograms  AC  and  GK,  and  the  altitudes, 
perpendiculars  let  fall  on  the  planes  of  thefe  bafes  from 
y  point  in  the  oppofite  planes  EF  and  MO ;  the  folid 
F  is  to  the  folid  GO  in  a  ratio  compounded  of  the  ra- 
>s  of  the  bafe  AC  to  the  bafe  GK,  and  of  the  perpendicular 
!  AC  to  the  perpendicular  on  GK. 

Cafe  1.  When  the  infilling  lines  are  perpendicular  to  the 
fes  AC  and  GK,  or  when  the  folids  are  upright. 
In  GM,  one  of  the  infilling  lines  of  the  folid  GO,  take 
Q^  equal  to  AE,  one  of  the  infilling  lines  of  the  folid  AF, 
d  through  Q^let  a  plane  pafs  parallel  to  the  plane  GK, 
meting  the  other  infilling  lines  of  the  folid  GO  in  the 
ints  R,   S  and 
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It  is  evi- 
nt  that  GS  is 
folid  parallel- 
led a,  and  that  -|?        rr<       1 c         a  *a*7* 

las  the  fame  all- 
ude with  AF, 
l.  GQjdy  AE. 
ow    the    folid 

F  is  to  the  fo-  r        1.1 — I IK- 

GO  in  a  ra- 
compounded 

the   ratios  of  -A.  3  G  ** 

s  folid  AF  to 

1  folid  GS  b,  and  of  the  folid  GS  to  the  folid  GO  •  but  theb  10.  def.$. 
io  of  the  folid  AF  to  the  folid  GS,  is  the  fame  with  that 

the  bafe  of  AC  to  the  bafe  GK  c,  becaufe  their  altitudes  c  28.  7. 
E  and  GQ^  are  equal ;  and  the  ratio  of  the    folid  GS  to 

2  folid  GO,  is   the   fame  with    that   of    GQ^  to  GM  d  •  *  23.  7« 
erefore,    the    ratio   which   is   compounded  of    the    ratios 

the  folid  AF  to  the  folid   GS,   and   of  the  folid  GS  to 

the 
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Boo^VII.the  folid   GQ?   is  the   fame   wkh     the     rado   which    is    co. 

pounded  of  the  ratios  of  the  bafe  AC  to  the  bafe  G 
e  E.  5.  and  of  the  altitude  AE  to  the  altitude  GM  e.  But  the  rai 
of  the  folid  AF  to  the  folid  GO,  is  that  which  is  compoun 
ed  of  the  ratios  of  AF  to  GS,  and  of  GS  to  GO  ;  thei 
fore,  the  ratio  of  the  folid  AF  to  thedfolid  GO  is  compoun 
ed  of  the  ratios  of  the  bafe  of  AC  to  the  bafe  GK,  and  of  t 
altitude  AE  to  the  altitude  GM. 

Cafe  2.  When  the  infilling  lines  are  not  perpendicular 
the  bafes. 

Let  the  parallelograms  AC  and  GK  be  the  bafes  as 
fore,  and  let  AE 
and  GM  be  the 
altitudes  of  two 
parallelepipeds  Y 
and  Z  on  thefe 
bafes.  Then,  if 
the  upright  para- 
lelepipeds  AF 
and  GO  be  con-  ]£ 
fdtuted  on  the 
bafes  AC  and 
GK,  with  the  al- 
titudes AE  and  J\  -D  Q 
GM,  they  will  be 
7-  equal  to  the  parallelepipeds  Y  and  Z  d.  Now,  the  folids 
and  GO,  by  the  firft  cafe,  .are  in  the  ratio  compounded 
the  ratios  of  the  bafes  AC  and  GK,  and  of  the  altitudes  A 
and  GM  ;  therefore  alfo,  the  folids  Y  and  Z  have  to  one  an 
ther  a  ratio  that  is  compounded  of  thefe  fame  ratios.  Thei 
fore,  &c.     Q^E.  D. 

Cor.  1.  Hence,  two  ftraight  lines  may  be  found  havi 
the  fame  ratio  with  the  two  parallelepipeds  AF  and  G< 
To  AB,  one  of  l^q  fides  of  the  parallelogram  AC,  app 
the  parallelogram  BV  equal  to  GK,  having  an  angle  equal 
the  angle  BAD  e  ;  and  as  AE  to  GM,  fo  let  A V  be  to  AX 
then  AD  is  to  AX  as  the  folid  AF  to  the  folid  GO.  F 
g  lo.def.  5  the  ratio  of  AD  to  AX  is  compounded  of  the  ratios  g  of  A 
to  A V,  and  of  A V  to  AX ;  but  the  ratio  of  AD  to  AV 
the  fame  with  that  of  the  parallelogram  AC  to  the  parallel 
gram  BV  h  or  GK;  and  the  ratio  of  AV  to  AX  is  the  far 
with  that  of  AE  to  GM  \  therefore,  the  ratio  of  AD  to  A 
k  E.  5-     is  compounded  of  the  ratios  of  AG  to  GK,  and  of  AE  to  GM 
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But  the  ratio  of  the  folid  AF  to  the  folid  GO  is  compounded  Book  VIL 
of  the  fame  ratios  ;  therefore,  as  AD  to  AX,  fo  is  the  folid  """  rmmmJ 
AF  to  the  folid  GO. 

Cor.  2.  Hence  all  prifms  are  to  one  another  in  the  ratio 
compounded  of  the  ratios  of  their  bafes,  and  of  their  altitudes. 
For  every  prifm  is  equal  to  a  parallelepiped  of  the  fame  al- 
titude with  it,  and  of  an  equal  bafe  1,  1 28.  cor.  2, 


PROP.    XXX.    T  H  E  O  R. 


COLID  parallelepipeds  which  have  their  bafes  and 
altitudes    reciprocally  proportional,  are    equal  ; 
and   parallelepipeds   which  are   equal,   have    their 
bafes  and  altitudes  reciprocally  proportional. 

JLet  AG  and  KQ^  be  two  folid  parallelepipeds,  of  which, 
the  bafes  are  AC  and  KM,  and  the  altitudes  \E  and  KO,; 
and  let  AC  be  to  KM  as  KO  to  AE,  the  folids  AG  and 
KQ^are  equal. 

As  the  bafe  AC  to  the  bafe  KM,  fo  let  the  ftraight  line 
KO  be  to  the  ftraight  line  S.  Then,  lince  AC  is  to  KM  as 
KO  to  S,  and 
aifo  by  hypo- 
thefis,  AC  to 
KM  as  KO  to 
AE,  KO  has 
the  fame  ra- 
tio to  S  that 
it  has  to  AEa; 
whereforeAE 

is,  equal  to  S  b.  A  \  \J         b9.  5. 

But  the  folid  j£  "      \u 

AG  is  to  the  $  "" 

foiid  KQJn  the  ratio  compounded  of  the  ratios  of  AE  to 
KO,  and  of  AC  to  KM  c,  that  is,  in  the  ratio  compounded  of 
the  ratios  of  AE  to  KO,  and  of  KO  to  S.  And  the  ratio  of 
AE  to  S  is  alfo  compounded  of  the  fame  ratios  d  ;  there- d  10.  def  5; 
fore,  the  folid  AG  has  to  the  folid  KQ  the  fame  ratio  that 
AE  has  to  S.  Bit  AE  was  proved  to  be  equal  to  S,  there- 
fore AG  is  equal  to  KQ^ 

Again, 
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Book  VII.  Again,  if  the  folids  AG  and  KQ^be  equal,  the  bafe  A( 
*  v  'to  the  bafe  KM  as  the  altitude  KO  to  the  altitude  AE.  T; 
S,  fo  that  AC  may  be  to  KM  as  KO  to  S,  and  it  will 
Ihewn,  as  was  done  above,  that  the  folid  AG  is  to  the 
lid  KQ^as  AE  to  S  ;  now,  the  folid  AG  is,  by  hypoth< 
equal  to  the  folid  KQj  therefore,  AE  is  equal  to  S  *,  but, 
conftru&ion,  AC  is  to  KM  as  KO  is  to  S  ;  therefore,  AC 
to  KM  as  KO  to  AE.     Therefore,  &c     Q^E.  D. 

Cor.  In  the  fame  manner,  may  it  be  demonftrated,  tl 
equal  prifms  have  their  bafes  and  altitudes  reciprocally  p 
portional,  and  converfely. 


PROP.    XXXI.      T  H  E  O  R. 


CIMILAR  folid  parallelepipeds  are  to  one  anoth 
in  the  triplicate  ratio  of  their  homologous  fid< 


Let  AG,  KQ^be  two  fimilar  parallelepipeds,  of  which  A 

and  KL  are  two  homologous  fides  ;  the  ratio  of  the  folid  A 

to  the  folid  KQjs  triplicate  of  the  ratio  of  AB  to  KL. 

Becaufe  the  folids  are  fimilar,  the  parallelograms  AF, 

a  9.  del.  7.  are  fimilar  a,  as  alfo  the  parallelograms  AH,  KR  ;  therefo 
the  ratios  of  AB 
to    KL,  of  AE 
to    KO,    and  of 
AD  to  KN,  are 

fc  1.  def.  <5.all  equal.  But 
the  ratio  of  the 
folid  AG  to  the 
folid  KQJs  com- 
pounded of  the 
ratios  of  AC  to 
KM,  and  of  AE 
to  KO.     Now,  the  ratio  of  AC  to  KM,  becaufe  they  a: 

c  14;  5.      equiangular  parallelograms,  is  compounded  c  of  the  ratios 
AB  to  KL,  and  of  AD   to  KN.     Wherefore,  the  ratio 
AG  to  KQ^is  compounded  of  the  three  ratios  of  AB  to  K] 
AD  to  KN,  and  AE  to  KO  ;  and  thefe  three  ratios  have 
^eady  been  proved  to  be  equal  j  therefore,  the  ratio  that 

compounds 
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Compounded  of  them,  viz.  the  ratio  of  the  folid   AG  to  the   BookVII 
folid  KQ^,  is  triplicate  of  any  of  them  d  ;  it  is  therefore  tripli-  &  IZ  ^ef,    * 
cate  of  the  ratio  of  AB  to  KL.     Therefore,  iimilar  iolid  pa- 
rallelepipeds, &c      Q^E.  D. 

Cor.  1.  If  as  AB  to  KL,  fo  KL  to  m,  and  as  KL  to  ;;/,  fo 
is  m  to  /z,  then  AB  is  to  //  asthe  folid  AG  to  the  folid  KQ^ 
For  the  ratio  of  AB  to  n  is  triplicate  of  the  ratio  of  A  B  to 
KL  e,  and  is  therefore  equal  to  that  of  the  folid  AG  to  the  fo- 
lid KQ^ 

Cor.  2.  As  cubes  are  iimilar  folids,  therefore  the  cube 
on  AB  is  to  the  cube  on  KL  in  the  triplicate  ratio  01 
AB  to  KL,  that  is  in  the  fame  ratio  with  the  iolid  AG  to  the 
Folid  KQ^  Similar  folid  papallelepipeds  are  therefore  to  one 
another  as  the  cubes  on  their  homologous  fides. 

Cor.  3.  In  the  fame  manner  it  is  proved,  that  Iimilar 
prifms  are  to  one  another  in  the  triplicate  ratio,  or  in  the  ra- 
tio of  the  cubes,  of  their  homologous  fides. 


e  cor.  12, 
def.5. 


PROP.     XXXII.      T  H  E  O  R. 

IF  two  triangular  pyramids  which  have  equal  ba- 
fes  and  altitudes  be  cut  by  planes  that  are  pa- 
rallel to  the  bales,  and  at  equal  diftances  from  them, 
the  fedions  are  equal  to  one  another. 

Let  ABCD  and  EFGH  be  two  pyramids,  having  equal 
bafes  BDC  and  FGH,  and  equal  altitudes,  viz.  the  perpendi- 


B  C       P  G 

sulars  Av^and  ES  drawn  from  A  and  E  upon   the   phnes 

R  BDC 
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Book  Vlt  BDC  and  FGH  ;  and  let  them  be  cut  by  planes  parallel 

1 * '  BDC  and  FGH,  and  at  equal  altitudes  QR  and  ST  ab< 

thofe  planes,  and  let  the  fe&ions    be    the   triangles   KL| 
NOP  5  KLM  and  NOP  are  equal  to  one  another. 

Becaufe  the  plane  ABD   cuts  the  parallel   planes   B. 
KLM,  the  common  feftions  BD  and  KM  are  parallel  a. 
the  fame  reafon,  DC  and  ML  are  parallel.  Since  therefore 
and  ML  are  parallel  toBD  and  DC,  each  to  each,  though 
in  the  fame  plane  with  them,  the  angle  KML  is  equal  to 
angle  BDC  b.     In  like  manner  the  other  angles  of  thefe 
angles  are  proved  to  be  equal  \  therefore,  the  triangles  are 
quiangular,  and  confequently  fimilar  \  and  the  fame  is  truel 
the  triangles  NOP,  FGH. 


a  i4.  7. 


bo.  7 


c  16. 
d  18. 


f  14.  5 


B  C        F  G 

Now,  flnce  the  ftraight  lines  ARQ,  AKB  meet  the  pan 

lei  planes  BDC  and  KML,  they  are  cut  by  them   propc 

tionally  c,   or  QR  :  RA  : :  BK  :  KA  ;  and  AQj  AR  : :  A 

:  AK  d,  for  the  fame  reafon,  ES  :  ET  :  :  EF  :  EN  ;  therefor 

AB  :  AK  :  :  EF  :  EN,  becaufe  AQ^is  equal  to  ES,  and  A 

to  ET.     Again,  becaufe  the  triangles  ABC,  AKL  are  iimil 

AB  :  AK  :  c  BC  :  KL  ;  and  for  the  fame  reafon 

EF  :EN  :  :  FG  ;  NO  ;  therefore, 

BC  :  KL  :  :  FG  :  NO.     And,  when  four  ftraight  lin 

are  proportionals,  the  fimilar  figures  defcribed  on  them  a 

alfo  proportionals  e  ^  therefore,   the  triangle  BCD   is  to    tl 

triangle  KLM  as  the  triangle  FGH  to   the  triangle   NOI 

but  the  triangles  BDC,  FGH  are  equal  -y  therefore,  the  tr 

angle  KLM  is  alfo  equal  to  the  triangle  NQPf.    Therefor 

&c.     Q^  E.  D. 

Cor.  i.  Becaufe  it  has  been  fhewn  that  the  triangle  KLJ 
is  fimilar  to  the  bale  BCD,  therefore,  any  feftion  of  a  tr 
angular  pyramid  parallel  to  the  bafe,  is  a  triangle  fimilar  t 

th 
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he  bafe^     And  in  the  fame  manner  it  is  fliewn,  that  the  fee-  Book  vn. 
ions  parallel  to  the  bafe  of  a  polygonal  pyramid  are  fimilar       iv— >. 

0  the  bafe. 

Cor.  2.  Hence  alfo,  the  feftions  parallel  to  the  bafes  of 
wo  polygonal  pyramids,  and  at  equal  dlftances  from  the  bafes, 
re  equal  to  one  another. 

PROP.    XXXIII.     THE  OR. 

A   Series  of  prifms  of  the  fame  altitude   may  be 
circumfcribed  about  any  pyramid,  fuch  that 
he  fum  of  the  prifms  fhall  exceed  the  pyramid  by 
folid  lefs  than  any  given  folid. 

Let  ABCD  be  a  pyramid,  and  Z  f  a  given  folid  ;  a  feries 
f  prifms  having  all  the  fame  altitude,  may  be  circumfcribed 
bout  the  pyramid  ABCD,  fo  that  their  fum  mail  exceed 
LBCD  by  a  folid  lefe  than  Z. 

Let  Z  be  equal  to  a  prifm  Handing  on  the  fame  bafe  with 
le  pyramid,  viz.  the  triangle 
CD,  and  having  for  its  alti- 
Lde  the  perpendicular  drawn 
om  a  certain  point  E  in  the 
ae  AC  upon  the  plane  BCD. 
:  is  evident,  that  CE  multipli- 
i  by  a  certain  number  m  will 

1  greater  than  AC  ;  divide 
A  into  as  many  equal  parts 
i  there  are  units  in  m,  and  let 
iefe  be  CF,  FG,  GH,  HA, 
ich  of  which  will  be  lefc 
lan  CE.  Through  each  of 
le  points  F,  G,  H  let  planes 
s  made  to  pafs  parallel  to  the 
iane  BCD  making  with  the 
ies  of  the  pyramid  the  fec- 
onFPQ^,  GRS,  HTU,  which 
ill  be  all  fimilar  to  one  ano- 
Ler,  and  to  the  bafe  BCD  a. 
rom  the  point  B  draw  in  the 
lane   of   the   triangle   ABC  the  ftraight  line  BK  parallel  to 

R  2  CF 

t  The  folid  Z  is  not  represented  in  t*e  figure  of  this  or  the  following  Pro* 
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Book  VIT.  CF  meeting  FP  produced  in  K.  In  like  manner,  from  1 
,M  v  '  draw  DL  parallel  to  CF,  meeting  FQ^inL:  Join  KL,  an 
bn.  de£  7. it  is  plain,  that  the  folid  KBCDLF  is  a  prifm  1>.    By  the  fam 

conftruaion,  let  the  prifms  PM,  RO,  TV  be  defcribed.     A 

fo,   let   the   ftraight   line   IP, 

which  is  in  the   plane   of  the 

triangle  ABC  be  produced  till 

it  meet  BC  in  h  ;  and  letMQ^ 

be  produced  till  it  meet  DC 

in  g:  Join  hg  *,   then  hCgQFP 

is  a  prifm,  and  is  equal  to  the 

d  i.  cor.  zS  prifm  PM  *,  In  the  fame  man- 

?•  ner  is  defcribed  the  prifm  mS 

equal  to  the  prifm  RO,  and 
the  prifm  qll  equal  to  the 
prifm  TV.  The  fum,  there- 
fore, of  all  the  infcribed 
prifms  hQj  mS,  and  qU  is 
equal  to  the  fum  of  the  prifms 
PM,  RO  and  TV,  that  is,  to 
the  fum  of  all  the  circiim- 
fcribed  prifms  except  the 
prifm  BL  •,  wherefore,  BL 
is  the  excefs  of  the  prifms 
circumfcribed  about  the  py- 
ramid   ABCD    above      the 

prifms  infcribed  within  it.  But  the  prifm  BL  is  lefs  th 
the  prifm  which  has  the  triangle  BCD  for  its  bafe,  and  for 
altitude  the  perpendicular  from  E  upon  the  plane  BCD  ;  ai 
1  the  prifm  which  has  BCD  for  its  bafe,  and  the  perpendicul 
from  E  for  its  altitude,  is  by  hypothefis  equal  to  the  given  fol 
Z  •,  therefore,  the  excefs  of  the  circumfcribed,  above  the  i 
fcribed  prifms  is  lefs  than  the  given  folid  Z.  Bus  the  exc< 
of  the  circumfcribed  prifms  above  the  infcribed  is  greater  th 
their  excefs  above  the  pyramid  ABCD,  becaufe  ABCD 
greater  than  the  fum  of  the  infcribed  prifms.  Much  mo: 
therefore,  is  the  excefs  of  the  circumfcribed  prifms  above  t 
pyramid,  lefs  than  the  folid  Z.  A  feries  of  prifms  of  the  far 
altitude  has  therefore  been  circumfcribed  about  the  pyram 
ABCD  exceeding  it  by  a  folid  lefs  than  the  given  folid 
<^E.D. 

PRO 
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PROP,    XXXIV.      THEOR, 

YRAMIDS  that  have  equal  bafes  and  altitudes 
are  equal  to  one  another. 


Let  ABCD,  EFGH  be  two  pyramids  that  have  equal 
>afes  BCD,  FGH,  and  alfo  equal  altitudes,  viz.  the  perpen- 
liculars  drawn  from  the  vertices  A  and  E  upon  the  planes 
JCD,  FGH  :  The  pyramid  ABCD  is  equal  to  the  pyramid 
EFGH. 

If  they  are  not  equal,  let  the  pyramid  EFGH  exceed  the 


>yramid  ABCD  by  the  folid  Z.  Then,  a  feries  of  prifms 
>f  the  fame  altitude  may  be  defcribed  about  the  pyramid 
iBCD  that  fhall  exceed  it,  by  a  folid  lefs  than  Z  *  ;  let  thefe  be  a  33.  7. 
he  prifms  that  have  fcr  their  bafes  the  triangles  BCD,  NQL, 
3RI,  PSM.  Divide  EH  into  the  fame  number  of  equal  parts 
nto  which  AD  is  divided,  viz.  HT,  TU,  UV,  VE,  and  through 
he  points  T,  U  and  V,  let  the  feftions  TZW,  USX,  V4>Y  be 
nade  parallel  to  the  bafe  FGH.  The  fec~tion  NQL  is  equal  to 
he  fecHon  WZTb  •  as  alfo  ORI  to  XHU,  and  PSM  to  YOV  5  b  3*.  > 
md  therefore,  alfo  the  prifms  that  ftand  upon  the  equal  feftions 

R  3  are 


246 


ELEMENTS 


c  i. cor.  2 
7> 


Book  VII.  are  equal  c,  that  is,  the  prifm  which  Hands  on  the  bafe  B( 
'  and  which  is  between  the  planes  BCD  and  NQL  is  equal  to 
'prifm  which  ftands  on  the  bafe FGH,  and  which  is  between 
planes  FGH  and  WZT  %  and  fo  of  the  reft,  becaufe  tl 
r*ave  the  fame  altitude  ;  wherefore,  the  fum  of  all  the  prii 
defcribed  about  the  pyramid  ABCD  is  equal  to  the  fum  of 
thofe  defcribed  about  the  pyramid  EFGH.  But  the  ex< 
of  the  prifms  defcribed  about  the  pyramid  ABCD  ab< 


the  pyramid  ABCD  is  lefs  than  Z  ;  and  therefore,  the  exc 
of  the  prifms  defcribed  about  the  pyramid  EFGH  abc 
the  pyramid  ABCD  is  alfo  lefs  than  Z.  But  the  excels 
the  pyramid  EFGH  above  the  pyramid  ABCD  is  equal 
Z,  by  hypothefis ;  therefore,  the  pyramid  EFGH  exce< 
the  pyramid  ABCD,  more  than  the  prifms  defcribed  ab( 
EFGH  exceed  the  fame  pyramid  ABCD.  The  pyran 
EFGH  is  therefore  greater  than  the  fum  of  the  prifms 
fcribed  about  it,  which  is  impoffible.  The  pyramids  ABC 
EFGH,  therefore,  are  not  unequal,  that  is,  they  are  equal 
one  another.     Therefore,  pyramids,  &c.     Q^E.  D. 
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Book  VII. 


EVERY  prifm  having  a  triangular  bafc  may  be 
divided  into  three  pyramids  that  have  triangu- 
ir  bafes,  and  that  are  equal  to  one  another. 

Let  there  be  a  prifm  of  which  the  bafe  is  the  triangle  A^C, 
id  let  DEF  be  the  triangle  oppofite  to  the  bafe  :  The  prifm 
lBCDEF  may  be  divided  into  three  equal  pyramids  havino- 
iangular  bafes. 

Join  AE,  EC,  CD  ;  and  becaufe  ABED  is  a  parallelog- 
ram, of  which  AE  is  the  diameter,  the  triangle  ADE  is 
nial  a  to  the  triangle  ABE  :  therefore  the  pyramid  of  which  a  34-  *• 
le  bafe  is  the  triangle  ADE,  and   vertex  the  point  C,  is 
pal  b  to  the  pyramid,  of  which  the  rt_  b  34. 

ife  is  the  triangle  ABE,  and  vertex 
ie  point  C.  But  the  pyramid  of 
hich  the  bafe  is  the  triangle  ABE, 
id  vertex  the  point  C,  that  is,  the 
framid  ABCE  is  equal  to  the  py- 
mid  DEFC  f,  for  they  have  equal 
ifes,  viz.  the  triangles  ABC,  DFE, 
id  the  fame  altitude,  viz.  the  alti- 
de  of  the  prifm  ABCDEF.  There- 
re,    the   three   pyramids    AD  EC, 

EEC,  DFEC  are  equal  to  one  a- 
)thei\  But  the  pyramids  ADEC, 
.BEC,  DFEC  make  up  the  whole 
ifm  ABCDEF;  therefore,  the 
:ifm  ABCDEF  is  divided  into 
therefore,  &c.     Q^  E.  D. 

Cor.  i.  From  this  it  is  manifeft,  that  every  pyramid  is 
le  third  part  of  a  prifm  which  has  the  fame  bafe,  and  the 
me  altitude  with  it ;  for  if  the  bafe  of  the  prifm  be  any 
:her  figure  than  a  triangle,  it  may  be  divided  into  prifms 
iving  triangular  bafes. 

Cor.  2.  Pyramids  of  eqpal  altitudes  are  to  one  another  as 
leir  bafes  •,  becaufe  the  prifms  upon  the  fame  bafes,  .and 
:  the  fame  altitude,  are  c  to  one  another  as  their  bafes.  c  1.  cor.sS. 


three    equal    pyramids. 
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BOOK     VIII. 

DEFINITIONS. 
I. 


"j^N  arch  of  a  circle  is  any  part  of  the  circumference.        Book  VHL 

II. 

le  perimeter  of  any  figure  is  the  length  of  the  line  or  lines 
by  which  it  is  bounded. 

AXIOM. 

ie  leaft  line  that  can  be  drawn  between  two  points,  is  a 
ftraight  line ;  and  if  two  figures  have  the  fame  ftraight  line 
for  their  bafe,  that  which  is  contained  within  the  other,  if 
its  bounding  line  or  lines  be  not  any  where  convex  towarcj 
the  bafe,  has  the  leaft  perimeter. 

Cor.  i.     Hence,  the  perimeter  of  any  polygon  inferibed  in 
circle  is  lefs  than  the  circumference  of  the  circle. 
Cor.   2.     If  from  a   point   two  ftraight    lines  be  drawn 
iching  a  circle,  thefe  two  lines  are  together  greater  than  the 

arch 
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Book  Vlir.  arcn  intercepted  between  them  *,  and  hence,  the  perimeter 
<r~m~J  any  polygon  defcribed  about  a  circle  is  greater  than  the  c 
cumference  of  the  circle. 


PROP.     I.      T  H  E  O  R. 

IF  from  the  greater  of  two  unequal  magnitud 
there  be  taken  away  its  half,  arid  from  the  r 
xnainder  its  half;  and  fo  on :  There  fhall  at  leng 
remain  a  magnitude  lefs  than  the  lead  of  the  pr 
pofed  magnitudes. 


K 


H 


Let  AB  and  C  be  two  unequal  magnitudes,  of  which  A 
is  the  greater.  If  from  AB  there  be  taken  a- 
way  its  half,  and  from  the  remainder  its 
half,  and  fo  on  ;  there  ihall  at  length  re- 
main a  magnitude  lefs  than  C. 

For  C  may  be  multiplied  fo  as  at  length 
to  become  greater  than  AB.  Let  it  be  fo 
multiplied,  and  let  DE  its  multiple  be 
greater  than  AB,  and  let  DE  be  divided 
into  DF,  FG,  GE,  each  equal  to  C.  From 
AB  take  BH  equal  to  its  half,  and  from 
the  remainder,  AH  take  HK  equal  to  its 
half,  and  fo  on,  until  there  be  as  many  di- 
vifions  in  AB  as  there  are  in  DE  :  And 
let  the  divifions  in  AB  be  AK,  KH,  HB  • 
and  the  divifions  in  ED  be  DF,  FG,  GE. 
And  becaufe  DE  is  greater  than  AB,  and 
that  EG  taken  from  DE  is  not  greater  than  its  half,  but  B] 
taken  from  AB  is  equal  to  its  half ;  therefore  the  remaind* 
GD  is  greater  than  the  remainder  HA.  Again,  becaufe  Gl 
is  greater  than  HA,  and  that  GF  is  not  greater  than  the  ha 
of  GD,  but  HK  is  equal  to  the  half  of  HA  ;  therefore,  tli 
remainder  FD  is  greater  than  the  remainder  AK.  And  F] 
is  equal  to  C,  therefore  C  is  greater  than  AK  j  that  is,  AK  | 
WsthanC.     Q^E.D. 


B      C     E 
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PROP.    II.      THE  OR. 


Book  V1IL 


n  QUILATERAL  polygons  of  the  fame  number 
L-1  of  fides  infcribed  in  circles,  are  fimilar,  and 
ire  to  one  another  as  the  fquares  of  the  diameters  of 
he  circles, 

Let  ABCDEF  and  GHIKLM  be  two  equilateral  polygons 
,f  the  fame  number  of  fides  infcribed  in  the  circles  ABD, 
,nd  GHK  ;  ABCDEF  and  GHIKLM  are"  fimilar,  and  are  to 
me  another  as  the  fquares  of  the  diameters  of  the  circles 
VBD,  GHK. 

Find  N  and  O  the  centres  of  the  circles :  join  AN  and 
JN,  as  alfo  GO  and  HO,  and  produce  AN  and  GO  till  thej 
neet  the  circircumferences  in  D  and  K. 


Eecaufe  the  ftraight  lines  AB,  BC,  CD,  DE,  EF,  FA,  are 
11  equal,  the  arches  AB,  BC,  CD,  DE,  EF,  FA  are  alfo 
qual  a.  For  the  fame  reafon,  the  arches  GH,  HI,  IK,  KL,  a  «8.  3« 
M,  MG  are  all  equal,  and  they  are  equal  in  number  to  the 
thers  ;  therefore,  whatever  part  the  arch  AB  is  of  the  whole 
ircumference  ABD,  the  fame  is  the  arch  GH  of  the  cir- 
umference  GHK.  But  the  angle  ANB  is  the  fame  part  of 
bur  right  angles,  that  the  arch  AB  is  of  the  circumference 
^BD  b  •  and  the  angle  GOH  is  the  fame  part  of  four  b  *7«  3* 
ight  angles  that  the  arch  GH  is  of  the  circumference  GHK  £>, 
herefore  the  angles  ANB,  GOH  are  each  of  them  the  fame 

part 
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Book  VIII,  part   of    four   right   ang!esr  and   therefore    they   are    eq 
*— -^v      to  one  another.      The  ifofceles  triangles  ANB,   GOH 
c  C  6.      therefore  equiangular  c,   and  the    angle  ABN   equal   to 
angle   GHO  ;    in  the  fame  manner,  by  joining  NC, 
it   may   be   proved   that   the  angles  NBC,  OHI  are  eq 


K 


to  one  another,  and  to  the  angle  ABN  .  Therefore 
whole  angle  ABC  is  equal  to  the  whole  G-HK  ;  and  the  fai 
may  be  proved  of  the  angles  BCD,  HIK,  and-  of  the  re 
Therefore,  the  polygons  ABCDEF  and  GHIKLM  are  eqi 
angular  to  one  another  -7  and  finee  they  are  equilateral, 
fides  about  the  equal  angles  are  proportionals  ;  the  polyg 
d  i.  clef.  6.  ABCD  is  therefore  fimilar  to  the  polygon  GH1KL1VN.  A 
becaufe  fimilar  polygons  are  as  the  fquares  of  their  homo] 
c  zo,  6.  gous  fides  e,  the  polygon  ABCDEF  is  to  the  polygon  GHIKL 
as  the  fquare  of  AB  to  the  fquare  of  GH  ;  but  becai.fe  tl 
triangles  ANB,  GOH  are  equiangular,  the  fquare  of  AB  is 
the  fquare  of  GH  as  the  fquare  of  AN  to  the  fquare  of  GO 
or  as  tour  times  the  fquare  of  AN  to  four  times  the  fquare  g 
GO,  that  is,  as  the  fquare  of  AD  to  the  fquare  of  GK>.  Thei 
fore  slfo,  the  polygon  ABCDEF  is  to  the  polygon  GHIKL 
as  the  fquare  of  AD  to  the  fquare  of  GK  ;  and  they  have : 
fo  been  fhewn  to  be  fimilar.     Therefore,  &c.     CX  E.  D. 

Cor.  Every  equilateral  polygon  inferibed  in  a  circle  is  al 
equiangular-.  For  the  ifofceles  triangles,  which  have  their  con 
mon  vertex  in  the  centre,  are  all  equal  and  fimilar ;  therefor 
the  angles  at  their  bafes  are  all  equal,  and  the  angles  of  tl 
polygon  are  therefore  alfo  equal. 


Ittf-cor.  S. 
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PROP.    III.      P  R  O  B. 


HHE  fide  of  any  equilateral  polygon  infcribed 
L  in  a  circle  being  given,  to  find  the  fide  of  a 
lygon  of  the  fame  number  of  fides  defcribed  a- 
ut  the  circle. 


Let  ABCDEF  be  an  equilateral  polygon  infcribed  in  the 
:le  ABD  ;  it  is  required  to  find  the  fide  of  an  equilateral 
ygon  of  the  fame  number  of  fides  defcribed  about  the 
:le. 

Find  G  the  centre  of  the  circle  ;  join  GA,  GB,  biiecl  the 
\B  in  H  ;  and  through  H  draw  KHL  touching  the 
:le  in  H,  and  meeting  GA  and  GB  produced  in  K  and  L  ; 
i  is  the  fide  of  the  polygon  required. 
3roduce  GF  to  N,  fo  that  GN  may  be  equal  to  GL  5  join 
J",  and  from  G  draw  GM  at  right  angles  to  KN,  join  alio 

r. 

3ecaufe  the  circumference  AB  is  bifected  in  H,  the  angle 
JH  is  equal  to  the  angle  BGH  a  \  and  became  KL  touches 
circle  in  H,  the  angles 
G,    KHG    are  right 
les  *>  ;  therefore,  there 
two  angles  of  the  tri- 
leHGK,  equal  to  two 
les    of   the     triangle 
rL,  each  to  each.  But 
fide  GH  is  common  to 
fe  triangles  ;  therefore 
y  are  equal  c9  and  GL 
qual  to  GK.  Again,  in 
triangles  KGL,KGN, 
aufe  GN  is   equal  to 

and  GK  common, 
.  alio  the  angle   LGK 

al  to  the  angle  KGN  ;  therefore  the  bale  KL  j 
the  bafe  KN<1.  But  becauie  the  triangle  KGN 
is,  the  angle    GKN    is   equal  to   the   angle   GNK,   and 

angles  GMK,  GMN  are  both  right  angles  by  con- 
cHon  ;  wherefore,  the  triangles  GMK,  GMN  have  two 
les  of  the  one  equal  to  two  angles  of  the   other,  and   they 

have 


b  x>   t 


equal 
is  ifof- 
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^^^•have  alfo  the  fide  GM  common,  therefore  they  are  equal  ^  s 
7^^  the  fide  KM  is  equal  to  the  fide  MN,  fo  that  KN  is  bifed 
in  M.  But  KN  is  equal  to  KL,  and  therefore  their  hah 
KM  and  KH  are  alfo  equal.  Wherefore,  in  the  triang 
GKH,  GKM,  the  two  fides  GK  and  KH  are  equal  to  t 
two  GK  and  KM,  each  to  each  ;  and  the  angles  GKH,  GK 
«*4  J.  are  alfo  equal,  therefore  GM  is  equal  to  GEN  ;  wherefore,  t 
point  Mis  in  the  circumference  of  the  circle;  and  becai 
KMG  is  a  right  angle,  KM  touches  the  circle.  And  in  t 
fame  manner,  by  joining  the  centre  and  the  other  angul 
points  of  the  infcribed  polygon,  an  equilateral  polygon  m 
be  defcribed  about  the  circle,  the  fides  of  which  will  ea 
be  equal  to  KL,  and  will  be  equal  in  number  to  the  fides 
the  infcribed  polygon.  Therefore,  KL  is  the  fide  of  an  eqi 
lateral  polygon  defcribed  about  the  circle  of  the  fame  numb 
of  fides  with  the  infcribed  polygon  ABCDEF  ;  which  w 
to  be  found. 

Cor.  Becaufe  GL,  GK,  GN,  and  the  other  ftraight  lin 
drawn  from  the  centre  G  to  the  angular  points  of  the  pol 
gon  defcribed  about  the  circle  ABD  are  all  equal ;  if  a  circ 
be  defcribed  from  the  centre  G,  with  the  diftance  GK,  tl 
polygon  will  be  infcribed  in  that  circle  ;  and  therefore, 
is  fimilar  to  the  polygon  ABCDEF  e. 

PROP.    IV.    THEOR. 

A  Circle  being  given,  two  fimilar  polygons  ma 
-*■  ^  be  found,  the  one  defcribed  about  the  circl 
and  the  other  infcribed  in  it,  which  fhall  differ  froi 
one  another  by  a  fpace  lefs  than  any  given  fpace. 

Let  ABC  be  the  given  circle,  and  the  fquare  of  D  an 
given  fpace  ;  a  polygon  may  be  infcribed  in  the  circle  AB( 
and  a  fimilar  polygon  defcribed  about  it,  fo  that  the  differen< 
between  them  mall  be  lefs  than  the  fquare  of  D. 

In  the  circle  ABC  apply  the  ftraight  line  AE  equal  to  I 
and  let  AB  be  a  fourth  part  of  the  circumference  of  tl 
circle.  From  the  circumference  AB  take  away  its  half,  an 
from  the  remainder  its  half,  and  fo  on  till  the  circumferen( 
AF  is  found  lefs  than  the  circumference  AE  a.  Find  the  cei 
tre  G  ;  draw  the  diameter  AC,  as  alfo  the  ftraight  lines  A 
and  FG )  and  having  bife&ed  the  circumference  AF  in  I 

joi 
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i  KG,  and  draw  HL  touching  the  circle  in  K,  and  meeting  ,  00         „ 
\  and  GF  produced  in  H  and  L ;  join  CF. 
Becaufe  the  ifofceles  triangles  HGL  and  AGF  have  the  com- 
>n  angle  AGF,  thev  are  equiangular  b,  and  the  angles  GHK,  b  ^-  $* 
\F  are  therefore  equal  to  one  another.     But  the  angles 
CH,  CFA  are  alfo  equal,  for  they  are  right  angles ;  there- 
e  the  triangles  HGK,  ACF  are  likewife  equiangular  c. 
A.nd  becaufe  the  arch  AF  was  found  by  taking  from  the 
h  AB  its  half,  and  from  that   remainder  its  half,  and  fo 
|  AF  will  be  contained  a  certain  number  of  times  exactly 
the    arch    AB,    and  therefore  it  will    alfo   be    contain- 
a   certain   number   of  times    exactly   in   the    whole   co- 
nference ABC  *,  and  the  ftraight  line  AF  is  therefore  the 
5  of  an  equilateral  polygon  infcribed  in   the  circle  ABC. 
herefore  alfo,  HL  is  the  fide  of  an  equilateral  r  polygon   of 
s    feme    number 
fides  defcribed  a- 
M  ABC  a.     Let 
polygon     de- 
ibed    about    the 
le  be  called  M, 
the     polygon 
ribed  be  called 
then,   becaufe 
fe  polygons  are 
lare,  they  are  as 
fquares  of  the 
ologous      fides 
and  AFf,  that 
oecaufe  the  tri- 
lesHLG,AFG 
fimilar,  as  the 
ire  of  HG  to  the 

ire  of  AG,  that  is  of  GK.  But  the  triangles  HGK,  ACF 

e  been  proved  to  be  fimilar,  and  therefore,  the  fquare  of  AC 

the  fquare  of  CF  as  the  polygon  M  to  the  polygon  N  ;  and, 

onverfion,  the  fquare  of  AC  is  to  its  excels  above  the  fquare 

2F,  that  is,  to  the  fquare  of  AFg,  as  the  polygon  M  to  its  g  47.  1* 

efs  above  the  polygon  N.     But  the  fquare  of  AC,  that  is, 

fquare  defcribed  about  the  circle  ABC  is  greater  than  the 

lateral  polygon  of  eight  fides  defcribed  about  the  circle, 

.ufe  It  contains  that  polygon  *,    and,  for  the   fame  reafon, 

polygon  of  eight  fides  is  greater  than  the  polygon  of  fix- 

,  andfoonj  therefore,,  the  fquare  of  AC  is  greater  than 

any 
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BooVVin.  any  polygon  defcribed  about  the  circle  by  the  continual 
fecTion  of  the   arch    AB ;    it  is  therefore   greater  than 
polygon    M.      Now,  it  has  been    demonflrated,    that 
fquare  of  AC  is  to  the  fquare  of  AF  as  the  polygon  M  to 
difference  of  the  polygons  ;  therefore,  fince  the  fquare  of  i 
is  greater  than  M,  the  fjuare  of  A F  is  greater  than  the  c 
**  *4»  $•  ference  of  the  polygons  h.     The  difference  of  the  polygon 
therefore  lefs  than  the  fquare  of  AF  *,  but  AF  is  lefs  than 
therefore,  the  difference  of  the  polygons  is  lefs  than  the  fqu 
of  D,  that  is,  than  the  given  fpace.  Therefore,  &c.    Q^E, 

Cor.  i.  Becaufe  the  polygons  M  and  N  differ  from 
another  more  than  either  of  them  differs  from  the  circle, 
difference  between  each  of  them  and  the  circle  is  lefs  than 
given  fpace,  viz.  the  fquare  of  D.      And  therefore,  howe 
fmali  any  given  fpace  may  be,  a  polygon  may  be  infcribed 
the  circle,  and  another  defcribed  about  it,  each  of  which  fl 
differ  from  the  circle  by  a  fpace  lefs  than  the  given  fpace. 

Cok.  2.  The  fpace  B  which  is  greater  than  any  polygon  t 
can  be  infcribed  in  the  circle  A,  and  lefs  than  any  polygon  tl 


can  be  defcribed  about  it,  is  equal  to  the  circle  A#  If  n 
let  them  be  unequal ;  and  firft,  let  B  exceed  A  by  the  fp: 
C  Then,  becaufe  the  polygons  defcribed  about  the  circle 
are  all  greater  than  B,  by  hypothecs  ;  and  becaufe  B  is  gre 
er  than  A  by  the  fpace  C,  therefore,  no  polygon  can  be  < 
fcr  bed  about  the  circle  A,  but  muft  exceed  it  by  a  fp; 
greater  than  C,  which  is  abfurd.  in  the  fame  manner,  if 
be  lels  than  A  by  the  fpace  C,  rit  is  fhewn  that  no  polyy 
can  be  infcribed  in  the  circle  A,  but  is  lefs  than  A  by  a  fp: 
greater  than  o,  which  is  aifo  abfurd.  Therefore,  A  and 
are  not  unequal,  that  is,  they  are  equal  to  one  another 

PRO 
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PRO  P.    V.     TH.EO  R. 

^  VERY  circle  is  equal  to  the  re&angle  contain* 
\j  ed  by  the  femidiameter,  and  a  ftraight  line 
ual  to  half  the  circumference. 

Let  ABC  be  a  circle,  of  which  the  centre  is  D,  and  the 
meter  AC  ;  if  in  AC  produced  there  be  taken  AH  equal 
half  the  circumference,  the  circle  is  equal  to  the  reclangle 
itained  by  DA  and  AH. 

Let  AB  be  the  fide  of  any  equilateral  polygon  in- 
ibed  in  the  circle  ABC  ;  bifecT:  the  circumference 
i  in  G,  and  through  G  draw  EGF  touching  the  circle, 
I  meeting  DA  produced  in  E,  and  DB  produced  in 
EF  will  be  the  fide  of  an  equilateral  polygon  defcribed 
>ut  the  circle  ABC  a.  In  AC  produced  take  AK  equal  to  a  3.  8? 
f  the  perimeter  of  the  polygon  whofe  fide  is  AB  ;  ,and  AL 
ial  to  half  the  perimeter  of  the  polygon  whofe  fide  is  EF. 
en  AK  will  be  lefs,  and  AL  greater  than  the  ftraight  line 
lb.     Now,  becaufe  in   the  triangle  EJDJF,  DG  is  drawn  bAx»«: 


ttJhdicular  to  the  bafe,  the  triangle  EDF  is  equal  to  the  reft- 
Ie  contained  by  DG  and  the  half  of  EF  c  •  and  as  the  lame  c  41.  1. 
ue   of   all  the    other   equal  triangles  having  their  vertices 
D,    which  make  up     the    polygon  defcribed    about    the 
!e  ;  therefore;  the  whole  polygon  is  equal  to  the  rectangle 

#S  contained 
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Pook  VIIr-  contained  by  DG  and  AL,  half  the  perimeter  of  the  po 
d  i.  a.  Son  d>  or  by  DA  and  AL.  But  AL  is  greater  than  AH,  the 
fore  the  rectangle  DA,  AL  is  greater  than  the  rectani 
DA,  AH  ;  the  rectangle  DA,,  AH  is  therefore  kfs  than 
rectangle  DA,  AL,  that  is,  than  any  polygon  defcribed  ab< 
the  circle  ABC. 

Again,  the  triangle  ADB  is  equal  to  the  rectangle  conta 
ed  by  DM  the  perpendicular,  and  one  half  of  the  bafe  A 
and  it  is  therefore  lefs  than  the  rectangle  contained  by  D. 


or  DA,  and  the  half  of  AB.  And  as  the  fame  Is  true  of 
the  other  triangles  having  their  vertices  in  D,  which  mai 
up  the  infcribed  polygon,  therefore  the  whole  of  the  infcrib 
polygon  is  lefs  than  the  rectangle  contained  by  DA,  and  A 
half  the  perimeter  of  the  polygon  Now,  the  rectangle  Dj 
AK  is  lefs  than  DA,  AH  ;  much  more,  therefore,  is  the  p 
lygon  whofe  fide  is  AB  lefs  than  DA,"  AH  ;  and  the  re< 
angle  DA,  AH  is  therefore  greater  than  any  polygon 
fcribed  in  the  circle  ABC  But  the  fame  rectangle  Di 
AH  has  been  proved  to  be  lefs  than  any  polygon  defcribi 
about  the  circle  ABC  ;  therefore,  the  rectangle  DA,  AH 
e  2.  cor.  4.  equal  to  the  circle  ABC  e.  Now,  DA  is  the femidiameter 
S.  the  circle  ABC,  and  AH  the  half  of  its  circumference.  Ther 

fore,&e.     Q^E.  D. 

Cok.  1.  Hence,  a  polygon  may  be  defcribed  about 
circle,  the  perimeter  of  which  fhall  exceed  the  circumfe'renc 
of  the  circle  by  a  line  that  is  lefs  than  any  given  line.  L 
NO  be  the  given  line,  lake  in  NO  the  part  NP  lefs  ths 
its  half,  and  lefs  alfo  than  AD,  and  let  a  polygon  be  defcribc 

aboi 
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out  the  circle  ABC.  fo  that  its  excefs  above  ABC   may  befP^ok  VIII. 

fc  than  the  fquare  of  NP  f.    Let  the  fide  of  this  polygon  bef  r.  ccr.  ^# 

F      And  lince,  as  has  been  proved,  the   circle   is  equal  to     8. 

e  rectangle  DA,  AH,  and   the   polygon  to  the   rectangle 

A,  AL,  the  excels  of  the  potygon  above  the  circle  is  equal 

the  reciangle  DA,  HL ;  therefore  the  fe&angle  DA,  HL 

lefs  than   the  fquare  of  NP  ;  and  therefore,  lince   DA  is 

eater  than  NP,  HL  is  lefs  than  NP,  and  twice  HL  lefs  than 

ice  NP,  wherefore,  much  more  is  -twice   HL  lefs  than  NO. 

it  HL  is  the   difference  between  half  the  perimeter  of  the 

lygon  whofe  fide  is  EF,  and  half  the   circumference  of  the 

c3e  j    therefore,  twice    HL  is  the  difference   between  the 

loie    perimeter  of    the    polygon   arid  the  whole    circum- 

•ence  of  the   circle.       The    difference,   therefore,  between 

1  perimeter  of  the  polygon  and  the  circumference   of  die 

cle  is  lefs  than  the  riven  line  NO. 

o  ... 

Cor.  2.  Hence  alfo,  a  polygon  may  be  mfcribed  in  a  circle, 
:h  that  the  excefs  pf  the  circumference  above  the  perimeter 
the  polygon  maybe  lefs  than  any  given  line.  This  is 
>ved  like  the  preceding. 


S  2  PROP, 


c 


a  a.  3. 


ELEMENTS 


PROP.    VX     IHEOR. 

IRCLES  are  to  one  another  in   the  dupjicl 
ratio,  or  as  the  fquares  of  their  diameters. 


Let  ABD  and  GHL  be  two  circles,  of  which  the  diar 
ters  are  AD  aneKGL  *,  the  circle  ABD  is  to  the  circle  G. 
as  the  fquare  of  AD  to  the  fquare  of  GL. 

Let  ABCDEF  and  GHKLMN  be  two  equilateral  pc 
gons  of  the  fame  number  of  fides  infcribed  in  the  cir< 
ABD,  GHL  ;  and  let  Q^be  fuch  a  fpace  that  the  fquare 
AD  is  to  the  fquare  of  GL  as  the  circle  ABD  to  the  fpace 


Becaufe  the  polygons  ABCDEF  and  GHKLMN  are  equ 
teral  and  of  the  fame  number  of  fides,  they  are  fimilar  *,  j 
are  as  the  fquares  of  the  diameters  of  the  circles  in  which  tl 
are  infcribed.  Therefore,  as  the  fquare  of  AD  to  the  fqu 
of    61 ,    fo    is    the    polygon   ABCDEF  to    the    polyj 

GHKLM; 
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JKLMN ;  but  as  the  fquare  of  AD  to  the  fquare  of  GL,Book  vill. 

is  the  circle  ABD  to  the  fpace  Qj  therefore,  the  polygon 

BCDEF  is  to  the  polygon  GHKLMN  as  the  circle  ABD 

the  fpace  Q^    But  the  polygon  ABCDEF  is  lefs  than  the 

cle  ABD,  therefore  GHKLMN  is  ieis  than  the  fpace  Q^b;  b  14.  7« 

terefore,  the  fpq.ce  QJs  greater  than  any  polygon  infcribed 

the  circle  GHL. 

In  the  fame  manner  it  is  demonftrated,  that  Q^is  lefs  than 

f  polygon  defcribed  about  the  circle  GHL  ;  wherefore,  the 

ce  Q^is  equal  to  the  circle  GHL  c.     Now,  by  hypothefis,c  1.  cor.  4. 

:  circle  ABD  is  to  the  fpace  Q^tts  the  fquare  of  AD  to  the  s< 

[are  of  GL ;  therefore,  the  circle   ABD  is  to  the  circle 

3L  as  the  fquare  of  AD  to  the  fquare  of  GL.    Therefore, 

:.     Q.E.D. 

Cor.  i.  Hence,  the  circumferences  of  circles  are  to  one  a- 
.her  as  their  diameters. 

Let  the  ftraight  line  X  be  equal  to  half  the  circumference 
the  circle  ABD,  and  the  ftraight  line  Y  to  half  the  co- 
nference of  the  circle  GHL  :  And  becaufe  the  re&angles 
\  X,  and  CP,  Y  are  equal  to  the  circles  ABD  and  GHL  d  ;  d  5.  % 
refore  the  re&angle  AO,X  is  to  the  re&angle  GP,Y  as  the 
are  of  AD  to  the  fquare  of  GL,  or  as  the  fquare  of  AO 
the  fquare  of 

Therefore,      -^  ' 

xnately    the 
:angle    AO, 

is    to     the       Y 
are  of  AO, 
he  rectangle  GP,Y  to  the  fquare  of  GP ;   but  rectangles 

have  equal  altitudes  are  as  their  bafes  «,  therefore  X  is  to   e  1.  6. 
)  as  Y  to  GP  *,  and  again,  alternately,  X  is  to  Y  as  AO 
~  P,  and  taking   the  doubles   of  each,  the  ^circumference 
5D  is  the  circumference  GHL  as  the  diameter  AD  to  the 
meter  GL* 


Gqr.  2. 
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Book  VIA.  Cor.  2.  The  circle  that  is  deleribed  upon  the  fide  of 
right  angled  triangle  orponte  to  the  right  angle,  is  equal  t 
the  two  circles  defcribed 
on  the  other  two  fides. 
For  the  circle  defcribed  up- 
on SR  is  to  the  circle  de- 
fcribed upon  RT  as  the 
fquare  of  SR  to  thefquare 
of  RT;  an  d  the  circle  defcri-  . 

bed  upon  TS  is  to  the  circle  -^ 
defcribed  upon  RT  as  the  fquare  of  ST  to  the  fquare  of  Rr. 
Wherefore,  the  circles  defcribed  on  SR  and  ST  are  to  tl 
circle  defcribed  on  RT  as  the  fquares  of  SR  and  ST  to  tl 
*  2*.  ?•  fquare  of  RT  f.  But  the  fquares  of  RS  and  ST  are  equal  - 
g  47-  I-  the  fquare  of  RT  g  ;  therefore  the  circles  defcribed  on  R 
and  Si  are  equal  to  the  circle  defcribed  on  RT. 


PROP.   VII.     T  H  E  O  R. 


17QUIANGULAR  parallelograms  are  to  one  an< 

ther  as  the  products  of  the  nytpbers  proportioi 
al  to  their  fides. 


Let  AC  and  DF  be  two  equiangular  "par allele 
let  M,  N,  P  and  Q^be  four  numbers,  fuch  that  AB  :  BC 
M  :  N  ;  AB  :  DE  :  :  M  :  P,  and  AB  :  EF  :  :  M  :  Q ,  ai 
therefore  ex  cequali,  BC  :  EF  : :  N  :  Q^  The  parallelogram  . 
is  to  the  parallelogram  DF  as  MN  to  PQ^ 

Let    NP    be    the   product   of    N   into    P,    and  the    rat 

of   MN   to    PQ^      ( — |C 

will     be      com- 
pounded   of  the 
aic,  dcf.  ratios  ^  of  MN  to 
5*  NP,  and  of   NP 

to  PQ^     But  the 

ratio  of  MN  to     A  B    D 

h  XS-  5-    NPis  the  fame  with  that  of  M  to  P  b,  bee  l  -e  MN  and   lN 

are  equimultiples  of  M  and  P  ;  and,  for  the  fame  reafon,  tl 

rat 
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itio  of  NP  to  PQ^is  the  fame  with  that  of  N  to  Qj  there- Book  Vlir. 
>re,  the  ratio  of  MN  to  PQ^is  compounded  of  the  ratios  of  v—"v— — ' 
I  to  P,  and  of  N  to  Q^     Now,  the  ratio  of  M  to  P  is  the 
me  with  that  of  the  fide  AB  to  the  fide  DE  c  ;  and  the  ratio   c  ty  K>?' 
:  N  to  Q^the  fame  with  that  of  the  fide  BC  to  the  fide  EF. 
Tierefore  the  ratio  of  MN  to  PQ^  is  compounded  of  the  ra- 
05  of  AB  to  DE,  and  of  BC  to  EF.    And  the  ratio  of  the 
arallelogram  AC  to  the   parallelogram  DF   is  compounded 

the  fame  ratios  d-  ;  therefore,  the  parallelogram   AC    is   to  d  23.  6. 
le   parallelogram  DF  as    MN.    the  product    of    the    num- 
*rs  M  and  N,  to  PQ^the  product  of  the  numbers  P  and  Q^ 
herefore,  &c     QK  E.  D. 

CoR.  1.  Hence,  if  GH  be  to  KL  as  the  number  M  to  the 
,vmber  N  ;  the  fquare 

Scribed  on   GH  will     ^ : =_    ]£  L 

5    to  the   fquare    de- 

ribed  on  KL  as  MM  the  fquare  of  the  number  M  to  NX 

.e  fquare  of  the  number  N. 

Cor.  2.  If  the  fquare  on  GH  be  to  the  fquare  on  KL  as  a 
imber  to  a 'number,  the  line  GH  will  be  to  the  line  KL  as 
e  fquare  root  of  the  firit  number  to  the  fquare  root  of  the 
cond  number.  For,  if  GH  were  to  KL  in  any  other  ratio, 
e  fquare  defcribed  on  GH  would  not*  be  to  the  fquare  de- 
ribed  on  KL  in  the  ratio  -fuppofed. 


Nota.     In  the  following  Prop,  the  charter  +  cr  — .  plat  num- 

r  Hgnifks  fornething  is  to  be  added  la. that  number,  or  fcmeth:^g  fubtra£ed 
)m  ft.     Thus,  i732.05cS-f  fignifies  a  number  greater  thar.  &,  &c. 

lib,  it  is  to  be  observed,  that  the  figure  for  diftio&nefc    is   leparated  into  2, 
fecor.d  being  a  part  of  the  firft  magnified  or  drawn  on  a  greater  icale. 


Si  PROP 


ELEMENTS 


PROP,   VIII,    THE  OR, 

Ststf.     fTPHE    circumference   of   a  circle   exceeds  thre 

J|     times   the   diameter  by  a  part  lefs  thm  on 

feventh  of  the  diameter,  but  greater  than  tew  of  th 

parts  whereof  the  diameter  contains  feventy-one. 

Let  ABG  be  a  ehrcle,  of  which  the'  centre  is  D,  and  tl 
diameter  AC  -y  the  circumference  is  greater  than  three  tim< 

the  diameter  AC  by  a  line  that  is  lefc  than  -  of  AC  an 

10  ( 

greater  than  —  of  AC. 

In  the  circle  apply  the  ftrarght  line  CB  equal  tso  CD.     B 
feci:  CB  in  E,  CE  hi  F,  and  fo  on  till  there  be  five  bife&ion 


nd  let  CL,  (reprefented  in  the  2d  figure')  be  the   archfouiu 
by  the  fifth  bifeftion.     Take  the  arch  CM  equal  to  CL  \  joii 

LM 
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I,  and  through  C  draw  OCP  touching  the  circle  in  C,  andBqok^vin* 
eting  DL,  DM  produced  in  O  md  P.     Join  (fig   i.)  AB* 
E,  AF,  and  alfo  DB,  DE,  DF  ;  draw  BG,  EH,  FK  perpen- 
ular  to  DC,  and  DQj  DR,  DS  perpendicular  to  AB,  AE, 
P.- 

Recaufe  the  ftraight  line  CB  is  equal  to  CD,  the  femidia* 
iter  of  the  circle,  the  arch  CB  is  the  fixth  part  of  the  co- 
nference a  j  therefore,  CE  is  the  12th  part,  CF  the  24th  a  4> 
ffr>  the  hair  cf  CF  the  48th;  the  half  of  that  half  the 
th,  and  the  half  of  the  96th  is  that  to  which  CL  is  equal. 
t  CM  is  equal  to  CL ;  and  therefore,  the  arch  LM  is  alio 
5  96th  part  of  the  circumference,  fa  that  the  ftraight  line 
A  is  the  fide  of  an  equilateral  polygon  of  96  fides  infcribed 
the  circle,  and  OP  the  fide  of  an  equilateral  polygon  of  the  b  s 
ne  number  of  fides  defcribed  about  the  circle  b.  Now,  be- 
ife  BD  is  equal  to  BC,  the  angle  BE)C  is  equal  to  the 
gle  BCD,  and  the  angles  BGD,  BGC  are  alfo  equal,  being 
;ht  angles  •,  and  the  fide  BG  is  common  to  both  the  triangles 
DG,  ACG;  therefore  the  bale  DG  is  equal  to  the  bafe 

;"  and  DG  is  the  half  of  DC  gr;  AD.     Therefore,  DG  c  *6-  *• 
to  DA  as  1  to  1  *,    and,  by  compofkion,  AG  to   AD   as 
0  2  :  Now,  AC  is  to  AD   alfo /as  2  to  a  *,  therefore,  the 
Wangle  CA,  AG  is  to  the  fquare  of  DA  a*  6  to  2,  or  as 
otd.     But,  becaufe  the  angle  ABC  is  a  righxl^glei  the  d  7-  *• 
Wangle  CAf  AG  is  equal  to  the  fquare  of  AB  e  v  therefore,  e  8-  *• 
:   fquare   of  AB  is  to  the  fquare   of  AD    as   3   to   1,   or 
3000000  to    icooooo  •,   and  therefore,  AB   is  to  AD  as 
31.O5084-  to  ioocf,  for  the  fquare  of  1732.0508  is  lefs  than    agCOr*  7* 
oooco,  and  the  Tqttare  of, j 000  is  equal  to    icocooo.     But 
Qjs  the  half  of  AB,  became  DQ^is  drawn  from  the  centre 
rpendieular  to  AB,  therefore    ajlh,  .AQ^  is    to  AD    as 
6,0254+  to  1000. 

And  becaufe  the   arch  CE  is  the  half  of  the  arch  CB,  the 
gh  CDE  is  half  of  the  angle  CDB  g  ;  and  the  angle  DAB    g  36-  *- 
alfo  the  half  of  CDB  h,  therefore  .the  angles  CDE,  DAB  h  20-  3- 

equal.  In  the  triangles  DAQ^,  EDH,  therefore,  the 
gle  DAQ^is  equal  to  the  angle  EDH,  and  the  angle  AQD 
the  angle  DHE,  becaufe  they  are  both  right  angles  ;  and 
;  fide  AD  is  alfo  equal  to  the  fide  DE,  therefore  the  tri- 
ple DAQ^is  equal  to  the  triangle  EDH,  and  the  fide  AQ^ 
the  fide  DH  c.    And  it  has  been  fliewn,  that  AQjs  to  AD 

866.0254+    to   1000,   there  fore  alfo    DH  is  to  AD  as 

866.0254 


*66 
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Book  VTII.  866.0254+  to  iooo;  and,  by   compofition,  AH  to  AD 
1866.0254+  to  iooo.      Therefore   alfo,  the  reclangle  Cj 

d  7.  s.     AEI  is   to  the   fquare  of  AD  <*   as   2000  x  1866.0254+ 
1000  x  100c,  that  is,  as  3732050.8+  to  1000000.     Whet 
fore  alfo,  the  fqaare  of  AE,  which  is  equal  to  the  reclang 

*8.6.       C.\,  AHe,  is    to   the   fquare   of   AD    as   3732050.8+ 
ioooooo,   and  therefore,  AE  is  to  AD  as   1931.85 16+ 
1  coo,  for  the  fquare  of  1931.8516  is  lefs  than   3732050. 
Therefore,)  AR,  which  is  the  half  of  AE,  or  DK,  which 
Ihewn  to  be  equal  to  AR  in  the  fame  manner  that  DH  w 
proved  equal  to  AQ^,  is  to  AD  as  965.9258+  to  iooo. 


Hence  again,  by  compoiicion,  AK  is  to  AD  as  1965  9258- 
to  ■c? ■•>,  and  the  rectangle  CA,  AK,  or  the  fquare  of  Al 
to  the  fquare  of  AD  as  3931851.6+  to  1000000  d,  and  A 
to  AD  as  1982.8897  +  to  iooo,  for  the  fquare  of  1982.889 
is  lefs  than  3931851.6. 

In  the  fame  way  it  will  be  fhewn,  that  the  ftraight  lin 
drawn  from  A  to  the  third  point  o*  bife&ion,  is  to  AD  J 
J995.7178+  to  iooo  j  and   therefore,  that  the  fquare  of  th 

lin 
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e  drawn  from  A  to  the  fourth  point  of  bife&ion,  is  to  the  Pooky  Iffy 
tare  of  AD  as  3995717-8+  to  iooooco.  But  DN  (fig  2.) 
*qual  to  half  the  line  from  A  to  the   fourth  point  of  bifec- 
li,  for  L  is  the    fifth  point    of   bifeftion,  and  therefore  the 
lare  of  DN  is  the  fourth  part  of  the  fquare    of  that  line*/ 
ierefore?  ttie  fquare  of  DN  is  to  the  fquare  of  AD,  or  of 
C  as' 998929.4$+  to  1 000000.     Therefore,  by  divifion,  the 
lare  of  LN,  which  is  the  excefs   of  the  fquare   of  DC,  or 
DL,  above  the  fquare  of  DN,  is  to  the  fquare  of  CD  as 
b  excefs  of  Ioooooo  above  998029.45+  is  to  iooooco,  that' 
as   1070.55 —  to   iooooco.     Therefore   alfo,  LN  has  to 
D    the   ratio  of  32.71927: —  to    100c;    for  the  fquare   of 
£71927  is  greater  than  1070.55. 

Now,  fince  DN  is  to  DC  as  999.46455+  to  1000  •,    and 
NT  to  DC  as   32.71927 —  to  1000  ;    therefore,  tx  equo>  DN 
to  LN  as  999.46455+  rjo.32. 71927 — .  But,  as  DN  toNL, 
DC  to  CO  ;  therefore,   DC   is  to  CO  as  999.46455+  to 
1.71927 — .  Now,  the  ratio  of  999.46455+  to  32.71927 —  is 
eaterthan  that   of  999.46455    to   32.71927  1  ;     wherefore,  *  8-  5- 
C    has   to    CO    a  greater   ratio   than    999,46455    has    to 
1.71927,  and  confequently,   CO  to   DC   a  lefs^  ratio  than 
l. 71927  to  999.46455.     But  the  ratio  of  32.7367  to    1000 
greater  than  the  ratio  of  32.71927  to  999.46455  •,  there- 
re,  the  ratio  of  CO  to  DC  is  alfo  lefs  than  that  of  32.7367 
1  coo  m.  And  96  times  CO  is  half  the  perimeter  of  the  cir-  «»  13-  5- 
micribed  polygon  ',  therefore,  the  ratio  of  half  the  perime- 
r  of  that  polygon  to  the  fernidiameter  DC,  or  the  ratio  of 
e  whole  perimeter  to  the  whole  diameter  AC,  is  lefs  than 
e  ratio  of  32.7367  x  96  to   1000,    or    than    the    ratio"    of 
42.7232    to    iooc.      But  the   circumference   of  the  circle 
BC  is  lefs  than  the  perimeter  of  the  polygon  of  which  the 
de  is  CO  •,  therefore,  the  circumference  of  the  circle  has  to 
le  diameter  a  lefs  ratio  than  3142.7232  has  to  ioco.  Now, 
le   ratio  of  22.  to  7  is    greater   than   that   of  3142.7232  to 
000,  therefore,  the  circumference  of  the  circle   ABC  has  to 
le  diameter  a  lels  ratio  than  22  has  to  7 ;  and  therefore,  the 
art  by  which  ?:he  circumference  exceeds  three  times  the  dia- 
leter  is  lefs  than  a  feventh  of  the  diameter. 
It  remains  to  demonftrate,  that  the  part  by  which  the  cir- 
imference  exceeds  three   times  the  diameter  is  greater  than 


-  of  the  diameter, 
1 


Becauf 


a68 
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Becaufe,  as  was  already  fhewn,  the  fquare  of  AB  is  to  tlj 
fquare  of  AD  as  3000000  to  1 000000,  AB  is  to  AD 
1732.0509 — '  to  icoo  ;  for  the  fquare  of  1732.0509  is  greai 
er  than  3000000.  Therefore,  the  half  of  AB,  that  is,  As 
or  DH  is  to  DA  as  866-02545 —  to  1000,  and,  by  compofl 
lion,  AH  to  AD  as  1866.02545—  to  1000  ;  and  therefor| 
the  re&angle  C  A,  AH,  that  is,  the  fquare  of  AE  is  to  th 
fquare  of  AD  as  3732050.9 —  to  xoooooo;  and  therefor! 
ialfo,  AE  is  to  AD  as  1931.8517 —  to  iocta  ;  for  the  fquaJ 
of  1931. 8517  is  greater  than  3732050.9.  Therefore  alfo,  Ai 


orDK,  which  is  equal  to  AR,  is  to  AD  as  965.92585 —  tc 
10:0,  and,  by  compofkion,  AK  is  to  AD  as  1965.92585 — tc 
1000. 

Hence,  the  reftangle  C A,  AK,  that  is,  the  fquare  of  AF  is 
to  the  fquare  of  AD  as  3931851.7 —  to  1000000  ;  and  there- 
fore, AF  to  AD  as  1982.8898 —  to  1000,  for  the  fquare  of 
198  z. 8 898  is  greater  than  393 185 1.7. 

In  like  manner  it  is  fhewn,  that  the  ftraight  line  drawn  from 
A  to  the  third  point  of  bife&ion  is  to  AD  as  1993.7179-— 

to 
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criooov  and  that,  therefore,  the  fquare  of  the  line  drawn  7°  I 

rom  A  to  the1  fourth  point  of  bifeclion,  is  to  the  fquare  of 

^D  as  3995717-9—  to  1 000000.     But  DN  is  the  half  of 

tie  ftraight  line  drawn  from  A  to  the  fourth  point  of  bifec- 

ion,  becaufe  L  is  the  fifth  point  of  bife&ion,  and  therefore 

tie  fquare  of  DN  is  the  fourth  part  of  the  fquare  of  the  line 

rawn  to  the  point  of  the  fourth  bife&ion ;    therefore  the 

mare    of    DN   is  to  the   fquare  of    AD,   or   of   DC,   as 

98929.475—  to   iooooco.     Wherefore  alfo,  the  excels  of 

le  fquare  of  DC  or  of  DL  above  the  fquare  of  DN,  that  is, 

:ie  fquare  of  LN  is  to  the  fquare  of  DC   as  the  excefs  of 

oogooo  above  998929.475 — ,  or  as  1070.525+ to  1000000; 

nd  therefore,  LN  is  to  DC  as  32.71887-f-  to  1000,  for  the 

mare  of  32.71887  is  lefs  than    1070.525.     Therefore,  LN 

as  to  DC  a  greater  ratio  1  than  32.71887  to  1000,  3nd  96  1  8    r 

Lines  LN,  or  half  the  perimeter  of  the  infcribed  polygon  of 

6  fides,  has  to  the  femidiameter  DC  a  greater  ratio  than  that 

f  32.71887x96  to  1000  \  therefore  alfo,  the  whole  perimeter 

f  the  polygon  has  to  the  whole  diameter  AC  a  greater  ratio 

lan  32.71887x96,  or  than  3141,0125a  has  to  1000.     Now, 

le  circumference  of  the  circle  is  greater  than  the  perimeter  of 

le  infcribed  polygon,  therefore  the  circumference  of  the  circle 

as  to  the  diameter  a  greater  ratio   than  3 141.0 125 2  has  to 

000.  But  the  ratio  of  3141.01252  to  1000  is  greater  than  that 

3  and   — to  1.     Wherefore,  the  excels  of  the  circumfe- 

71  . 

irice  above  three  times  the  diameter  is  greater  than  10   of 

lofe  parts  whereof  the  diameter  contains  71 ;  and  it  has  al- 

sady  been  mewn  to  be  lefe  than  one  feventh  of  the  dia- 

leter.  Therefore,  &c.     Q^E.  D. 

Cor*  1.  Hence,  the  diameter  of  a  circle  being  given,  the 

Lrcumference  may  be  found  nearly,  by  making  as  7  to   22, 

the  diameter  to  a  fourth  proportional,  which  will  be  greater 

10 
lan  the  circumference.     And,  if  as  1  to  3  and  —  fo  the  dia- 

6  7* 

leter  to  a  fourth  proportional,  this,  will  alfo  be  nearly  equal  to 
e  circumference,  but  wiii  be  lefe  than  it, 


C011. 


ELEMEN  T  S 

i         I0. 

Cor.  2.    Becaufe    the  difference  between  -and  —  is 

7  71      44 

1 
therefore  the  lines  found  by  thefe  proportions  differ  by  — - 

the  diameter.     Therefore,  the  difference  of  either  of  the 
from  the  circumference  muft  be  lefs  than  the   497  th   part 
the  diameter. 

Cor.  3.  The  ratio  of  a  circle  to  the  fquare  of  its  diaiD 
ter  is  nearly  that  of  n  to  14.  For  the  ratio  of  the  c: 
cumference  to  the  diameter  is  that  of  22  to  7  nearly,  ai 
therefore,  the  ratio  of  half  the  circumference  to  the  diam 
ter,  is  nearly  that  of  1 1  to  7  ;  and  the  ratio  of  half  the  di 
meter  to  the  whole  is  that  of  1  to  2  ;  therefore,  the  ratio  cor 
pounded  of  thefe,  that  is,  of  the  rectangle  under  half  t 
circumference  and  half  the  diameter,  to  the  fquare  of  the  di 
meter  is  that  of  ii  to  14,  nearly.  But  the  rectangle  und 
half  the  circumference  and  half  the  diameter  is  equal  to  tl 
n  5.  8.  circle  n  ^  therefore,  the  circle  is  to  the  fquare  of  the  diam 
ter  as  11  to  14  nearly. 

Cor.  4.  It  is  evident,  that  the  method  ufed  in  this  propc 
lition  for  finding  the  limits  of  the  ratio  of  the  circumferenc 
to  the  diameter  may  be  carried  to  a  greater  degree  of  exad 
nefs,  by  finding  the  perimeter  of  an  infcribed,  and  a  circun 
fcribed  polygon  of  a  greater  number  of  fides  than  96.  Tin 
by  inicribing  in  the  circle  a  polygon  of  40960  fides,  and  d( 
fcribing  about  it  another  of  the  fame  number  of  fides,  it  ma 
be  demonfirated,  that  the  ratio  of  the  circumference  to  th 
diameter  is  greater  than  that  of  3 141 59265  to  1 00c 00 coo,  bi 
lefe  than  that  of  314159266  to  ioococooo. 
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PROP.    IX.      T  H  E  O  R. 

from   any  point  in  the  circumference  of  the 
bafe  of  a  cylinder  a  ftraight  line  be  drawn  per- 
jndicular   to   the   plane   of  the   bafe,    it   will  be 
holly  in  the  cylindric  fuperficies. 


Let  ABCD  be  a  cylinder,  of  which  the  bafe  is  the  circle 

EB,  DFC  the  circle  oppofite  to  the  bafe,  and  GH  the  axis  ^ 

>m   E,  any  point  in  the  circumference  AEB,  let  EF  be 

iwn  perpendicular   to  the  plane  of  the    circle   AEB;  the 

light  line  EF  is  in  the  fuperficies  of  the  cylinder. 

Let  F  be  the  point  in  which  EF 

jets  the  plane   DFC  oppofite  to 

\  bafe;    join  EG  an&.FH;  and 

AGHD  be  the  re&angle  *  by  the      XSK~^T~^~     ~i^   *  x-  def-  7- 

solution  of  which    the  cylinder 

BCD  is  defcribed. 

Now,  becaufe    GH    is    at  right 

rles    to    G A,   the   ftraight    line 

ich   by   its    revolution  defcribes 

circle  AEB,  it  is  at  right 
jles  to  all  the  ftraight  lines  in  the 
ne  of  that  circle  which  meet  it 
G,  and  it  is  therefore  at  right 
;les  to  the  plane  of  the  circle 
LB.  But  EF  is  at  right  angles 
the  fame  plane ;  therefore,  EF 
I  GH  are  parallel  b,  and  in  the  fame  plane.  And  fince  the  b  *•  7* 
ne  through  GH  and  EF  cuts  the  parallel  planes  AEB, 
LC  in  the  ftraight  lines  EG  and  FH,  EG  is  parallel  to  FH<\  c  44. > 
e  figure  EGHF  is  therefore  a  parallelogram,  and  it  has  the 
le  EGH  a  right  angle,  therefore  it  is  a  re&angle,  and  is 
lal  to  the  reflangle  AH,  becaufe  EG  is  equal  to  AG. 
erefore,  when  in  the  revolution  of  the  rectangle  AH,  the 
ight  line  AG  coincides  with  EG,  the  two  rectangles  AH 

EH- will  coincide,   ?>vA  the  ftraight  line   AD   will  co^ 

incide 
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33ookVni;inc»de  with  the  0ra;ght  i;ne  EF#  But  AD  is  always  in  t 
fuperficies  of  the  cylinder,  for  it  defcribes  that  fuperficie 
therefore,  EF  is  alfo  in  the  fuperficies  of  the  cylind* 
Therefore,  &c.    Q^E.  D. 

PROP.    X.      THE  OR. 

A  CYLINDER    and    a    parallelepiped    havir 
equal  bales  and  altitudes  are  equal  to  one  an< 
ther. 

Let  ABCD  be  a  cylinder,  arid  £.1?  a  parallelepiped  havii 
equal  bafes,  viz.  the  circle  AGB  and  the  parallelogram  El 
and  having  alfo  equal  altitudes ;  the  cylinder  ABCD  is  equ 
to  the  parallelepiped  EE. 
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If  not,  let  them  be  unequal ;  arid  firft,  let  the  cylinder  \\ 
lefs  than  the  parallelepiped  EF  ;  and  from  the  parallelepipe 
EF  let  there  be  cut  off  a  part  EQ^by  a  plane  PQ^  parallel  t 
NF,  equal  to  the  cylinder  ABCD.  In  the  circle  AGB  ii 
fcribe  the  polygon  AGKBLM  that  fhall  differ  frora  the  cird 
by  a  fpace  lets  than  the  parallelogram  PH,  and  cut  off  frcs 
the  parallelogram  EH,  a  part  OR  equal  to  the  polygo 
AGKBLM.  The  point  R  will  fall,  between  P  and  N.  Q 
the  polygon  AGKBLM  let  an  upright  prifm  AGBCD  be  con 
itituted  of  the  fame  altitude  with  the  cylinder,  which  wi! 
I  therefor 
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refore  be  lefs  than  the  cylinder,   becaufe  it  is  within  it  b  •  Book  Viii. 
if  through  the   point  R  a  plane  R  S  parallel  to  NF  be  v—*^- — -> 
le  to  pals,   it  will  cut  off  the  parallelepiped  ES  equal   to      $'  S* 

prifm  AGBC,  becaufe  its  bafe  is  equal  to  that  of  the 
m,  and  its  altitude  is  the  lame.  But  the  prifm  AGBC  is 
than  the  cylinder  ABCD,  and  the  cylinder  ABCD  is  e- 
[  to  the  parallelepiped  EQ^  by  hypothefis ;  therefore,  ES 
fs  than  EQ^,  and  it  is  alio  greater,  which  is  impoflible, 

cylinder  ABCD,  therefore,  is  not  lefs  than  the  paral- 
piped   EF ;    and   in   the   fame  manner  it  may  be  fhewn 

to    be   greater  than   EF.      Therefore   they    are  equal, 

.D. 
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PROP.    XL      THEOl 

IF  a  cone  and  a  cylinder  have  the   fame  bafe  a 
the  feme  altitude,  the  cone  is   the  third  part 
the  cylinder. 

Let  the  cone  ABCD,  and  the  cylinder  BFKG  have 
fame  bafe,  viz.  the  circle  BCD,  and  the  fame  altitude,  vizr. 
perpendicular  from  the  point  A  upon  the  plane  BCD, 
cone  ABCD  is  the  third  part  of  the  cylinder  BFKG. 

If  not,  let  the  cone  ABCD  be  the  third  part   of  anol 
cylinder  LMNO,  having  the  fame  altitude  with  the  cyli 
BFKG,  but  let  the  bafes  BCD   and  LIM  be  unequal-, 
firft,  let  BCD  be  greater  than  LIM. 


Then  becaufe  the  circle  BCD  is  greater  than  the 
LIM,  a  polygon  may  be  infcribed  in  BC  D,  that  (hall  d 
-from  it  lefs  than  LIM  does,  a  and  which,  therefore,  wil 
greater  than  LIM.  Let  this  be  the  polygon  BECI 
and  upon  BECFD  let  there  be  conltituted  the  pyra 
ABECFD,  and  the  prifm  BCFKHG. 

Becaufe  the  polygon  BECFD   is   greater   than    the  ci 

LIM,  the  prifm  BCFKHG,  is  greater  than    the  cyl 

%  LM1 
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[NO,  for  they  have  the  fame  altitude,  but  the  prifm  hasBook  VJI*» 
greater  bafe.     But  the  pyramid  ABECFD  is  the  third        v '    J 
t  of  the  prifm  b  BCFKHG,  therefore,  it  is  greater  than  b  35.  ?♦ 
third  part   of  the  cylinder   LMNO.      Now,   the    cone 
JECFD  is,  by  hypothecs,  the  third  part  of  the  cylinder 
[NO  therefore,  the  pyramid  ABECFD  is  greater  than 
cone  ABCD,  and  it  is  alfo  lefs,  becaufe  it  is  infcribed  in 
cone,  which  is  impoffible.     Therefore,  the  cone  ABCD 
lot  lefs  than  the  third  part  of  the  cylinder  BFKG  :  And, 
the  fame  manner,  by  circumfcribing  a  polygon  about  the 
ie  BCD,  it  may  be  fliewn,  that  the  cone  ABCD  is  not 
ater  than  the  third  part  of  the  cylinder  BFKG  \  there - 
;,  it  is  equal  to  the  third  part  of  that  cylinder.     Q^  E.  D. 


PROP.     XII.    T  II  E  O  R. 

a  hemifphere  and  a  cone  have  equal  bafes  and 
altitudes,  a  feries  of  cylinders  may  be  infcribed 
the  hemifphere,  and  another  feries  may  be  de- 
bed  about  the  cone,  having  all  the  fame  alti- 
.es  with  one  another,  and  fuch  that  their  fum 
11  differ  from   the   fum  of  the  hemifphere,   and 

cone  by  a  folid  lefs  than  any  given  folid. 

*et  ADB  be  a  femicircle,  of  which  the  centre    is   C,   and 

CD  be  at  right   angles   to    AB  ;    let   DB    and  DA   be 

ires  defcribed    on    DC,  draw    DE    and    let    the  figure 

j  conftrucled  revolve  about  DC  :  then,   the   feftor   BCD, 

ch  is  the  half  of  the  femicircle  ADB    will  defcribe  a  he- 

phere  having  G  for  its  centre  a,  and  the  triangle  CDE  will  a  14.  def. 

ribe  a  cone,  having  its  vertex  at  C,  and  having  for  its     7- 

:  the  circle  b  defcribed  by  DE,  equal  to  that  defcribed  by  b  18.  def. 

which  is  the  bafe  of  the  hemifphere.     Let  W  be  any  gi-    7* 

folid.  A  feries  cf  cylinders  may  be  infcribed  in  the 
lifphere  ADB,  and  another  defcribed  about  the  cone  ECL, 
hat  their  fum  mall  differ  from  the   fum  of  the  hemifphere 

the  cone,  by  a  folid  lefs  than  the  folid  W. 
Tpon  the  bafe  of  the  hemifphere  let  a  cylinder  be  ccnfti- 

d  equal  to  W,  and  let  its  altitude  be  CX.     Divide  CD 

into 
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Book  VIII. into  fuch  a  number  of  equal  parts,  that  each  of  them  fhall I 

V *J lefs  than  CX  ;  let  thefe  be  CH,  HG,  GF,  and  FD.  Throul 

the  points  F,  G,  H,  draw  FN,  GO,  HP  parallel  to  CB,  me] 
ktg  the  circle  in  the  points  K,  L  and  M ;  and  the  ftraiglu  11 
CE  in  the  points  Q^  R  and  S.  From  the  points  K,  L,  M  drj 
Kf,  Lg,  Mh  perpendicular  to  GO,  HP  and  GB  ;  and  from  f 
R  and  S,  draw  Q3  Rr,  ^s  perpendicular  to  the  fame  lines, 
is  evident,  that  the  figure  being  thus  conftriuEted,  if  the  whl 
revolve  about  CD,  the  rectangles  Ff,  Gg,  Hh  will  defer! 
C20.  def.  7.cyl.nders-   that  will   be  circumfcribed    by    the   hemifph<| 
BDA  •,  and  that  the  rectangles  DN,  Fq,  Gr,  Hs  will  alfo 
fcribe  cylinders  that  will  circumfcribe  the  cone  ICE.     Nc 
it  may  be  demonftrated,  as  was  done  of  the  prifms  infcribedl 
*  33  7-     a  pyramid  d,  tfiat   he  fum  of  all  the  cylinders  defcribed  wit! 
the  hemifphere,  is  exceeded  by  the  hemifphere  by  a  folid  ' 
than  the  cylinder  generated  by  the  re&angle  HB,  that  is, 


a  folid  lefs  than  W,  for  the  cylinder  generated  by  HB  is  1 
than  W.  In  the  fame  manner,  it  may  be  demonftrated,  tt 
the  fum  of  the  cylinders  circumfcribing  the  cone  ICE  is  grei 
er  than  the  cone  by  a  folid  Jefs  than  the  cylinder  generated ' 
the  rectangle  DN,  that  is,  by  a  folid  lefs  than  W.  The: 
fore,  fince  the  fum  of  the  cylinders  mfcribed  in  the  hem 
phere,  together  with  a  folid  lefs  than  W,  is  equal  to  the 
mifphere ;  and,  fince  the  fum  of  the  cylinders  defcril> 
about  the  cone  is  equal  to  the  cone  together  writh  a  fd 
lefs  than  W;  adding  equals  to  equals,  the  fum  of  all  thq 
cylinders,  together  with  a  folid  lefs  than  W,  is  equal  to  the  fui 
of  the  hemifphere  and  the  cone  together  with  a  folid  le 
than  W.    Therefore,  the  difference  between  the  whole  of  tt 

cyjinde 
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inders  and  the  fum  of  the  hemifphere  and  the  cone,   is  e-ft°°k  vtI*» 
d  to  the  dhTerence  of  two  folids,  which  are  each  of  them        w 
;  than  W ;  but  this  difference  muft  alfo  be  lefe  than  W, 
xefore  the  difference  between  the   two  feries  of  cylinders 
1  the  fum  of  the   hemifphere  and  cone  is  lefs  than  the 
ren  foUd  W.     Q^  E.  D. 

PROP.      XIII. 

r HE  fame  things  being  fuppofed  as  in  the  laft 
propofition,  the  fum  of  all  the  cylinders  in- 
ribed  in  the  hemifphere,  and  defcribed  about  the 
ne,  is  equal  to  a  cylinder,  having  the  fame  bafe 
id  altitude  with  the  hemifphere. 

Let  the.  figure  DCB  be  conftrucled  as  beforehand  fu$pofed 
revolve  about   CJ>;  the   cylinders    ihferibed  in  the  he- 
fphere,    that    is,  the   cylinders    defcribed  by  the    retfolu- 
n  of  the  re&angles  Hh,  Gg,  Ff,  together   with  thofe  de- 
ibed  about  the  cone,  that  is,  the  cylinders  defcribed  by  the 
solution  of  the  re6langles  Hs,  Gr,  Fq,  and  DN,  are  equal  to 
i  cylinder  defcribed  by  the  revolution  q£  the  reftangle  DB« 
Let  L  be  the  point  in  which  GO  metts  the  circle  ADB, 
m,  becaufe  CGL  is  a  right  angle  if  CL   be  joined,  the 
cles  defcribed  with  the  diftances   CG  and  GL  are  equal 
the    circle    defcribed   with  the    diilance   CLa    or    GO  ;  a  2.  cor.  6* 
w    CG  is  equal  to    GR,   becaufe   CD  is   equal   to   DE,    8* 
1   therefore   al  o,   the   circles  defcribed  with  the  diftances 
E\    and    GL   are    together    equal   to   the  circle    defcribed 
th   the   diilance   GO,   that  is,   the    circles    defcribed   by 
t  revolution  of  GR  and  GL  about  the   point  G,  are  to- 
:her  equal  to  the  circle  defcribed  by  the  revolution  of  GO 
3at  the  fame  point  G ;  therefore  alfb,  the  cylinders  that 
rid  upon  the  two  firft  of  thefe  circles  having   the  common 
itude  GH,  are  equal  to  the  cylinder  which  Hands  on  the  re- 
ining circle,  andwhich  has  the  fame  altitude  GH.  The  cy- 
ders defcribed  by  the  revolution  of  the  re&angles  Gg  and  Gr 
i  therefore  equal  to  the  cylinder  defcribed  by  the  rectangle 
D.     And  as  the  fame  may  be  fhewn  of  all  the  reft,  there- 
e  the   cylinders  defcribed  by  the  rectangles  Hh,  Gg,  Ff, 
1  by  the  rectangles  Hs,  Gr,  Fq,  DN,  are  together  equal  to 
i  cylinder  defcribed  by  DB,  that  is,  to  the  cylinder  having 
;  fame  bafe  and  altitude  with  the  hemifphere.    (^,E.  D. 

PR©  P. 
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PROP.     XIV. 


E 


VERY  fphere    is  two 
fcribing  cylinder. 


thirds   of  the  circum 


Let  the  figure  be  conftrufted  as  in  the  two  laft  propositions 
and  if  the  hernifp  :ere  defcribed  by  BDC  be  not  equal  to  twc 
thirds,  of  the  cylinder  defcribed  by  BD.  let  it  be  greatei  bj 
the  folid  W.  Then,  as  the  cone  defcribed  by  CDE  is  one 
third  of  the  cylinder  a  defcribed  by  BD,  the  cone  and  the 
hemifphere  together  will  exceed   the  cylinder  by  W.     But 
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that  cylinder  is  equal  to  the  fum  of  all  the  cylinders  de- 
fcribed by  the  refhmgle,  Hh,  Gg,  Ff,  Hs,  Gr,  Fq,  DNb; 
therefore  the  hemifphere  and  the  cone  added  together  ex- 
ceed the  fum  of  all  thefe  cylinders  by  the  given  folid  W ; 
.  which  is  abfurd,  for  it  has  been  (hewn  c?  that  the  hemifphere 
and  the  cone  together  differ  from  the  fum  of  the  cylinders  by 
a  folid  lefs  than  W.  The  hemifphere  is  therefore  equal  to  two 
thirds  of  the  cylinder  defcribed  by  the  rectangle  BD  ;  and 
therefore  the  whole  fphere  is  equal  to  two  thirds  of  the  cy^ 
linder  defcribed  by  twi-.e  the  rectangle  BD,  that  is,  to  two 
thirds  of  the  circumfcribing  cylinder.     Q^E.  D. 
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L  E  M  M  A     I. 

4  N  angle  at  the  centre  of  a  circle  is  to  four 
j^  right  angles  as  the  arch  on  which  it  ftands  is 
the  whole  circumference. 


Let  ABC  be  an  angle  at  the  centre  of  the  circle  ACF, 
iding  on  the  circumference  AC  :  the  angle  ABC  is  to 
r  right  angles  as  the  arch  AC  to  the  whole  circumference 
JF. 

Produce  A B  till  it  meet  the  circle  in  E,  and  draw  DBF 
pendicular  to  AE. 

rhen,     becaufe     ABC,  J} 

3D  are  two  angles  at 
centre  of  the  circle 
:F,  the  angle  ABC 
to  the  angle  ABD 
the  arch  AC  to  the 
1  AD,  (36.  6.) ;  and 
refore  alfo,  the  angle 
iC  is  to  four  times  the 
ie  ABD  as  the  arch 
)  to  four  times  the  arch 
>.(4-5-).. 

Jut  ABD  13  a  right  augle,  and  therefore,  four  times  the 
1  AD  is  equal  to  the  whole  circiwifsrence  ACF  ;  there - 
*  U  fore, 
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fore,  the  angle  ABC  is  to  four  right  angles  as  the  arch  AC 
the  whole  circumference  ACF. 

Cor.  Equal  angles  at  the  centre  of  different  circles  ftanci 
arches  which  have  the  fame 
ratio  to  their  circumferences. 
For,  if  the  angle  ABC,  at 
the  centre  of  the  circles 
ACE,  GHK,  ftand  on  the 
arches  AC,  GH,  AC  is  to 
the  whole  circumference  of 
the  circle  ACE,  as  the  angle 
ABC  to  four  right  angles  ; 
and  the  arch  HG  is  to  the 
whole  circumference  of  the. 
circle  GHK  in  the  fame  ra- 
tio.    Therefore,  &c. 


DEFINITIONS. 


IF  two  ftraight  lines  interfecl  one  another  in  the  centre  oc 
circle,  the  arch  of  the  circumference  intercepted  betwe 
them  is  called  the  meafure  of  the  angle  which  they  cc 
tain.  Thus,  the  arch  AC  is.  the  meafure  of  the  am 
ABC. 


H. 


If  the  circumference  of  a  circle  be  divided  into  360  eqi 
parts,  each  of  thefe  parts  is  called  a  degree  ;  and,  if  a  c 
gree  be  divided  into  60  equal  parts,  each  of  thefe  is.cafle< 
minute  ^  and,  if  a. minute  be  divided  into  60  equal  parts,  ea 
of  them  is  called  a  fecond,  and  fo  on.  And  as  many 
grees,  minutes,  feconds,  &x.  as  are  in  any  arch,  fo  mai 
degrees,  minutes,  feconds,  &c.  is  faid  to  be  in  the  angle  me 
fared  by  that  arch. 

Cor.  1.  Any  arch  is  to  the  whole  circumference  of  whi 

it  is  a  part,  as  the  number  of  degrees,  and  parts  of  a  degr 

Iftfti  a  i  in  it,  is  to  the  number  360.     And. any  angle  is 

fo 
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four  right  angles  as  the  number  of  degrees  and  parts  of  a  de- 
gree in  the  arch,  which  is  themeafure  of  that  angle,  is  to  36c. 

Cor.  2.  Hence  alfo,  the  arches  which  meafure  the  fame 
uigle,  whatever  be  the  radii  with  which  they  are  defcribed, 
;ontain  the  fame  number  of  degrees,  and  parts  of  a  degree. 
For  the  number  of  degrees  and  parts  of  a  degree  contained 
n  each  of  thefe  arches  has  the  fame  ratio  to  the  number  36c* 
hat  the  angle  which  they  meafure  has  to  four  right  angles 
Cor.  Lem.  1.). 

The  degrees,  minutes,  feconds,  &x.  contained  in  any  arch 


angle,  are  ufualiy  written  as   in  this   example,  490.  36'. 
42"';  that  is,  49  degrees,  36  minutes,   24  feconds,  and 
^2  thirds. 


III. 

•  wo  angles  which  are  together  equal  to  two  right  angles,  or 
two  arches  which  are  together  equal  to  a  femicircle,  are 
called  the  fupplements  of  one  another. 


IV. 

!l  ftraight  line  CD  drawn  through  C,  one  of  the  extremities 
of  the  arch  AC  perpen- 
dicular to  the  diame- 
ter paffing  through  the 
other  extremity  A,  is 
called  the  Syie  of  the 
arch  AC,  or  of  the  angle 
ABC,  of  which  AC  is 
the  meafure. 

^oR.  The  fine  of  a  qua- 
drant, or  of  a  right  angle, 
is  equal  to  the  radius. 

:  ■  l 

v. 

he  fegment  DA  of  the  diameter  paffing  through  A,  one 

extremity  of  the  arch  AC,  between  the  fine  CD,  and  that 

extremity  is  called  the  Verfedfine  of  the  arch  AC,  or  of  the 

angle  ABC 

6  U  a  .  VI. 
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VI. 

A  ftraight  line  AE  touching  the  circle  at  A,  one  extremit 
of  the  arch  AC,  and  meeting  the  diameter  BC  paffir 
through  the  other  extremity  C  in  Er  is  called  the  Tango 
of  the  arch  AC,  or  of  the  angle  ABC. 

Cor.     The  tangent  of  half  a  right  angle  is  equal  to  the 
dius. 


VII. 

£he  ftraight  line  BE  between  the  centre  and  the  extremit 
of  the  tangent  AE,  is  called  the  Secant  of  the  arch  A( 
or  of  the  angle  ABC. 

Cor.  to  Def.  4.  6.  7.  the  fine*  tangent,,  and  fecant  of  ar 
angle  ABC,  are  likewife  the  fine,  tangent,  an<i  Secant  of  : 
iupplement  CBF. 

It  is  manifefl  from  Def.  4.  that  CD  is  the  fine  of  the  ang 
CBF.     Let  CB  be  produced  till  it  meet  the  circle  again 
I ;  and  it  is  manifefl:,  that  AE  is  the   tangent,  and  BE  tl 
iecant,  of  the  angle  ABI  or  CBF,  from  def.  8.  7. 

£oR.-*o-Def;  4.  5. -6.  7.  The  fine,  verfed  fine,  tangent,  ai 
fecant  of  an  arch,  whleh  is 
the  meafure  -of  any  given 
angle  ABC    is  to  the  fine,4 
verfed   fine*,    tangent    and-, 
iecant,  of  any   other  arek 
which  is    the    meafure    of  1 
the    fame    angle,    as     the/ 
radius  of   the  firft  arch  4s 
to  the  radius  of  the  fecpnck  '  O  M 

Let  AC,  MN  be  meafures  of  the  angle  ABC.  according 
Def.  1.  CD  the  fine,  DA  the  verfed  fine,  AE  the  tangei 
and  BE  the  fecant  of  the  arch  AC,  according  to  def."  4. 
6.  7.  and  NO  the   fine,  OM  the  verfed  line,  MP   the  ta 
gent, -and  BP  the  fecant  ctf  the  arch  MN,  &Wortfiftg  to  t 
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fame  definitions.  Since  CD,  NO,  AE,  MP  are  parallel, 
CD  is  to  NO  as  the  radius  CB  to  the  radius  NB;  and  AE 
to  MP  as.AB  to  BM.  and,BC  or  BA  to  BD  as  BN  or  BM 
to  BO  ;  and,  by  converfion,  DA  to  MO  as  AB  to  MB, 
Hence  the  corollary  is  manifeit.  And  therefore,  if  tables 
be  conftrucled,  exhibiting  in  numbers  the  lines,  tangents, 
fecants,  and  verfed  fines  of  certain  .angles  to  a  given  radius, 
they  will  exhibit  the  ratios  of  the  fines,  tangents,  &c.  of 
the  fame  angles  to  any  radius  whatfoever. 

In  fuch  tables,  which  are  called  trigonometrical  tables,  the 
radius  is  either  fuppofed  1,  or  fome  number  in  the  feries 
10,100,  1000,  &c.  The  ufe  and  conftruftion  of  tfaefe 
tables  will  appear  from  what  follows. 


right  angle,  of  be 


VIIL 

The  difference  between  any  angle  and  a 
tween  any  arch  and  a 
quadrant,  is  called  the 
complement  of  that 
angle,  or  of  that  arch. 
Thus,  if  BH  be  perpen- 
dicular to  AB,-  the  angle 
CBH  is  the  complement 
of  the  angle  ABC,  and 
the  arch  HC  the  com- 
plement of  AC  \  alfo  the 
complement  of  the  ob- 
tufe  angle  FBC  is  the 
angle  HBC,  its  excefs  a- 

bove  a  right  angle  \  and  the  complement  of  the  arch  FC  is 
HC. 


1 

I 

K 

L 

<C 

[E 

A 

B 

I 

')  i 

IX. 

The  fine,  tangent,  or  fecant  of  the  complement  of  any  angle 
is  called  the  cofme,  cotangent,  or  cofecant  of  that  angle. 
Thus,  let  CL  or  DB,  which  is  equal  to  CL,  be  the  fine  of 
the  angle  CBH  \  HK  the  tangent,  and  BK  the  fecant  of  the 
fame  angle  \  CL  or  BD  is  the  cofine,  HK  the  cotangent, 
and  BK  the  cofecant  of  the  angle  ABC. 

U  i  CcR. 
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CoR.  i  •  The  radius  is  a  mean  proportional  between  the  ta 
gent  and  co-tangent  of  any  angle  ABC 

For,  fince  HK,  BA  are  parallel,  the  angles  HKJB,  ABC  a 
equal,  and  KHB,   B  AE  are  right  angles  ;    therefore  tl 
triangles  B AE,  KHB  are  firmlar,  and  therefore  AE 
U>AB,asBHorBAtoHK. 

Cor.  2,  The  radius  is  a  mean  proportional  between  the  c 
fine  and  fecant  of  any  angle  ABC. 

Since  CD,  AE  are  parallel,  BD  is  to  BC  or  BA,  sis  BA 
BE. 

PROP.    I. 

I£J  a  right  angled  plain  triangle,  as  the  hypot< 
niife  to  either  of  the  fides,  fo  the  radius  to  th 
fine  of  the  angle  oppofite  to  that  fide  ;  and  as  e 
ther  of  the  fides  is  to  the  other  fide,  fo  is  the  radii 
to  the  tangent  of  the  angle  oppofite  to  that  fide. 


Let  ABC  be  a  right  angled  plane  triangle,  of  which  BC 
the  hype tenufe.  From  the  centre  C,  with  any  radius  CI 
defcribe  the  arch  DK ;  draw  DF  at  right  angles  to  CE,  an 
from\E  draw  EG  touching  the  circle  in  E,  and  meeting  C 
in  G  :  DF  is  the  fine,  and  EG  the  tangent  of  the  arch  DI 
or  of  the  angle  C. 

The  two  triangles  DFC,  BAC  are  equiangular,  becaufe  tl 
angles  DFC,  BAC  are 
right  angles,  and  the  angle 
at  C  is  common.  There- 
fore, CB  :  BA ::  CD  :  DF  •, 
but  CD  is  the  radius,  and 
.JDF  the  .fine  of  the  angle 
C  ( def.  4.  ),  therefore 
CB  :  BA  :  :  R  :  fin.  C. 

Alio,  becaufe  EG  touch- 
es the  circle  in  E,  CEG  is 
a  right  angle,  and  there- 
fore   equal    to    the     angle  ' 

G  •    and  fince  the  anHe  at  C  is  common  to  the  triangl 
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IBA,  CGE,  thefe  triangles  are  equiangular,  wherefore 
]E  :  EG  :  :  C  A  :  AB  ;  but  CE  is  the  radius,  and  EG  the 
mgent  of  the  angle  C  ;  therefore,  C  A  :  AB  :  :  R  :  tan.  C. 

Cor.  1.  As  the  radius  to  the  fecant  of  the  angle  C,  fo  the 
de  adjacent  to  that  angle  to  the  hypotenufe.  For  CG  is 
le  fecant  of  the  angle  G  (def.  7.),  and  the  triangles  CGE, 
!BA  being  equiangular,  CA  :  CB  :  :  CE  :  CG,  that  is, 
!A  :  CB  :  :  R  :  fee.  C. 

CoR.  2.  In  every  triangle,  if  a  perpendicular  be  drawn 
'om  any  of  the  angles  on  the  op- 
ofite  fide,  the  fegments  of  that 
de  are  to  one  another,  as  the  tan- 
snts  of  the  parts  into  which  the 
ppofite  angle  is  divided  by  the 
srpendicular.  For,  if  in  the 
iangle  ABC,  AD  be  drawn 
srpendicular  to  the  bafe  BC, 
tch  of  the  triangles  CAD,  ABD  being  right  angled, 
JQ  :DC  :  :  R  :  tan.  CAD,  and  AD  :  DB  :  R  :  tan.  DAB  ; 
terefore,  ex '  ^77/0,  DC  :  DB  :  :  tan.  CAD  :  tan.  BAD, 

v 

_ 

P  R  O  P.    II. 

rHE  fides  of  a  plain  triangle  are  to  one  another 
as  the  fines  of  the  oppofite  ang  les. 


From  A  any  angle  in  the  triangle  j^BC,  let  AD  be  drawn 
irpendicular  to  BC.     And  be-  JS^ 

.ufe  the  triangle  ABD  is  right  /Fv 

igled  at  D,  AB  :  AD  :  :  R: 
1.  B*,  and,  for  the  fame  reafon, 
CAD  ::R:  fin.  C,  and  in- 
Tfely,  AD  :  AC  -:  :  fin.  C  :  R; 
erefore,  ex  xquo  perturbate, 
.B:  AC::fin.C:fin.B.  In  the 
me  manner,  it  may  be  demon- 
rated,  that  AB  :  BC  ; :  fin.C  :  fin.  A.  Therefore,  &c.  Q^E.D, 


U 


PROP 
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PROP.    III. 

THE  fum  of  the  fines  of  any  two  arches  of 
cirele,  is  to  the  difference  of  their  fines, 
the  tangent  of  half  the  fum  of  the  arches  to  the  tai 
gent  of  half  their  difference. 

Let  AB,  AC  be  two  arches  of  a  circle  A.BCD  ;  let  E  1 
the  centre,  and  AEG  the  diameter  which  paries  through  1 
DrawBfjparailel  to  AG,  meeting  the  circle  again  inF.  Dra 
BH  and  CL^  perpendicular  to  AE,  and  they  will  be  the  fin 
of  the  atfches  AB  and  AC  ;  produce  CL  till  it  meet  the  circ 
again  in  D  ;  join  DF,  FC,  DE,  EB,  EC. 

Nowjfmce  EL  from  the  centre  is  perpendicular  to  CD, 
bifecis  CD  in  L,  and  alfo 
the  arch  CD  in  A  ;  DL  is 
therefore  equal  to  the  fine 
of  the  arch  AC,  and  BH 
or  LK  being  the  fine  of  AB, 
DK  is  the  film  of  the  fines 
of  the  arches  AC  and  AB, 
and  CK  the  difference  of 
their  fines :  DB  alfo  is  the 
fum  of  the  arches  AC  and 
AB,becaufe  AD  is  equal  to 
AC,  and  BC  is  their  differ- 
ence. Now,  in  the  triangle 
DFC,hecaufe  FK  is  perpen- 
dicular to  DC,  (cor.  prop. 
i.)DK:  KC::  tan. DFK: tan.  CFK ;but tan.DFK=tanf  f  BI 

becaufe  the  angle  DFK  (20.3.)  is  the  half  of  DEB,  or 
is    therefore   meafured   by  half    the    arch    DB-      For  t" 

fame  reafen,  tan.  CFKrz  tan.  ~  BC  ;    and  confequently, 

DK  :  KG  ; ;  tan.  v  BD  :  tan.  ±  BC.     But  DK  is  the  fum 

the  fines  of  AB  and  AC  ;  KC  the  difference  of  their  fines 
BD  is  the  fum  of  AB  and  AC,  and  BC  their  differenc 
Therefore,  &c.     Q^E.  D* 


Co: 


PLANE    TRIGONOMETRY.  289 

Cor.  1.  Becaufe  EL  is  the  cofine  of  AC,  and  EH  of  AB, 

K  is  the  fum  of  thefe  cofines,  and  KB  their  difference.  Now, 

%  :  KB  : :  tan.  FDK  :  tan.  BDK  ;'  and  tan.  FDK-  co-tan. 

DFK,  becaufe  DFK  is  the  complement  of  FDK ;  therefore, 

FK :  KB  : :  co-tan.  DFK :  tan.  BDK  ; 

that  is,  FK  :  KB  : :  co-tan.  &  DB  :  tan.  £  BC.     The  fum  of 

the  cofines  of  two  arches  is  therefore  to  the  difference  of  the 
fame  cofines,  as  the  co- tangent  of  half  the  fum  of  the  arches 
to  the  tangent  of  half  their  difference. 

Cor.  2.  If  the  two  arches  AB  and  AC  be  together  equal 
to  900,  the  tangent  of  half  their  fum,  that  is,  of  45°,  is  equal 
to  the  radius.  And  the  arch  BC  being  the  excels  of  DC 
above  DB,  or  above  900,  the  half  of  the  arch  BC  will  be 
equal  to  the  excefs  of  the  half  of  DC  above  the  half  of  DB, 
hat  is,  to  the  excefs  of  AC  above  45°  •,  therefore,  when  the 
fum  of  two  arches  is  900,  the  fum  of  the  fines  of  thofe  arches 
■  to  their  difference  as  the  radius  to  the  tangent  of  the  dif- 
ference between  either  of  them  and  450. 


PROP. 


2ja  PLANE    TRIGONOMETRY. 

PRO  P.     IV. 

THE  fum  of  the  fides  of  any  plane  triangle  is  t 
their  difference,  as  the  tangent  of  half  th 
fum  of  the  angles  at  the  bafe  of  the  triangle,  to  th 
tangent  of  half  their  difference. 

Let  ABC  be  any  plain  triangle  \ 

■gtP  t?     r* 

CA+AB  :  C A— AB :  :  tan.  — —  :  tan.  ^— • 


For  (Prop.  2.)  CA  :  AB  : :  fin.  B  :  fin.  C  ; 
•and  Ftherefore,  by  compofition  and    divifion, 
CA+AB  :  CA— AB  J :  fin.  B  +  fin.  C  :  fin.  B  —  fin.  C. 
But,  by  the  laft,  fin.  B  +  fin.  C  :  fin.  B  —  fin.  C : : 

B+C  B-C 

tan. ;  tan.  — : — :  therefore  alfo, 

2  2 

CA+AB  :  C A— A B  j  :  tan.  £±£  :  tan.  ^z£.     Q.  E- 1). 

2  2  ^~ 


P  R  O  P.     V. 

IN  a  plane  triangle,  if  the  perpendicular  drawn  to 
the  bafe  from  the  oppofite  angle  fall  within  the 
triangle,  the  bafe  is  to  the  fum  of  the  fides  as  the 
difference  of  the  fides  to  the  difference  of  the  feg- 
ments  of  the  bafe  ;  but,  if  the  perpendicular  fall 
without  the  triangle,  the  bafe  is  to  the  fum  of  the 
fides  as  the  difference  of  the  fides  to  the  fum  of  the 
feerments  of  the  bafe. 

Let 
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Let  ABC  be  a  plane  triangle,  and  AD  the  perpendicular 
o  the  bafe  from  the  oppoiite  angle  A. 

1.  Let  AD  be  within  the  triangle.  From  A  as  a  centre, 
vith  the  diftance  AC,  the  greater  of  the  two  fides,  let  a 
ircle  be  defcribed  meeting 
\B  produced  in  E  and  F, 
md  CB  in  G.  It  is  mani- 
eft,  that  FB  is  the  mm,  and 
}E  the  difference  of  the 
ides ;  and,  fince  AD  is 
Irawn  from  the  centre  per- 
>endicular  to  CG,  CD  is 
:qual  to  DG,  and  therefore, 
JG  is  the  difference  of  DC 
md  DB,  that  is,  of  the  feg- 
nents  of  the  bafe.  Now,  the 
rectangle  CBG  is  equal  to 
he   rectangle   FBE(35-3.);   and   therefore, 

ZB  :  BF  :  :  BE  :  BG  (  16  6.),  that  is,  the  bafe  is  to  the  fum 
)f  the  fides,  as  the  difference  of  the  fides  to  the  difference  of 
he  fegments  of  the  bafe. 

2,  Let  AD  be  without  the 
riangle.  It  will  be  demon- 
trated  as  in  the  laft  cafe, 
hat  CB  :  BF  :  :  BE  :  BG ; 
low,  BG  is  equal  to  GD 
tnd  DB,  that  is,  to  CD  and 
3B,  or  to  the  fum  of  the  feg- 
nents  of  the  bafe  -7  there- 
ore,  when  the  perpendicu- 
ar  falls  without  the  triangle, 
he  bafe  is  to  the  fum  of  the 
ides,  as  the  difierence  of  the 
ides  to  the  fum  of  the  fegments  of  the  bafe 

CoR.  The  perpendicular  AD  falls  within  the  triangle, 
vhen  the  fquare  of  the  greater  fide  AC  is  lefs  than  the  fum 
f  the  fquares  on  the  other  fide,  and  on  the  bafe  (13.  2.); 
,nd,  when  the  contrary  happens,  the  perpendicular  falls  with- 
ut  the  triangle.  Therefore,  according  as  the  fquare  on  AC 
s  lefs  or  greater  than  the  fquares  on  AB  and  BC,  the  triangle 
alls  under  the  flrfl  or  Cecond  cafe  of  this  proportion. 

*  SCHO- 
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SCHOLIUM. 

The  foregoing  proportions  contain  all  that  is  neceflarj 
the  folution  of  the  different  queftions  in  plane  trigonometi 
It  is,  however,  ufeful  in  fame  of  the  cafes  of  oblique  angled  t 
angles,  to  be  provided  with  other  methods  of  calculation  *, 

fich  account  the  following  proportions  are  added. 


PROP.     VI. 


F,  as  the  greater  of  any  two  fides  of  a  triangle 
the  lefs,  To  the  radius  to  the  tangent  of  a  ce 
tain  angle  ;  then  will  the  radius  be  to  the  tange 
of  the  difference  between  that  angle  and.  half 
right  angle,  as  the  tangent  of  half  the  fum  of  t 
angles  at  the  bafe  of  the  triangle  to  the  tangent 
half  thd*  difference. 


Let  ABC  be  a. triangle , the  fides  of  which  are  BC 
and  the  bafe  AB,  and  let 
BC  be  greater  than  CA.  Let 
t)C  be  drawn  at  right  angles 
tl  BC,  and  equal  to  AC/; 
join  BD,  and  becaufe  (Prop. 
£.)  in  th£  right  angled  tri- 
angle BCD,  BC  :  CD  : :  R : 
ran.  CBD,  CBD-is  the  angle, 
of  which  the  tangent  is  to 
the  radius  as  CD  to  BC,  that 
is,  as  CA  to  BC,   cr  as  the 


and  C 


leaf 


of  the  two  fides  of  the  triangle  to  the  greateft. 
But  BC-f-CD  :  BC— CD  :  :  tan.  \  (CDB+CBD)  : 
tan.  t  (CDB— CBD),  (Prop,  5.); 
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nd  alfo,  BC+CA  ;  RC^C  A  : :  tan.  f  (C  AB+ CBA)  : 

m.~(CAB— CBA).   Therefore,  fioce  CD=CA, 

m.  *  (CDB+CBD)  :  tan  -.  .i.(CDB— CBD)  : : 

m.  ^  (CAB-f  CBA)  :  tan.  JL  (CAB— CBA).    But,  becaut'e 

ae  angles  CDB+CBD=  900,  tan.  'I  (CDB+CBD)  : 

an.  i  (CDB— CBD)  :  :   R  :  tan.  (450— CBD),   (2.  cor. 

•rop.  3.)  •,  therefore,  R  :  tan.  (450— CBD)  : : 

an.  i  (CAB+CBA)  :  tari.  J.  (C ABL-CBA)  ;    and    CBD 

uas  already  fhewn  to-be   fuch   an    angle    that 

JG  :  CA  : :  R :  tan.  CBD.  Therefore,  j&c.    Q^  E,  D. 

I 

PROP.      V1L 

rpOUR  times  the  rectangle 'coptained  by  any  two 
1/  fides  of  a  triangle,,  is  to  the  rectangle  contained 
>y  two  ftraight  lines,  of  which  one  is  the  bafe  or 
hird  fide  of  the  triangle  inereafed  by  the  difference 
>f  the  twro  fides,  and  the  other  the  bale  diminifhed 
>y  the  difference  of  the  fame  tides ,  as  the  fquare  of 
he  radius  to  the  fquare  of  the  line  of  half  the  angle 
ncluded  between  the  two  fides  of  the  triangle. 

Let  ABC  be  a  triangle,  of  which  AB  is  the  bafe,  and-  CE 
he  greater  of  the  two  fides.  From  B  draw  BD  at  right 
.&gks  to  AC. 

Cafe  1.  When  AC  B  is- an  acute  angle,  for  that  BD- falls 
within  the  triangle.  From  the  centre  C,  wkh  the ■  diftance 
^B,  defcribe  the  circle  EBF,  meeting  AC  produced  m  E  and 
1  Join  BE,  BF;  and  it  is  evident,  that  EBF  is  a,  right 
tagle,  and  alfo,  that  the  angle  EFB  is  half  the  angle  EC 61. 

'    Then* 
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Then,  (13.  2.)  AC2+CB2,  that  is, 
AC2+CE2-AB^+  2AC.CD.  But,  (7.^/) 
AC2+CE2=  2AC.CE+AE2,  therefore, 
2AC.CE+AE2-  ABa+  2AC.CD;  and  if  the  reftanole 
2AC.CD  be  taken  from  both,  2AC.CE— 2AC.CD+AE 
=AB2,   and   therefore,  becaufe 

2AC.CE— 2AC.CD=  2AC.ED,  2AC.ED+  AE'=AB 
or  2AC.ED=ABa_AE2.    But(<.  2.) 
AB*— AE  1=(AB+AE)(AB— AE),  therefore, 
2AC.ED=(AB+AE)(AB-AE). 


Again,  AC  :CE  : :  2AC.DE  :  2CE.DE, becaufe  reftangle 
that  have  equal  altitudes  are  as  their  bafes  ;  and,  for  the  fam 
reafon,  4AG.CE  :  4CE1  : :  2AC.DE  :  2CE.DE,  or  alter 
nately,  4AC.CE  :  2 AC.DE : :  4CE1 :  2CE.DE.  Now, 
4CE*=EF*,  and  iCE.DErzFE.DE^EB2  (cor.  8.  6.), 
therefore,  4 AC.CE  :  2AC.BE  : :  EF2  :  EB2.     But 

EF  :  EB  :  :  R :  fin.  EFB  : :  R  :  fin.  -i  C,  whence, 

EF2  :  EB2  :  :  R2  :  (fin.  i.  C)\  and  therefore, 

4AC.CE :  2AC.DE  : :  R2  :  (fin.  7  C).2    And  it  was  proved 

that  2AG.EDz:  (AB+AE)(AB— AE),  therefore 

4AC.CE  :  (AB+AE)(AB-AE)  : :  R2  :  (fin.  j  C)2. 

Ca; 
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Cafe  2.     Let  C  be  an  obtufe  angle,  fo  that  the  perpendicu- 
ar  DB    falls   without   the   triangle.      Then,  becaufe     ^ 
iC1*  CB2+   2AC.CD=AB2  (12.  2^),  or  AC*+CE  + 
iACCD-AB1;  and  becaufe  AC2-f-CE2-  2AG.CE+AE  , 
iAC.CE+  2AG.CD+  AEa=  AB\    Now,  u 

AC.CE+  aAC.CDzz  2 ACED, therefore  2AC.ED+AE- 
-AB2.  Therefore,  it  will  be  demonftrated  as  before,  th« 
iAC.CE  :  (AB-f  AE)(AB— AE)  :  \  |?  j  (iin.^  C)2. 


Now,  4AC.CE,  or  4  AC.CB  is  four  times  the  re&angle 
mder  the  fides,  and  AE  being  the  difference  of  the  fides, 
AB-f  AE)(AB — AE)  is  the  re&angie  which  has  for  one 
)f  its  fides  the  bafe  increafed  by  the  difference  of  the  two 
ides  of  the  triangle,  and  for  its  other  fide,  the  bafe  diminifhed 
)j  the  fame  difference.  Therefore,  in  any  triangle,  &x. 
&E.D. 

Gor.  Becaufe  BDCis  a  right  angle,  BC  :  CD : :  R  :  fin.CBD  i 
ow,  fin.  CBD=  cof.' C, 'therefore,  BC  :  CD  :  :  R  :  cof.  C.and 
AC.CB  :  2AC.CD  . :  :  R  :  eef;  C.  But,  (i  ?.  2.) 
AC.CD=AC2+CBa— AB%  therefore, 
AC.CB  :  AC'+CB2— AB*  : :  R  :  cof.  C  ;  that  is,  twice  the. 
:&angle  AC.CB,  is  to  the  excefs  of  the  fquares  of  AC  and 
IB  above  the  fquare  of  AB,  as  radius  to  the  co-iine  of  the 
iduded  angle  AC  B. 

PRO  P. 


1 
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PROP.     VIII. 

FOUR  times  the  rectangle  contained  by  any  t\ 
fides  of  a  triangle,  is  to  the  reclangle  contain 
by  two  ftraight  lines,  of  which  one  is  the  fum 
thofe  fides  increafed  by  the  bafe  of  the  triangle,  a: 
the  other  the  fum  of  the  fame  fides  diminilhed 
the  bale,  as  the  fquare  of  the  radius  to  the  fqua 
of  the  co-fine  of  half  the  angle  included  betwe 
the  two  fides  of  the  triangle. 

The  fame  conftrucHon  being  made  as  in  the  laft  propt 
tion,  it  is  plain,  that  AF  is  the  fum,  and  AE  the  differei 
of  the  fides  AC  and  CB,  and  alfo,  that  the  angle  FEB  is  h 
of  the  angle  FGB.  Now,  if  ACB  be  an  acute  angle 
ACX+CB%  or  AC2+CF*=AB2+  2AC.CD  ;  add 
2AC.CF  to  both,  and  AC2+CF2-f  2AC.CF,  that  is, 
AF'=AB'-f  2AC.CD+  2AC.CF ;  But 
2AC.CD4-  ;AC.CF=:  2AC.DF,  becaufe  CD+CF-DF, 
and  therefore,  AF*:rAB2+  2  AC.DF  ;  and 
2AC.DF=  AF1— AB2=  (AF+AB)(AF— AB),  (2.  5.). 

Again,  AC  :  CF  :  :  2AC.DF  :  2CF.DF,  and 
4AC.CF  :  4CF2  :  :  2AC.DF  :  2CF.DF ;  and  alternate 
4AC.CF  :  2AC.DF  : :  4CF2  :  2CF.DF  ;  now, 
4CF2=EF%  and2CF.DF=EF.DF~FB%  therefore, 
%  AC.CF  :  2AC.DF  :  :  EF2  :  FB2.  Bnt 
EF  :  FB  : :  R  :  iin.  FEB,  and  fin.  FEB-  cof.  EFB,  becai 
EFB  is  the  complement  of  FEB,  fo  that 

fin.  FEBz:  cof.  ~  ECB  ;  therefore,  EF :  FB  :  :  R  :  cof.  ±EC 

and  EF2  :  FB2  :  :R*  :  (cof.  '-  ECB.)'      Therefore, 

4AC.CF  :  2AC.DF  :  :  R2  :  (coJ.^   ECB)\  or 

4  AC.CB  :  (AF+AB)(AF—AB)  : :  R2 :  (cof.  ^  ECB).2 

In  the  fame  way,  when  the  angle  C  is  obtufe,  it  will 
demonftrated,  that  4AC.CB  :  (AE+AB)(AF— AB)  : :  R 

(cof.  7  ECB)1.     Now,  4 AC.CB  is  four  times  the  re&m| 

under  the  fidea,  and  AF  being  the  fum  of  the  fides, 
(AF+AB)(  AF — AB)  is  the  re&angle  which  has  one  of 

iici 
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des  equal  to  the  fum  of  the  fides  of  the  triangle  increafed  by 
he  bafe,  and  its  other  fide  equal  to  the  fum  of  the  fides  of  the 
dangle  diminifhed  by  the  bafe,.     CX  E.  D. 
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Cor.    Becaufe   4AC.CB  :  (AF-f  AB)  (AF— AB)  : :  R*  : 
:of.  ~  ECB)%  and  alfo  (prop.  7.)  4AC.CB  : 
^B-f-AE)(AB— AE)  :  :  R2  :   (fin.  JL  ECB)*;  therefore, 

<equo,  (AF+AB)  (AF— AB)  :(AB+ AE)(AB— AE)  : : 

:of.f  ECB)a:(fin.4ECB)\ 

at,  cof.  i.  ECB  :  fin.  i.  ECB  :  :  R  :  tan.  i  ECB  ; 

herefore,(AF+AB)(AF— AB) :  (AB-f-AE)(AB— AE) : : 

:  (tan.  I:  ECB)2;  that  is,  the  rectangle  contained  by  two 

•aight  lines,  of  which  one  is  the  fum  of  the  three  fides  of  a 
iangle,  and  the  other  the  fum  of  two  of  the  fides  of  the  tri- 
gle  diminifhed  by  the  third,  is  to  the  rectangle  contained  by 
jo  ftraight  lines,  of  which  one  is  the  third  fide  of  the  tri- 
igle  increafed  by  the  difference  of  the  other  two,  and  the 
her  the  third  fide  diminifhed  by  the  difference  of  the  other 
ro,  as  the  fquare  of  the  radius  to  the  fquare  of  the  tangent 
half  the  angle  included  between  the  two  fides  of  the  tri- 
gle. 

X  LEM. 
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LEMMA     II. 

TF  there  be  two  unequal  magnitudes,  half  the 
J_  difference  added  to  half  their  fum  is  equal 
the  greater  ;  and  half  their  difference  taken  froi 
half  their  fum  is  equal  to  the  lefs. 

Let  AB  and  BC  be  two  unequal  magnitudes,  af  which  A 
is  the  greater ;  fuppofe  AC  bifecledin  D,  and  AE  equal  to  B1 

It  is  manifeft,  that  AG  is  the       ; , 

fum,  and  EB  the  difference     A.  E      D      B 

of  the  magnitudes.  And  be- 
caufe  AC  is  bife&ed  in  D,  AD  is  equal  to  DC  ;  but  AI£ 
alfo  equal  to  BC,  therefore  DE  is  equal  to  DB,  and  DE 
DB  is  half  the  difference  of  the  magnitudes.  But  AB 
equal  to  BD  and  DA,  that  is  to  half  the  difference  added 
half  the  fum  ;  and  BC  is  equal  to  the  excefs  of  DC,  half  t 
fum,  above  DB,  half  the  difference.  Therefore,  &c.  (^E. '. 

Cor.     Hence,  if  the  fum  and  the  difference  of  two  magi 
tudes  be  given,  the  magnitudes  themfelves  may  be  found. 

SOLUTION  of  the  Cafes   of  Right  Angled 
Triangles. 

PROBLEM. 

IN  a  right  angled  triangle  of  the  three  fides  ai 
three  angles,  any  two  being  given,  belides  t 
right  angle,  and  one  of  thofe  two  being  a  fide, 
is  required  to  find  the  other  three. 

The  reafen  of  the  limitation  in  this  Prop,  to  thofe  cafes 
which  at  leaft  one  fide  is  given,  is  manifeft ;  for,  if  the  ang 
only  be  given,  the  fides   cannot  be  found,  fcbut  only  their 
tios,  which  are  the  fame  with  the  ratios  of  the  fines  of  the  i 
pofite  angles. 
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It  is  evident,  that  when  one  of  the  acute  angles  of  a  right 
gled  triangle  is  given,  the  other  is  given,  being  the  com- 
ment of  the  former  to  a  right  angle  \  and  alfo  that  the  fine 
any  of  the  acute  angles  is  the  co-fine  of  the  other. 
As  this  general  problem  admits  of  feveral  cafes,  the  folu- 
as  or  rules  for  calculation,  which  all  depend  on  the  firft 
Dp.  may  be  conveniently  exhibited  in  the  form  of  a  table. 
When  two  fides  of  a  right  angled  triangle  are  given  in  num- 
:s,  the  third  may  be  found,  either  trigonometrically,  as  in 
i  table,  or  by  the  47th  of  the  ift  of  the  Elem.  Thus,  be- 
ife  BC2=  ABa+AC\  if  AB  and  AC  are  given,  BC  is 
ind,  for  it  is  the  fquare  root  of  AB2+AC2.  In  the  fame 
inner*  if  AB  and  BG  are  given,  AG  is  found,  being  the 
tare  root  of  BCZ— AB\ 


Given. 

Sought. 

Solution. 

CB  and  B,  the 
lypotenufe    and 
in  angle. 

AC: 

AB. 

R:fin.  B::CB:AC. 
R;cof.B::CB:AB. 

AC   and  C ;   a 
ide,    and  one   of 
he  acute  angles. 

BC. 
AB. 

Sin.B:R::AC:BC 
R:tan.C::AC:AB. 

CBandBA,the 
lypotenufe  and  a 
ide. 

C. 
AC. 

CB:BA::R:fin.  C. 
R:cof.C::CB:AG. 

AG  and   AB  ; 
he  two  fides. 

C. 

CB. 

AC:AB::R:tan.C. 
Cof.  C  :  R  :  :  AC  :  CB. 

S  O  L  U- 
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SOLUTION  of  the  Cafes  of  Oblique  Angled 
Triangles. 


PROBLEM. 

IN  any  triangle  of  the  three  fides  and  three  angl 
any  three  being  given,  and  one  of  the  three 
ing  a  fide,  it  is  required  to  find  the  other  three. 

The  reafon  of  the  reftriction,  that  one  of  the  things  gi 
mud  be  a  fide,  is  evident ;  becaufe,  if  the  angles  only  are 
yen,  the  fides  of  the  triangle  cannot  be  found,  but  only  tl 
ratios,  which  are  the  fame  with  the  ratios  of  the  fines  of 
oppofite  angles* 

In  this  problem  there  are  four  cafes,  in  each  of  which 
folution  depends  on  feme  of  the  foregoing  propofitions. 


CASE      I. 

Two  angles  A  and  B,  and  one  fide  AB,  of  a  triangle  AI 
being  given,  to  find  the  other  fides. 

SOLUTION. 

Becaufe  the  angles  A  and  B  are  given,  C  is  alfo  given, 
ing  the  fupplement  of  A-f  B  ;  and,  (Prop.  2.) 

Sin.  C  :fin.  A::AB:BC,  alfo  4 

Sin.  C  :fin,  B::  AB  :  AC.     * 


CAS 
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CASE    II. 

Two  fides  AB  and  AC,  and  the  angle  B  oppofite  to  one  of 
im  being  given,  to  find  the  other  angles  A  and  C,  and  alfo 
2  other  fide  BC. 

SOLUTION. 

AC  :  AB: :  fin.  B  :  fin.  C.  Alfo,  A=  1800  —  B  —  C  ;  and 
.  B  :  fin.  A  :  :  AC  :  CB,  by  cafe  1. 

[n  this  cafe,  the  angle  C  may  have  two  values  ;  for  its  fine 
ing  found  by  the  proportion  above,  the  angle  belonging  to 
it  fine,  may  either  be  that  which  is  found  in  the  tables,  or 
may  be  the  fupplement  of  it,  ^Cor.  def.  4.).  But  this 
tbiguity  is  removed  when  AC  is  greater  than  AB,  for  the 
*le  ACB  cannot  in  that  cafe  be  obtufe,  (otherwife  AB 
>uld  be  greater  than  AC),  and  therefore  the  greateft  of  the 
0  values  of  C  is  neceffarily  excluded.  When  AC  is 
;  than  AB,  C  remains  ambiguous,  and  there  are  two  tri- 
ples that  have  the  fides  AB,  AC,  and  the  angle  B  the 
le  in  both,  but  the  angle  oppofite  to  AB  in  the  one,  is  the 
>plement  of  the  angle  oppofite  to  AB  in  the  other. 


CASE     III. 

Two  fides  AB  and  AC,  and  the  angle  A  between  them 

ng  given,  to  find  the  other  angles  B  and  C,  and  alfo  the  fide 

1 


SOLUTION. 

MB+AC  i  AB— AC  :  :  tan.  ±  (B+C)  :  tan.  i  (B— C.) 
nee,  by  the  id  Lemma,  B  and  C  are  found. 

X  3  Otherwife, 


3°* 
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Otherwifc, 

Find  an  angle  E,  fuch  that  AB  :  BC  : :  R  :  tan.E ;  th 
R  :  tan.  (450— E)  :  :  tan.  (B+C)  :  tan.  (B— C).  When< 
B  and  C  are  found,  as  before. 

To  find  BC. 
Having  found  B,    fin.  B  :  fin.  A  : :  AC  :  BC. 


CASE      IV. 

The  three  fides  AB,  BC,  AC,  being  given,  to  find  t 
angles  A,  B,  C. 

SOLUTION 

Take  F  fuch  that  BC  :  BA+ AC  :  B A— AC  :  F,  then  F 
either  the  fum  or  the  difference  of  BD,  DC,  the  fegments 
the  bafe,  (Prop.  5.)  If  F  be  greater  than  BC,  F  is  the  fui 
and  BC  the  difference  of  BD,  DC  5  but,  if  F  be  lefs  than  B 
BC  is  the  fum,  and  F  the  difference  of  BD  and  DC.  In  eith 
cafe,  the  fum  of  BD  and  DC,  and  their  difference  being  $ 
ven,  BD  and  DC  are  found. 

Then,  (prop.  1.)  CA :  CD  :  :  R  :  cof.  C  ; 
and  B A :  BD  : :  R :  cof.  B  ;  wherefore  C  and  B  are  give 
and  confecniently  A,- 
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Otherwife, 

Let  D  be" the  difference  of  the  fides  AB,  AC,  then,  (prop.  7*) 
^B.AC   :  (BC+D)(BC— D)  :  :  R*  :  (fin.  ±  BAC)\  or 


VAB.AC  :  v/  (BC+D)(BC— D)  ::  R  :  fin.-^  BAC. 

Otherwife, 

Let  S  be  the  furh  of  the  fides  BA  and  AC.  Then  (prop.  8.) 
^AB.AC  :   (S+BC)(S— BC)  : :  R2  :  (fin.  \  BAC)2    or 


VAB.AC  :  ^/(S-fBC)(S— BC)   :  :  R.  cof.  ^  BAC. 


Other  folutions  of  this  cafe  might  alfo  be  given  from  the 
orollaries  to  the  7th  and  8th  propofitions,  but  the  above  are 
ufBcient. 

When  this  cafe  is  refolved  by  either  of  the  two  laft  rules, 
r  without  letting  fall  a  perpendicular,  the  firft  of  the  two  is 
a  be  ufed  when  the  angle  fought  is  acute  *,  the  fecond  when 
:  is  obtufe  *,  and  it  will  always  be  known  whether  it  is 
cute  or  obtufe,  by  the  fquare  of  the  fide  oppofite  to  it  being 
5&  or  greater  thai!  the  fquares  of  the  other  two  fides. 


X4  SCHO. 
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SCHOLIUM. 


In  all  the  calculations  performed  by  the  preceding  rul< 
tables  of  lines  and  tangents  are  neceffarily  employed,  the  co 
ftru&ion  of  which  it  is  therefore  proper  to  explain.  The 
tables  ufually  contain  the  fines,  &c.  to  every  minute  of  t 
quadrant  from  i'  to  900,  and  the  firft  thing  required  to  be  do 
is  to  compute  the  fine  of  1'. 

1.  In  the  circle  ABC  the  radius  AD  being  unity,  let  BC 
any  arch,  and  CE  its  half ;  then,  if  DG  the  co-fine  of  BC 
known,  the  co-fine  of  CE  may  be  found.    From  E  draw  E 
perpendicular  to  DC,  fo  that  EH  may  be  the  fine,  and  D 
the  co-fine  of  the  arch  CE.  Join  AB  and  BC,  and  let  DQ^ 
perpendicular  to  AB,  then  AB  is  bifefted  in  Q^    Now, 


BKJ 


triangles  DHE,  AQD  are  equal,  the  angle  DAQ^  beii 
equal  to  the  angle  EDH,  (becaufe  each  of  them  is  the  hs 
of  the  angle  CDB),  and  the  angles  DHE,  AQD  being  rig 
angles,  and  alfo  the  fide  AD  equal  to  the  fide  DE ;  therefo 
DH  is  equal  to  AQ^  And  becaufe  ABC  is  a  right  angl 
the  rectangle  CA,  AG  is  equal  to  the   fquare  of  AB,  (8.  6 

th 
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hat  is,  to  four  times  the  fquare  of  AQj>r  of  DH  ;  asd  there- 
■pre,  half  the  rectangle  DA,  AH  is  equal  to  the  fquare  of 
[)H,  that  is,  half  the  reclangle  contained  by  the  radius,  and 
he  fum  of  the  radius  and  the  co-fine  of  an  arch,  is  equal  to 
he  fquare  of  the  co-fine  of  half  that  arch.  And  hence,  this 
irithmetical  rule,jto  the  co-fine  of  any  arch  add  the  radius  or  1, 
he  fquare  root  of  half  the  fum  is  the  co-fine  of  half  the  arch. 

2.  If  therefore  the  firaight  line  CB  be  equal  to  the  radius, 
he  arch  CB  will  be  6o°,  and  DG  will  be  equal  to  half  the  radius 
is  was  formerly  fhewn  (8.  8.),  and  therefore  DH  the  co-fine  of 
2E  or  of  300,  will  be  found  by  this  propofition.  And  if  CE 
>e  bifecled  in  F,  if  to  DH  1  be  added,  and  the  fum  divided 
>y  2,  its  fquare  root,  will  be  equal  to  DK,  the  co-fine  of  15°. 
fo  the  fame  manner  is  found  the  co-fine  of  70  30',  of  30,  4^% 
md  fo  on  till,  after  twelve  bifeclions,  the  co-fine  of  5  2/.  44"' ~ 
?3///v45////  is  found.  Now,  from  the  co-fine,  the  fine  of  the 
ame  arch  is  found ;  for,  from  the  fquare  of  the  radius,  that 
s,  from  1,  take  away  the  fquare  of  the  co-fine,  the  remainder 
:s  the  fquare  of  the  fine,  and  therefore  its  fquare  root  is  the 
me  itfelf.    Thus,  the  fine  of  52".  44/7/.  03"".  45///7/  is  found. 

3.  But  it  is  manifeil,  that  the  fines  of  very  fmall  arches 
ire  to  one  another  nearly  as  the  arches  themfelves.  For  it 
las  been  {hewn,  that  the  number  of  the  fides  of  an  equila- 
eral  polygon  infcribed  in  a  circle  may  be  fo  great,  that  the 
Derimeter  of  the  polygon  and  the  circumference  of  the  circle 
-nay  differ  by  a  line  lefs  than  any  given  line,  or  which 
s  the  fame,  may  be  nearly  to  one  another  in  the  ratio 
af  equality.  Therefore  their  like  parts  will  aifo  be  near- 
ly in  the  ratio  of  equality,  fo  that  the  fide  of  the  po- 
lygon will  be  to  the  arch  which  it  fubtends  nearly  in  the 
ratio  of  equality ;  and  therefore,  half  the  fide  of  the  polygon 
to  half  the  arch  fubtended  by  it,  that  is  to  fay,  the  fine  of  any 
very  fmall  arch  will  be  to  the  arch  itfelf,  nearly  in  the  ratio? 
of  equality.  Therefore,  if  two  arches  are  both  very  fmall, 
the  firft  will  be  to  the  fecond  as  the  fine  of  the  firft  to  the 
fine  of  the  fecond.  Hence,  from  the  fine  of  5  2".  44"/.  03"". 
45r////  being  found,  the  fine  of  if  becomes  known*,  for,  as 
52".  44/7/.  03"".  45r////  to  1',  fo  the  fine  of  the  former  arch 
to   the  fine  of  the    latter.     Thus,   the   fine    of  i'   is  found 

0.0002908882. 


306 


PLANE     TRIGONOMETRY. 


4.  The  fine  of  1'  being  thus  found,  the  fines  of  2',  of  3' 
of  any  number  of  minutes  are  found  by  the  following  prop 
fition. 

THEOREM. 


tl 


Let  AB,  AC,  AD  be  three  fuch  arches,  that  BC  the  d: 
ference  of  the  firft  and  fecond  is  equal  to  CD  the  difference 
the  fecond  and  third ;  the  radius  is  to  the  co-fine  of  the  cor 
mon  difference  BC  as  the  fine  of  AC  the  middle  arch, 
half  the  fum  of  the  fines  of  AB  and  AD  the  extreme  arche 

Draw  CE  to  the  centre  ;  let  BF,  CG,  and  DH  perpenc 
cular  to  AE,  be  the  fines  of  the  arches  AB,  AC,  AD.  Jo 
BD,  and  let  it  meet  CE  in  I ;  draw  IK  perpendicular  to  Al 
alfo  BL  and  IM  perpendicular  to  DH.  Then,  becaufe 
arch  BD  is  bife&ed  in  C,  EC  will 
be  at  right  angles  to  BD,  and  will 
bifeft  it  in  I,  and  BI  will  be  the 
fine,  and  EI  the  co-fine  of  BC 
or  CD.  And,  fince  BD  is  bi- 
fefted  in  I  and  IM  is  parallel  to 
BL,  (2.  6.)  LD  is  alfo  bifefted 
in  M.  Now  BF  is  equal  to  HL, 
therefore,  BF-fDHzzDH+HLz: 
DL+  2LHn  2LM+  2LH:=  2MH, 
or  2KI  ;  and  therefore,  IK  is 
half  the  fum  of  BF  and  DH.  But 
becaufe  the  triangles  CGE,  IKE 
are  equiangular,  CE  :  EI : :  CG  :  IK,  and  it  has  been  fliewi 
that  EI  z=  cof.  BC,  and  IK=i  (BF+DH) ;  therefor 
R  :  cof.  BC  : :  fin.  AC  :  J-  (fin.  AB-f  fin.  AD).     Q^.  E.  D. 


COR 
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Cor.     Hence,  if  the  point  B  coincides  with  A, 
R  :  cof.  EC  : :  fin.  BC  :  ^  fin.  BD,  or  the  radius  is  to  the  co-fine 

of  the  half  of  any  arch,  as  the  fine  of  half  the  arch  is  to  half 
the  fine  of  the  whole  arch. 

Therefore,  the  fine  of  if  being  given,  and  alfo  its  co-fine, 

becaufe  by  this  Cor.   R :  cof.  1' : :  fin.i/  :  ~  fin.  2f ;  and  fo  the 

fine  of  2'  is  given.      To  find  the  fine  of  3'  j  by  the  preceding 

Theor.   R  :  cof.  i'  :  :  fia.  2f  :  j  (fin.  I'-f  fin.  3*}  ;  therefore, 

(in.  i'-f-  fin.  3;  is  given,  and  fin.  i'  being  already  known, 
fin.  3'  is  found* 

In  like  manner,  for  the  fine  of  4', 

R  :  cof.  1/  :  :  fin.  3'  :  :  \  (fin.  s'-f-fin.  4') ;  and  fo  on  for  any 

number  of  minutes  ;  and  as  the  ratio  of  R  to  the  co-fine  of  i' 
remains  always  the  fame,  the  calculation  by  means  of  this 
Theorem  is  very  eafy. 

It  may  be  convenient  to  have  the  fame  rule  otherwife  ex- 
preffed,  let  a,  b,  c,  be  three  arches  that  differ  by  i',  then, 

R  :  cof.  1/  ; :  fin.  b  :  ~  (fin.  a-f-fin,  c),  and  if  R  ri, 

jr  (fin.  a  -f  fin.  c)  ~  cof*  1/  x  fin.  b,  and  confequently, 
(in.  c  —  2  cof.  1/  x  fin.  b  —  fin.  a. 

In  this  manner,  the  table  of  fines  is  computed.  Then,  be- 
caufe the  co-fine  of  any  arch  is  to  the  fine  as  the  radius  to  the 
tangent  of  the  arch,  the  table  of  tangents  maybe  calculated  from 
this  proportion.  But  it  mud  be  obferved,  that  when  the  tan- 
gents of  the  arches  under  45°  are  known,  the  tangents  of 
thofe  above  45?  may  be  more  eafily  found  by  another  rule. 

For  the  tangents  of  the  arches  above  45  °  being  the  co-tan- 
gents of  the  arches  under  450,  and  the  radius  being  a  mean 
proportional  between  the  the  tangent  and  co- tangent  of  any 
arch,  (1.  Cor  def.  9.)  if  the  difference  between  zny  arch  and 
45^  be  called  d,  tan.  (450 — d)  :  1  :  :  1  :  tan.  (45°-f-d). 

Laftly,  The  fecants  are  calculated  by  help  of  Cow  2.  Def.  9- 
where  it  is  {hewn,  that  the  radius  is  a  mean  proportional  be- 
ween  the  co-fine  and  the  fecant  of  any  arch.  If  therefore,  a 
be  any  arch,  cof.  a  :  1  :  :  1  ;  fee.  a. 

The 
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5.  The  preceding  Theorem  is  one  of  four,  which,  wheE 
arithmetically  expreffed,  are  frequently  ufed  in  the  application 
of  trigonometry  to  the  folution  of  the  more  difficult  problems.! 

imo,  If  in  the  laft  Theorem,  the  arch  ACzA,  BCziBJ 
and  ECrri,  then  ADrzA+B,  and  ABirA — B  ;  and  by  what| 
has  juft  been  demonftrated, 

I  :  cof.  B  :  :  fin.  A  :  \  fin.  (A+B)  +  \  fin.  (A— B), 

and  therefore, 
fin.  A  X  cof.  B  =  JL  fin.  (A+B)  +  JL  fin.  (A— B). 

2do,  Becaufe  BF  IK,  DH  are  parallel,  the  ftraight  lines  BDl 
and  FH  are  cut  proportionally,  and  therefore  FH,  the  dif-l 
ference  of  the  ftraight  lines  FE  and  HE,  is  bifefted  in  K ;  I 
and  therefore,  as  was  fliewn  in  the  laft  Theorem,  KE  is  I 
half  the  fum  of  FE  and  HE,  that  is,  of  the  co-fines  of  thel 
arches  AB  and  AD.  But  becaufe  of  the  fimilar  triangles 
EGC,  EKI,  EC  :  EI :  :  GE  :  EK  ;  now,  GE  is  the  co-fine 
of  AC,  therefore, 

R :  cof.  BC  : :  cof.  AC  :  JL  cof.  AD  +  JL  cof.  AB, 

or  1  :  cof.  B  :  :  cof.  A  :  JL  cof.  (A+B)  +  £  cot  (A— B)  ; 

and  therefore, 
cof.  Ax  cof.  B  zz  JL  cof.  (A+B)+  jl  cof.  ( A— B). 

3f/o,  Again,  the  triangles  IDM,  CEG  are  equiangular,  for 
the  angles  KIM,  EID  are  equal,  being  each  of  them  right 
angles,  and  therefore,  taking  away  the  angle  EIM,  the  angle 
DIM  is  equal  to  the  angle  EIK,  that  is,  to  the  angle  ECG  ; 
and  the  angles  DM  I,  CGE  are  alfo  equal,  being  both  right 
angles,  and  therefore,  the  triangles  IDM,  CGE  have  the  fides 
about  their  equal  angles  proportionals,  and  confequently, 
EC  :  C  G  :  :  DI :  IM  ;  now,  IM  is  half  the  difference  of  the 
co-fines    FE    and    EH,   therefore 

II :  fin.  AC  :  fin.  BC  :  -L  cof.  AB—  £  cof.  AD, 

or  1 :  fin.  A  :  fin.  B  : :  ~  cof.  (A— B)—  £  cof.  (A+B)  -r 

and  alfo, 

fin.  Ax  fin.  B  -  JL  cof.  (A— B)—  i  cof.  (A+B). 

4/0, 
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4*0,  Laftly,  In  the  fame  triangles  ECG,  DIM, 
EC  :  EG : :  ID  :  DM  ;  now,  DM  is  half  the  difference  of  the 
fines  DH  and  BF,  therefore, 

R  •.  cof.  AC  :  :  fin,  BC  :  jl  fin.  AD—  i  fin.  AB. 

or  1  :  cof.  A  :  :  fin.  B  :  i  fin.  (  A+B)—  JL  fin.  (A— B)  -, 

and  therefore, 
cof.  AX  fin.  B-  JL  fin.  (A+B)—  JL  fin.  (A— B). 

6.     If  therefore  A  and  B  be  any  two  arches  whatfoever, 
the  radius  being  fuppofed  1 ; 

I.  fin.  Ax  cof.  Bzri.  fin.  (A+B)  flfin,  (A—B). 

II.  cof.  AX  cof. But  cof.(A-B)  +  f  cof.  (A+B), 

III.  fin.  Ax  fm.  Bn  JL  cof.  (A— B)—  |  cof.  (A+B), 

IV.  cof.  Ax  fin.  Bzz  \;  fin.  (A+B)—  ~  fin.  (A— B). 

From  thefe  four  Theorems  are  alfo  deduced  other  four* 

For,  by  adding  the  firfl  arid  fourth  together, 

fin.  Ax  cof.  B  +  cof.  Ax  fin.  B  =  fin.  (A+B). 

Alfo,  by  taking  the  fourth  from  the  firft, 
fin.  Ax  cof.  B  —  cof.  AX  fin,  B  -  fin.  (A— B), 

Again,  adding  the  fecond  and  third, 
cof.  Ax  cof,  B  +  fin.  AX  fin.  B  =  cof.  (A— B)  ; 
And,  laftly,  fubtra&ing  die  third  from  the  fecond, 
cof.  AX  cof.  B  —  fin.  AX  fin.  B  ~  cof.  (A+B). 
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DEFINITION  S/ 

I. 

A  Great  circle  of  the  fphere  is  any  circle  on  the  fuperficies 
of  the  fphere  of  which  the  plane  paffes  through  the 
centre  of  the  fphere,  and  of  which  the  centre  therefore  is 
the  fame  with  the  centre  of  the  fphere. 

II. 

The  pole  of  a  great  circle  of  the  fphere  is  a  point  in  the  fu- 
perficies of  the  fphere,  from  which  all  iiraight  lines  drawn 
to  the  circumference  of  the  circle  are  equal. 

III. 

A  fpherical  angle  is  that  which  on  the  fuperficies  of  a  fphere 
is  contained  by  two  arches  of  great  circles,  and  is  the  fame 
with  the  inclination  of  the  planes  of  thefe  great  circles. 

IV. 

A  fpherical  triangle  is  a  figure  upon  the  fuperficies  of  a  fphere 
comprehended  by  three  arches  of  three  great  circles,  each 
of  which  is  lefe  than  a  femicircle. 

PROP. 
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PROP. 


Al 


NY  two  great  circles  of  a  fphere  biied  one 
another. 


For,  as  they  have  the  fame  centre,  their  common  fe&ion  is 
diameter  of  both,  and  therefore  bifeSs  both. 


PROP.      II. 

rHE  arch  of  a  great  circle  between  the  pole  and 
the  circumference  of  another  great  circle  is  a 
uadrant. 


Let  ABC  be  a  great  circle,  and  D  its  pole ;  if  a  great  circle 
!D  pafs  through  D,and  meet  ABC  in  C,  the  arch  DC  is 
quadrant. 

Let  the  great  circle  CD  meet 
iBC  again  in  A,  and  let  AC 
the  common  fe&ion  of  the 
reat  circles,  wluch  will  pafs 
irough  E  the  centre  of  the 
)here  :  Join  DE,  DA,  DC  : 
iy  def.  2.  DA,  DC  are  equal, 
nd  AE,  EC  are  alfo  equal, 
nd  DE  is  common ;  therefore 
8.  i,)  the  angles  DEA,  DEC 
re  equal ;  wherefore  the  arches 

3 A,  DC  are  equal,  and  consequently  each  of  them  is  a  qua- 
[rant.     Q^E.  J). 

Cor.  The  circle  ABC  has  two  poles,  one  on  each  fide  of 
ts  plane,  which  are  the  extremities  of  a  diameter  of  the 
phere  perpendicular  to  the  plane  ABC  ;  and  no  other 
)oint  but  thefe  two  can  be  a  pole  of  the  circle  ABC. 


PROP. 
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PROP.      III. 

IF  the  pole  of  a  great  circle  be  the  fame  with  tl 
interfe&ion  ©f  other  two  great  circles  ;  the  an 
of  the  firft _  mentioned  circle  intercepted  betwec 
the  other  two,  is  the  meafure  of  the  fpherical  ang 
which  the  fame  two  circles  make  with  one  an 
ther. 


Let  the  great  circles  B  A,  G  A  on  the  fuperficies  of  a  fphei 
of  which  the  centre  is  D,  interfect  one  another  in  A,  and  1 
BC  be  an  arch  of  another  great  circle,  of  which  the  pole  I 
A  ;  BC  is  the  meafure  of  the  fpherical  angle  BAC. 

Join  AD,  DB,  DC  ;  fince  A  is 
the  pole  of  BC,  AB,  AC  are 
quadrants,  and  the  angles  ADB, 
ADC  are  right  angles;  therefore 
(4.  def.  7.)  the  angle  CDB  is 
the  inclination  of  the  planes  of  the 
circles  AB,  AC,  and  is  (def.  3. 
Sp.  T.)  equal  to  the  fpherical 
angle  BAC.     Q^E.  D. 

Cor.  i  .  If  through  the  point  A, 
two  quadrants  AB,  AC,  be  drawn, 
the  point  A  will  be  the  pole  of 
the  great  circle  BC, palling  through 
their  extremities  B,  C. 

Join  AC,  and  draw  AE,  a  ftfaight  line  to  any  other  poii 
E  in  BC  ;  join  DE  :  Since  AC,  AB  are  quadrants,  the  angl< 
ADB,  ADC  are  right  angles,  and  AD  will  be  perpendici 
lar  to  the  plane  of  BC  :  Therefore  the  angle  ADE  is 
right  angle,  and  AD,  DC  are  equal  to  AD,  DE  each  to  each 
therefore  AE,  AC  are  equal,  and  A  is  the  pole  of  BC,  b 
def.  2. 
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PROP.      IV. 

|F  there  be  two  great  circles  of  a  fphere,  of  which 
I  the  firft  paffes  through  the  pdle9  of  the  fecond, 
he  fecond  alfo  paffes  through  the  poles  of  the  lirit. 


Let  ACBD  arid  AEBF  be  two  circles,  the  one  of  which 
LCBD  paffes  through  C  and  D,  the  poles  of  the  other 
!lEBF;  the  circle  AEBF  paffes  through  the  poles  of  the 
ircle  ACBD. 

Let  G  be  the  centre  of  the  fphere  ;  join  CG,  GD,  which 
rill  be  in  the  fame  ftraight  line  :  Draw  AGB  the  diameter, 
fhich  is  the  common  fee- 
on  of  the  circles  ACBD, 
IEBF  ;  and  in  the  plane 
fthe  circle  AEBF  draw 
om  the  point  G  the  ftraight 
ne  EGF  perpendicular  to 

B. 

Then,becaufe  C  and  D  are 
lepoleeof  the  circle  AEBF, 
le  arch  intercepted  be- 
veen  either  of  them  and 
ly  point  in  trie  eirciimfe- 
nce  AEBF,  is  a  quadrant 
Prop.  3.),  and  therefore 
le  ftraight  line  CD  is  perpendicular  to  the  plane  of  the  circle 
lEBF  ;  wherefore  alfo  the  plane  of  the  circle  ACBD,  which 
affes  through   CD,  is  perpendicular  (17,  7.)  to  the  plane' 

EBF.  And  firice  GE  in  the  plane  AEBF,  is  perpendico- 
tr  to  AB,  the  common  fedtion  of  the  two  planes,  it  is  per- 
endicular  to  the"  plane  (2.  def.  7.)  ACBD.  The  arch  of  a 
reat  circle,  therefore,  intercepted  betweeri  the  point  E  and 
ly  point  of  the  circumference  ACBD  is  a  quadrant*  and 
lerefofe,  (Prop.  3.)  the  point  E   is  the  pole   of  the   circle 

CBD.  For  the  fame  reafon,  F  is  the  other  pole  of  the' 
;rch  ACBD  ;  and  E  and  F  are  in  the  circumference  of  the 
xcle  AEBF.     Q^E.  D. 


PROP- 
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P  R  O  R     V." 

IN  ifofceles  fpherical  triangles  the  angles  at  tb 
bafe  are  equal. 


Let  ABC  be  a  fpherical  triangle,  having  the  fide  AB  eqm 
to  the  fide  AC  •  the  fpherical  angles  ABC  and  ACB  are  equa 

Let  D  be  the  centre  of  the  fphere ;  join  DB,  DC,  DA 
and  from  A  on  the  ftraight  lines  DB,  DC,  draw  the  perper 
diculars  AE,  AF  ;  and  from  the  points  E  and  F  draw  in  th 
plane  DBC  the  ftraight  lines  EG,  FG  perpendicular  to  Dj 
and  DC,  meeting  one  another  in  G  :  Join  AG. 

Becaufe  DE  is  at  right  angles  to  each  of  the  ftraight  line 
AE,  EG,  it  is  at  right  angles 
to  the  plane  AEG,  which 
paflTes  through  AE,  EG,  (4. 
7. )  ■  and  therefore,  every 
plane  that  paflfes  through  DE 
is  at  right  angles  to  the  plane 
AEG  (17.  7.)  ;  wherefore,  the 
plane  DBC  is  at  fight  angles  to 
the  plane  AEG.  For  the  fame 
reafon,  the  plane  DBG  is  at 
right  angles- to  the  plane  AFG, 
and  therefore  AG,  the  com- 
mon   feclion    of    the     planes 

AFG,  AEG  is  at  right  angles  (18;  7.)  to  the  plane  DEC,  an< 
the  angles  AGE,  AGF  are  consequently  right  angles. 

But,  fince  the  arch  AB  is  equal  to  the  arch  AC,  the  angL 
ADB  is  equal  to  the  angle  ADC.  Therefore  the  triangle 
ADE,  ADF,  have  the  angles  EDA,  FDA  equal,  as  alfo  tb 
angles  AED,  AFD,  which  are  right  angles ;  and  they  hav< 
the  fide  AD  common,  therefore  the  other  fides  are  equal,  viz 
AE  to  AF,  (26.  1.)  and  DE  to  DF.  Again,  becaufe  th. 
angles  AGE,  AGF  are  right  angles,  the  fquares  on  AGanc 
GE  are  equal  to  the  fquare  of  AE  ;  and  the  fquares  of  AG 
and  GF  to  the  fquare  cf  AF.  But  the  fquares  of  AE  an 
AF  are  equal,  therefore  the  fquares  of  AG  and  GE  are  equa 
to  the  fquares  of  AG  and  GF,  and  taking  away  the  commor 

fquar< 
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fquare  of  AG,  the  remaining  fquares  of  GE  and  GF  are  equal, 
and  GE  is  therefore  equal  to  GF.  Wherefore,  in  the  triangles 
AFG,  AEG,  the  fide  GF  is  equal  to  the  fide  GE,  and  AF 
has  been  proved  to  be  equal  to  AE,  and  the  bafe  AG  is  com- 
mon, therefore  the  angle  AFG  is  equal  to  the  angle  AEG 
(8.  1.).  But  the  angle  AFG  is  the  angle  which  the  plane 
ADC  makes  with  the  plane  DBC  (4.  def.  7.),  becaufe  FA 
and  FG,  which  are  drawn  in  thefe  planes,  are  at  right  angles 
to  DF,  the  common  feciion  of  the  planes.  The  angle  AFG 
(3.  def.  Sp.  T.)  is  therefore  equal  to  the  fpherical  angle  ACB  :> 
and  for  the  fame  reafon,  the  angle  AEG  is  equal  to  the  fphe- 
rical angle  ABC.  But  the  angles  AFG,  AEG  are  equal. 
Therefore  the  fpherical  angles  ACB,  ABC  are  alfo  equal. 
Q,  E.  D. 


PROP.      VI. 

IF  the  angles  at  the  bafe  of  a  fpherical  triangle  he 
equal,  the  triangle  is  ifofceles. 

Let  ABC  be  a  fpherical  triangle  having  the  angles  ABC, 
ACB  equal  to  one  another ;  the  fides  AC  and  AB  are  alfo 
equal. 

Let  D  be  the  centre  of  the  fphere ;  join  DB,  DC,  DA, 
and  from  A  on  the  firaight  lines  DB,  DC,  draw  the  perpen- 
diculars AE,  AF  ;  and  from  the  points  E  and  F,  draw  in 
the  plane  DBC  the  ftraight  lines  EG,  FG  perpendicular 
to  DB  and  DC,. meeting  one  another  in    G;  join  AG. 

Then,  it  may  be  proved  as  was  done  in  the  laft  Prop,  that 
AG  fs  at  right  angles  to  the  plane  BCD,  and  that  therefore  the 
angles  AGF,  AGE  are  right  angles,  and  alfo  that  the  angles 
AFG,  AEG  are  equal  to  the  angles  which  the  planes  D  AC, 
DAB  make  with  die  plane  DBC.  But  becaufe  the  fpherical 
angles  ACB,  ABC  are  equal,  the  angles  which  the  planes 
DAC,  DAB  make  with  the  plane  DBC  are  equal,  (3.  def. 
Sph.  Tr.)  and  therefore  the  angles  AFG,  AEG  are  alfo 
equal.  <  The  triangles  AGE,  AGF  have  therefore  two  angles 
of  the  "one  equal  to  two  angles  of  the  other,  and  they  have 
alfo  the  fide  AG  common,  wherefore  they  are  equal,  and  the 
fide  Af  is  equal  to  the  fide  AE. 

Y  2  Again, 
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Again,  becaufe  the  triangles  ADF,  ADE  are  right  angled' 
atFandE,  the  fquares  of  DF  and  FA  are  equal  to  the 
fquare  of  DA,  that  is,  to  the 
fquares  of  DE  and  EA;  now, 
the  fquare  of  AF  is  equal  to 
the  fquare  of  AE,  therefore 
the  fquare  of  DF  is  equal  to 
the  fquare  of  DE,  and  the 
fide  DF  to  the  fide  DE. 
Therefore  in  the  triangles 
DAF,  DAE,  becaufe  DF  is 
equal  to  DE,  and,  DA  com- 
mon, and  alfo  AF  equal  to 
AE,  the  angle  ADF  is  equal 
to  the  angle  ADE;  therefore  alfo,  the  arches  AC  and  AB, 
which  are  the  meafures  of  the  angles  ADF  and  ADE  are 
equal  to  one  another;  and  the  triangle  ABC  is  ifofceles. 
Q.E.D. 


A 


PROP.      VIL 

NY  two  fides  of  a  fphericaL  triangle  are  great- 
er than  the  third. 


Let  ABC  be  a  fpherical  triangle,  any  two  fides  AB,  BC 
are  greater  than  the  third  fide  AC. 

Let  D  be  the  centre  of  the 
fphere ;  join  DA,  DB,  DC 

The  folid  angle  at  D  is 
contained  by  three  plane 
angles  ADB,  ADC,  BDC; 
(ig.  7.)  any  two  of  which 
ADB,  BDC  are  greater 
than  the  third  ADC,  that 
is,  any  two  fides  AB,  BC  of 

QC  ^fpnrlcal  triangIe  ABC'  are  Sr€ater  than  the  third  AC- 


PROP, 
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PROP.     VIII. 

^HE  three   fides  of  a  fpherical  triangle  are  lefs 
than  a  circle. 

Let  ABC  be  a  fpherical  triangle  as  before,  the  three  fides 
AB,  BC,   AC  are  lefs  than  a  circled 

Let  D  be  the  centre  of  the  fphere  :  The  folid  angle  at  D 
is  contained  by  three  plain  angles  BDA,  BDC,  ADC, 
which  together  are  lefs  than  four  right  angles,  (20.  7.) 
therefore  the  fides  AB,  BC,  AC  together,  will  be  lefs  than 
four  Quadrants,   that  is  lefs  than  a  circle.   Q^  E.  D . 


I 


PROP.      IX. 

N  a  fpherical  triangle  the  greater  angle  is  oppo- 
fite  to  the  greater  fide  ;  and  converfely. 


Let  ABC  be  a  fpherical  triangle,  the  greater  angle  A  is  op- 
pofed  to  the  greater  fide  BC.  ■      % 

Let    the   angle    BAD   be  js^ 

made  equal  to  the  angle  B, 
and  then  BD,  DA  will  be 
equal,  (Prop.  6.)  and  there- 
fore AD,  DC  are  equal  to 
BC  ;  but  AD,  DC  are  great- 
er than  AC,  (Prop.  7.),  /^^0000^S" 
therefore  BC  is  greater  than       p£  "^G 

AC,  that  is,  the  greater  angle 

A  is  oppofite  to  the  greater  fide  BC.     The  converfe  is  de« 
monftrated  as  Prop.  19. 1.  Elem.     Q^  E.  D. 


Y  3  PROPi 


SPHERICALTRIGONOMETRY. 


P  R  O  P.      X. 

IN  a  fpherical  triangle,  according  as  the  fum  of 
two  of  thcv  fides  is  greater  than  a  femicircle, 
equal  to  it,  or  lefs,  the  interior  angle  at  the 
bafe  is  greater  than  the  exterior  and  oppofite 
angle  at  the  bafe,  equal  to  it,  or  lefs  ;  and  the  fum 
of  the  two  interior  angles  at  the  bafe  greater  than 
two  right  angles,  equal  to  two  right  angles,  or  lefs 
than  two  right  angles. 


Let  ABC  be  a  fpherical  triangle,  of  which  the  fides  are 
AB  and  BC  ;  produce  the  fide  A.B  and  the  bafe  AC  till  they 
meet  again  in  13  ;  then,  the  arch  ABD  is  a  femicircle,  and 
the  fpherical  angles  at  A  and  D  are  equal,  becaufe  each  of 
them  is  the  inclination  of  the  circle  ABD  to  the  circle 
ACD. 

i.  If  AB,  BC   be  equal  to  a  femicircle,  that  is,  to  AD, 
BC  will  be  equal  to  BD,  and 
therefore  (Prop.  5 .)  the  angle 
D,  or  the  angle  A  will  be  e- 
qual  to  the  angle  BCD. 

2.  If  AB,  BC  together 
be  greacer  than  a  femicircle, 
that  is  greater  ihan  ABD,  A.^ 
BC  will  be  greater  than  BD; 
and  .therefore  (Prop.  9.), 
the  angle'  D/'that  is,  tKe 
angle  A.  is  greater  than 'the 
angle  BCD, 

3.  In  the  fame  manner  it  is  fhewn,  if  AB,  BC  together 
be  lefs  than  a  femicircle,  that  ths  angle  A  is  lefs  than  the 
angle  BCD.  And  fince  the  angles  BCD,  BCA  are  equal  to 
two  right  angles,  if  the  angle  A  be  greater  than  BCD,  A  and 
ACB  together  will  be  greater  than  two  right  angles.  If  A 
be  equal  to  JbCD,  A  and  ACB  together  will  be  equal  to  two 

right 
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[ght  angles ;  and  if  A  be  lefe  than  BCD,  A  and  ACB  will 
e  lefs  than  two  right  angles.     Q^  E.  D. 


PROP.      XI. 

"F  the  angular  points  of  a  fpherical  triangle  be 
made  the  poles  of  three  great  circles,  thefe  three 
ircles  by  their  interfecftions  will  form  a  triangle 
/hich  is  faid  to  be  fupplemental  to  the  former;  and 
he  two  triangles  are  fuch,  that  the  fides  of  the  one 
re  the  fupplements  of  the  arches  which  rneafure  the 
ngles  of  the  other. 


Let  ABC  be  a  fpherical  triangle;  and  from  the  points  A, 
•,  and  C  as  poles,  let  the  great  circles  FE,  ED,  DF  be  de- 
ribed,  interfering  one  another  in  F,  D  and  E ;  the  fides  of 
le  triangle  FED  are  the  fupplements  of  the  meafures  of  the 
lgles  A,  B,  C,  viz.  FE  of  the  angle  BAC,  DE  of  the  angle 
JBC,  and  DF  of  the  angle  ACB  :  And  again,  AC  is  the 
pplement  of  the  angle  DFE,  AB  of  the  angle  FED,  and 
C  of  the  angle  EDF. 

Let  AB  produced  meet  DE,  EF  in  G,  M ;  let  AC  meet 
D,  FE  in  K,  L ;  and  let  BC  meet 
D,  DEinN,H. 

Since  A  is  the  pole  of  FE,  and 
e  circle  AC  panes  through  A, 
F  will  pafs  through  the  pole  of 

C  (Prop.  4.),  and  fince  AC 
liTes  through  C,  the  pole  of 
D,   FD    will  pafs  through  the 

le  of  AC  ;  therefore  the  pole 

AC  is  in  the  point  F,  in  which 
e  arches  DF,  EF  interfecT:  each 
her.     In  the  fame  manner,  D 

the  pole  of  BC,  and  E  the  pole 

AB. 

And  fince  F,  E  are  the  poles  of  AL,  AM,  the  arches  FL 

d  EM  are  quadrants,  and  FL,  EM  together,  that  is,  FE  and 

L  together  are  equal  to  a  femicircle.     But  fince  A  is  the 
Y  4  J?ok 
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pole  of  ML,  ML  is  the  meafure  of  the  angle  BAG,  (Prop.  3 
confequently  FE  is  the  fupplement  of  the  meafure  of  tl 
angle  BAG.  In  the  fame  manner,  ED,  DF  are  the  fuppl 
mentsof  the  meafures  of  the  angles  ABC,  BCA. 

Since  likewife  CN,  BH  are  quadrants,  CN,  BH  togethe- 
that  is,  NH,  BC  together,  are  equal  to  a  femicircle  ;  and  fin 
D  is  the  pole  of  NH,  NH  is  the  meafure  of  the  angle  FD1 
therefore  the  meafure  of  the  angle  FDE  is  the  fupplement 
the  fide  BC.  In  the  fame  manner,  it  is  Ihewn  that  the  me 
fu.es  of  the  angles  DEF,  EFD  are  the  fupplements  of  t! 
fides  AB,  AC,  in  the  triangle  ABC.     Q^E.  D. 


PROP.     XII. 


THE   three  angles  of  a  fpherical  triangle  ai 
greater  than  two  right  angles,  and  lefs  tha 
fix  right  angles. 

The  meafures  of  the  angles  A,  B,  C,  in  the  triangle  ABi 
together  with  the  three  fides  of  the  fupplemental  triang 
DEF,  are  (Prop  11.)  equal 
to  three  femicircles  ;  but  the 
three  fides  of  the  triangle 
FDE,  are  (Prop.  8.)  lefs 
than  two  femicircles  ;  there- 
fore the  meafures  of  the 
angles  A,  B,  C  are  greater 
than  a  femicircle ;  and  hence 
the  angles  A,  B,  C  are  great- 
er than  two  '  ight  angles. 

And  b,eeaafe  all  the  exter- 
nal and  internal  angles  of  any 
triangle  are  equal  to  freight 
angles  i  therefore,  all  the  internal  angles  a$$  lefe  than  fix  rigl 
angles. 


pro: 
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PROP.    XIII. 

F  to  the  circumference  of  a  great  circle,  from  a 
\  point  which  is  not  the  pole  of  it,  arches  of  great 
ircles  be  drawn;  the  greateft  of  thefe  arches  is 
lat  which  pafles  through  the  pole  of  the  firft  men- 
oned  circle,  and  the  fupplement  of  it  is  the  leaft  ; 
nd  of  the  others,  that  which  is  nearer  to  the  great- 
ft  is  greater  than  that  which  is  more  remote. 

Let  ADB  be  the  circumference  of  a  great  circle,  of  which 
ie  pole  is  H,  and  let  C  be  any  other  point  ;  through  C  and 
I  let  the  femicircle  ACB  be  drawn  meeting  the  circle  ADB 
1  A  and  B;  and  let  the  arches  CD,  CE,  CF  alfo  be  defcri- 
ed  From  C  draw  CG  perpendicular  to  A8,  and  then,  be- 
aufe  the  circle  AHCB  which  panes  through  H,  the  pole  of 
le  circle  ADB,  is  at  right  angles  to  ADB,  CG  is  perpend- 
icular to  the  plane  ADB,  Join  GD,  GE,  GF,  CD,  CE, 
]F,  C  A,  CB. 

Of  all  the  ftraight  linos  drawn  from  G  to  the  circumference 
U)B,  GA  is  the 
reateft,  and  GB  the 
saft  (7.3.)'  andGD 
yhich  is  nearer  to  G  A 
>  greater  than  GE, 
7hich  is  more  remote. 
Jut  the  triangles  CGA 
ilGDare  right  angled, 
.t  G,  and  they  have 
he  common  lide  CG  j 
herefore  the  iquares 
)f  CG,  GA  together,  that  is,  the  fquare  of  CA,  is  greater- 
:han  the  fquares  of  CG,  GD  together,  that  is,  than  the  fquare 
>f  CD  ;  therefore  C  A  is  greater  than  CD,  and  the  arch  C  A 
;han  the  arch  CD.  In  the  fame  manner,  fince  GD  is  greater 
;han  GE,  and  GE  than  GF,  it  is  ihewn  that  CD  is  great- 
er than  CE,  and  CE  than  CF,  and  confequently,  the  arch 
CD  greater  than  the  arch  CE,  and  the  arch  CE  greater  than 
;he  arch  CF.  Alfo,  becaufe  AG  is  the  greateft,  and  GB  the 
eaft  of  ail  the  lines  drawn  from  G,  C  A  is  the  greateft,  and 
CB  the  leaft  of  all  the  lines  drawn  from  C,  and  therefore  the 
irch  C  A  is  the  greateft,  and  CB,  its  fupplement,  the  leaft  of 
01  the  arches  drawn- through  C.     Q.  E.  D. 

PROP. 
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PR  O  P.     XIV. 


IN  a  right  angled  fpherical  triangle  the  fides  an 
of  the  fame  affedtion  with  the  oppofite  angleJ 
that  is,if  the  fides  be  greater  or  lefs  than  quadrant^ 
the  oppofite  angles  will  be  greater  or  lefs  than  rig! 
angles. 


Let  ABC  be  a  fpherical  triangle  right  angled  at  A,  an  J 
fide  AB,  will  be  of  the  fame  affection  with  the  oppofite  anglf 
ACB. 

Cafe  i.  Let  AB  be 
lefs  than  a  quadrant.  Let 
AE  be  a  quadrant,  and 
EC  an  arch  of  a  great 
circle  palling  through  E, 
C.  Since  A  is  a  right  AS 
angle,and  AE  a  quadrant, 
E  is  the  pole  of  the  great 
circle  AC,  and  EC  A  a 
right  angle  *,  bat  EGA 
is  greater  than  BCA, 
therefore  BCA  is  lefs 
than  a  right  angle. 
Q.E.D. 

Cafe  2.  Let  AB  be 
greater  than  a  quadrant,  ^ 
make  AE  equal  to  a"* 
quadrant,  and  let  a  great 
circle  pals  through  C,E. 
EGA  is  a  right  angle  as 
before,  and  BCA  is  great- 
er than  EC  A,  that  is,  greater  than  a  right  angle,     Q^E.  D. 


PRO  P. 
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PROP.     XV. 

F  the  two  fides  of  a  right  angled  fpherical  tri- 
angle be  of  the  fame  affe&ion,  the  hypotenufe 
U  be  lefs  than  a  quadrant ;  and  if  they  be  of 
ferent  affediion,  the  hypotenufe  will  be  greater 
in  a  quadrant* 

et  ABC  be  a  right  angled  fpherical  triangle,  if  the,  two 
:s  AB,  AC  be  of  the  fame  or  of  different  affection,  the 
)otenufe  BC  will  be  lefs  or  greater  than  a  quadrant, 
^afe  1.  Let  AB,  AG  be.  each  lefs  than  a  quadrant.  Let 
i,  AG  be  quadrants;  G  will  be  the  pole  of  AB.  and  E 
pole  of  AC,  and  EC  a  quadrant ;  but,  (Prop.  13.)  CE 
reater  than  CB,  fuice  CB  i£  farther  off  from  CGD  than 
.  In  the  fame  manner,  it 'is  ikewn  that  CB,  in  the  t  i- 
le  CBD,  where  the  two  fides  CD,  BD  are  each  greater 
1  a  quadrant,  is  lefs  than  CE,  that  is,  lefs  than  a  quadrant. 

]afe  at  Let  AC  be  lefs,  and  AB  greater  than  a  quadrant ; 
1  the  hypotenufcr  BC  will  be  greajter  than  a  quadrant ;  for, 
AE  be  a  quadrant,  then  E  is  thre  pole  cf  AC,  and  EC 
[  be  a  quadrant.  ^Jttt  CB  is  greater  than  IE,  (Prop.  13.), 
e  AC*  pafles^thrijugh  the  pole  of  A  HI).  Q^  E.  D. 
>or.  1.  Hence,  coriverfely,  if  the  hypotenufe  of  a  right 
led  triangle  be  greater  or  lefs  than  a  quadrant,  the  fides  will 
}f  .different  or  the  fame  affection. 

]or.  2.  Since  (Prop.  14)  the  angles  of  a  right  angled 
erical  triangle  have  the  fame  affeftion  with  the  oppofite 
s,  therefore,  according  as  the  hypoUnufe  is  greate  or 
than  a  quadrant,  the' angles  will  be  of  different  or  of  the 
le  affeftion. 


PROP 
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PROP.     XVI. 

JN  any  fpherical  triangle,  if  the  perpendicular! 
on  the  bafe  from  the  oppofite  angle  fall  wil 
the  triangle,  the  angles  at  the  bafe  are  of  the 
affe&ion  ;  and  if  the  perpendicular  fall  without! 
triangle,  the  angles  at  the  bafe  are  of  different) 
fe&io-n. 

Let  ABC  be  a  fpherical  triangle,  and  let  the  arch  CI 
drawn  from  C  perpendicular  to  the  bafe  AB. 

I.  Let  CD  fall  within  the  triangle ;  then  fince  ADC,  3 
are  right  angled  fpherical  triangles,  the  angles  A,  B  muft 
be  of  the  fame  affection  with  CD  (Prop.  14.). 


2.  Let  CD  fall  without  the   triangle;    then  (Prop, 
the    angle   B    is    of  the  fame    affection  with  CD ;  and ' 
angle  CAD  is  of  the  fame  affection  with  CD  ;  therefore 
angles  CAD  and  B  are  of  the  fame  affection,  and  the  an 
CAB  and  B  of  different  affections. 

Cor.  Hence,  if  the  angles  A  and  B  be  of  the  fame  affect 
the  perpendicular  will  fall  within  the  bafe ;  for,  if  it  did 
A  and  B  would  be  of  different  affection.  And,  if  the  an 
A  and  B  be  of  oppofite  affection,  the  perpendicular  will 
without  the  triangle ;  for,  if  it  did  not,  the  angles  A  am 
would  be  of  the  fame  affection,  contrary  to  the  fuppofition. 


PRO 
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PROP.      XVII. 

to  the  bafe  of  a  fpherical  triangle  a  perpendi- 
cular be  drawn  from  the  oppolite  angle,  which 
ler  falls  within  the  triangle,  or  is    the  n eared  of 

two  that  fall  without;  the  lead  of  the  fegmcnts 
the  bafe  is  adjacent  to  the  lead  of  the  fides  of 
the  triangle,  or  to  the  greated,  according  as  the 
t  of  the  fides  is  lefs  or  greater  than  a  fernicircle. 

et  ABEF  be  a  great  circle  of  a  fphere,  H  its  pole,  and 
D  any  circle  paffing  through  H,  which  therefore  is  per- 
iicular  to  the  circle  ABEF.  Let  A  and  B  be  two  points 
ie  circle  ABEF  on  oppolite  fides  of  the  point  D,  and  let 
ie  nearer  to  A  than  to  B,  and  let  C  be  any  point  in  the 
e  GND,  between  H  and  D.  Through  the  points  A  and 
I  and  C,  let  the  arches  AC  and  BG  be  drawn,  and  let 
n  be  produced  till  they  meet  the  circle  ABEF  in  the 
its  E  and  F,  then  the  arches  ACE,  BCF  are  femicircles. 
:>  ACB,  ACF,  CFE,  ECB  are  four  fpherical  triangles 
ained  by  arches  of  the  fame  circles,  and  having  the  fame 
)endicukrs  CD  and  CG. 

Now,  beeaufe  CE  is  near- 
d  the  arch  CHG  than  CB  is, 

is  greater  than  CB,  and 
efore  CE  and  CA  are 
ifer  than  CB  and  CA, 
refore  CB  and  CA  are  lefs 
1  a  fernicircle  ;  but  beeaufe 
>  is  by  foppofition  lefe  than 
,  AC  is  alio  lefs  than  CB, 
op.  1.3.)*   and    therefore    in 

cafey  viz.  when  the  perpen- 
lkr  Wis  within  the 'triangle,  and  when  the  fum  of  the 
s  is  lefe  than  a  fernicircle,  the  leaft  fegment  is  adjacent  to 
leaft  fi4e. 

.  Again,  in  the  triangle  FCA  the  two  fides  FC  and  CA 
lefs  than  a  fernicircle ;  for,  fince  AC  is  lefs  than  CB,  AC 

CF  are  lefs  than  BC  and  CF.  Alfo,  AC  is  Ids  than  CF, 
aufe  it  is  more  remote  from  CHG  than   CF  is  ;  therefore 

leaft  fegment  of  the  bafe  AD  is  in  this  cafe  alfa  adjacent 
he  leaft  fide. 

*  3.  But 
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3.  But  in  the  triangle  FCE  the  two  fides  FC  and  CE| 
greater  than  a  femicircle;  for,  fince  FC  is  greater  than 
FC  and  CE  are  greater  than  AG  and  CE.  And  bee 
AC  is  lefs  than  CB,  EC  is  greater  than  CF,  and  EC  is  th 
fore  nearer  to  the  perpendicular  CHG  than  CF  is,  where 
EG  is  the  leaft  fegmeut  of  the  bafe,  and  is  adjacent  to 
greater  fide. 

4.  In  the  triangle  ECB  the  two  fides  EC,  CB  are  gre 
than  a  femicircle ;  for,  fince  by  fuppofition  CB  is  greater 
CA,  EC  and  CB  are  greater  than  E.C  and  CA.     Alfo, 
is  greater  than  CB,  wherefore  in  this  cafe,  alfo,  the  leaft 
ment  of  the  bafe  EG  is  adjacent  to  the   greatefl  fide  of 
triangle.     Therefore,  &c.     Q^E.  D. 


PRO    P.     XVIII. 

IN  right  angled  fpherical  triangles,  the  fine 
either  of  the  fides  about  the  right  angle,  is 
the  radius  of  the  fphere,  as  the  tangent  of  the 
maining  fide  is  to  the  tangent  of  the  angle  oppo 
to  that  fide. 

Let  ABC  be  a  triangle,  having  the  right  angle  at  A  ;  ; 
let  AB  be  either  of  the  fides,  the  fine  of  the  fide  AB  will 
to  the  radius,  as  the  tangent  of  the  other  fide  AC  to  the  t; 
gent  of  the  angle  ABC,  oppofite  to  AC.  Let  D  be  the  ci 
tre  of  the  fphere ;  join  AD,  bD,  CD,  and  let  AF  be  dra 
perpendicular  to  BD,  which 
therefore  will  be  the  fine  of 
the  arch  AB,  and  from  the 
point  F,  let  there  be  drawn 
in  the  plane  BDC  the 
itraight  line  FE  at  right 
angles  to  BD,  meeting  DC 
in  E,  and  let  Ai  be  join- 
ed. Since  therefore  the 
ftraiVht  line  DF  is  at  right 

o  o 

angles  to  boih  FA  and  FE, 

it  will  alfo  be  at  right  angles 

to  the    plane  AEF  (4.  7.), 

wherefore    the    plane     ABD,  which    paffes 

is  perpendicular  to  the  plane  AEF    (17.    7.),  and  the  pi 

AEF  perpendicular  to  ABD  :  ■  But  the  plane  ACD  or  AE 

is  alfo  perpendicular  to  the  fame  ABD  :    Therefore  the  coi 


through    I 


m< 
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ion  fection,  viz.  the  ftraight  line  AE,  is  at  right  angles  to 
le  plane  ABD,  (18.  7.),  and  EAF,  EAD  are  right 
ngles.  Therefore  AE  is  the  tangent  of  the  arch  AC; 
[id  in  the  rectilineal  triangle  AEF,' having  a  right  angle  at 
i.,  AF  is  to  the  radius  as  AE  to  the  tangent  of  the  angle 
lFE,  ( 1.  PI.  Tr.) ;  but  AF  is  the  fine  of  the  arch  AB, 
id  AE  the  tangent  of  the  arch  AC,  and  the  angle  AFE  is 
ie  inclination  of  the  planes  CBD,  ABD,  (4.  def.  7.)  or  the 
)herical  angle  ABC;  Therefore  the  fine  of  the  arch  AB  is 
>  the  radius  as  the  tangent  of  the  arch  AC  to  the  tangent  of 
ie  oppofite  angle  ABC.    Q^E.  D. 

Cor.  And  fince  by  this  propofition  the  fine  of  the  fide 
lB  is  to  the  radius,  as  the  tangent  of  the  other  fide  AC  to 
ie  tangent  of  the  angle  ABC  oppofite  to  that  fide ;  and  as 
ie  radius  is  to  the  co- tangent  of  the  angle  ABC,  lb  is  the 
.ngent  of  the  fame  angle  ABC  to  the  radius,  (2.  Cor.  def.  9. 
1.  Tr.)  by  equality,  the  fine  of  the  fide  AB  is  to  the  co-tan - 
?nt  of  the  angle  ABC  adjacent  to  it,  as  the  tangent  of  the 
her  fide  AC  to  the  radius. 


PROP.       XIX. 

'  N  right  angled  fpherical  triangles  the  fine  of  the 
hypotenufe  is  to  the  radius,  as  the  line  of  either 
de  is  to  the  fine  of  the  angle  oppofite  to  that  fide. 

Let  the  triangle  ABC  be  right  angled  at  A,  and  let  AC  be 
ther  of   the   fides ;    the  fine    of  the  hypotenuie   BC   will 
to  the  radius  as  the  fine  of  the  arch  AC  is  to  the  fine  of 
e  angle  ABC, 

Let  D  be  the  centre  of  the  fphere,  and  let  CE  be  drawn 
rpendicular  to  DB,  which  will  therefore  be  the  fine  of  the 
rpotenule  BC  ;  and  from 
e  point  E  let  there  be  drawn 
the  plane  ABD  the  ftraight 
ie  EF  perpendicular  to  DB 

let  CF  be  joined:  CF 
.11  be  at  right  angles  to  the 
a,ne  ABD,  as  was  ftiown  in 

preceding  propofition  of 
i  ftraight  line  E  A  :  Where - 
-e  CFD,  CFE  are  right 
gles,  and  CF  is  the  fine   of 

B   arch  AC;    and  in  the  triangle  CPE,  having  the  right 

angle 
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angle  CFE,  CE  is  to  the  radius,  as  CF  to  the  fine  of  the  an< 
CEF,  (i.  PI.  Tr.).  But,  fince  CE,  FE  are  at  right  angles 
DEB,  which  is  the  common  feftion  of  the  planes  CB 
ABD,  the  angle  CEF  is  equal  to  the  inclination  of  th< 
planes,  (4.  def.  7.),  that  is,  to  the  fpherical  angle  ABC.  T 
fine,  therefore,  of  the  hypotenufe  CB  is  to  the  radius  as  t 
line  of  the  fide  AC  is  to  the  fine  of  the  oppofite  angle  AB< 
Q.E.D. 

Cor.  Of  thefe  three,  viz.  the  hypotenufe,  a  fide,  and  tl 
angle  oppofite  to  that  fide,  any  two  being  given,  the  thi 
may  be  found. 


PROP.      XX. 


IN  right  angled  fpherical  triangles,  the  co-fine  < 
the  hypotenufe  is  to  the  radius  as  the  co-tangei 
of  either  of  the  angles  is  to  .the  tangent  of  the  ti 
maining  angle. 

Let  ABC  be  a  fpherical  triangle,  having  a  right  angle 
A,  the  co-fine  of  the  hypotenufe  BC  will  be  to  the  radius 
the  co-tangent  of  the  angle  ABC  to  the  tangent  of  the  ang 
ACB. 

Defcribe  the  circle  DE, 
of  which  B  is  the  pole,  and 
let  it  meet  AC  in  F,  and 
the  circle  BC  in  E  ;  and 
fince  the  circle  BD  paffes 
through  the  pole  B  of  the 
circle  DF,  DF  will  pafs 
through  the  pole  of  BD, 
(Prop.  4.) .  And  fince  AC  is 
perpendicular  to  BD,  AC 
will  alfo  pafs  through  the 
pole  of  BD ;  wherefore, 
the  pole  of  the  circle  BD  p 
is  in  the  point  where 
the  circles  AC,  DE  inter- 
feft,  that  is,  in  the  pom  F  :    The  arches  FA,  FD  are  there 

for 
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ne  quadrants,  and  likewifc  the  arches  BD,  BE :  In  the  tri- 
ngle  CEF,  right  angled  at  the  point  E,  CE  is  the  comple- 
lent  of  BC  the  hypotenufe  of  the  triangle  ABC,  EF  is  the 
implement  of  the  arch  ED,  which  is  the  meafure  of  the 
igle  ABC,  and  FC  the  hypotenufe  of  the  triangle  CEF,  is 
ie  complement  of  AC,  and  the  arch  AD,  which  is  the  mea- 
ire  of  the  angle  CFE,  is  the  complement  of  AB. 
But  (Prop.  1 8.)  in  the  triangle  CEF,  the  fine  of  the  fide 
E  is  to  the  radius,  as  the  tangent  of  the  other  fide  EF  is  to 
ie  tangent  of  the  angle  ECF  oppofite  to  it ;  that  is,  in  the  tri- 
lgle  ABC,  the  co-fine  of  the  hypotenufe  BC  is  to  the  ra- 
ils as  the  co- tangent  of  the  angle  ABC  is  to  the  tangent 
:  the  angle  ACB.     Q.  E.  D. 

Cor.  I.  Of  thefe  three,  viz.  the  hypotenufe  and  the  two 
gles,  any  two  being  given,  the  third  will  alfo  be  given. 

Cor.  2.  And  fince  by  this  propofition  the  co-fine  of  the 
'poteriufe  BC  is  to  the  radius  as  the  co-tangent  of  the 
gle  ABC  to  the  tangent  of  the  angle  ACB,  and  fince  the 
iius  is  to  the  co- tangent  of  ACB,  as  the  tangent  of  ACB 
the  radius,  (Cor.  2.  def.  9.  PL  Tr.);  therefore  ex  cequo,  the 
-fine  of  the  hypotenufe  BC  is  to  the  co-tangent  of  the  angle 
CB,  as  the  co-taagent  of  the  angle  ABC  to  the  radius. 


PROP. 
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PRO    P.    XXI. 

IN  right  angled  fpherical  triangles,  the  co-fine  of 
an  angle  is  to  the  radius,  as  the  tangent  of  the 
fide  adjacent  to  that  angle  is  to  the  tangent  of  thf 
hypotenufe. 

The  fame  ccnftruclion  remaining:  In  the  triangle  CEF1 
(prop.  1 8.)  the  fine  of  the  fide  EF  is  to  the  radius,  as  the 
tangent  of  the  other  fide  CE  is  to  the  tangent  of  the  angle 
CFE  oppofite  to  it,  that  is,  in  the  triangle  ABC,  the  co-fine 
of  the  angle  ABC  is  to  the  radius  as  (the  co-tangent  of  the 
hypotenufe  BC  to  the  co-tangent  of  the  fide  AB,  adjacenl 
to  ABC,  or  as)  the  tangent  of  the  fide  AB  to  the  tangeni 
of  the  hypotenufe,  fince  the  tangents  of  two  arches  are  reci 
procally  proportional  to  their  co-tangents,  (Cor.  a*  def.  9 
PI.  Tr.> 

Cor.  And  fince  by  tjiis  propofition  the  co-fine  of  the  angle 
ABC  is  to  the  radius,  as  the  tangent  of  the  fide  AB  is  to  the 
tangent  of  the  hypotenufe  BC ;  and  as  the  radius  is  to  the  co 
tangent  of  BC,  fo  is  the  tangent  of  BC  to  the  radius  -,  e* 
aquo,  the  co-fine  of  the  angle  ABC  will  be  to  the  co-tan- 
gent of  the  hypotenufe  BC,  as  the  tangent  of  the  fide  AB; 
adjacent  to  the  angle  ABC  to  the  radius. 


PROP 
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PROP.     XXII. 

tf   right  angled  fpherical  triangles,  the  co-fine 
of  either  of  the  fides  is  to  the  radius,  as  the  co- 
e  of  the  hypotenufe  is  to  the  co-fine  of  the  other 
e. 


rtie  fame  conftruftion  remaining  :  In  the  triangle  CEF, 
fine  of  the  hypotenufe  CF  is  to  the  radius,  as  the  fine  of 
fide  CE  to  the  fine  of  the  oppofite  angle  CFE,  (Prop. 
) ;  that  is  in  the  triangle  ABC,  the  co-fine  of  the  fide  CA 
d  the  radius  as  the  co-fine  of  the  hypotenufe  BC  to  the  co- 
of  the  other  fide  BA.     Q^  E.  D. 


PROP.      XXIII. 

I"  right  angled  fpherical  triangles,  the  co-fine  of 
ither  of  the  fides  is  to  the  radius,  as  the  co-fine 

:he  angle  oppofite  to  that  fide  is  to  the  fine  of 
other  angle. 

he  fame  conftruftion  remaining :  In  the  triangle  CEF, 
ine  of  the  hypotenufe  CF  is  to  the  radius  as  the  fine  of 
ide  EF  is  to  the  fine  of  the  angle  ECF  oppofite  to  it, 
is,  in  the  triangle  ABC,  the  co-fine  of  the  fide  CA  is  tQ 
adius,  as  the  co-fine  of  the  angle  ABC  oppofite  to  it,  is 
e  fine  of  the  other  angle  ACB.     Q^E.  D. 


SOLUTION 
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SOLUTION  of  the  Cases  of  Righ     Angled 
Spherical  Triangles. 

PROBLEM. 

N  a  right  angled  fpherical  triangle,  of  the  three 
fides  and  three  angles,  any  two  being  given,  be- 
fides  the  right  angle,  to  find  the  other  three. 

This  problem  has  fixteen  cafes,  the  folutions  of  which  are 
contained  in  the  follpwing  table,  where  ABC  is  any  fpherical 
triangle  right  angled  at  A.. 


Given. 

Sought. 

Solution. 

1 
2 

3 

BC  and  B. 

AC 

AB 

C. 

R  :  fin.  BC  :  :  fin.  B  :  fin.  AC,    (19). 
R:cof.B::tan.BCjtan.AB,   (21). 
R :  cof.  BC  : :  tan.  B  :  co-t.  C,      (20). 

AC  and  C. 

AB. 

BC. 

B. 

R  :  fin.  AC  : :  tan.  C  :  tan.  AB,  (18). 
cof.C:R::tan.AC:tan.BC,   (21). 
R  :  cof.  AC  : :  fin.  C  :  cof.  B,       (23), 

4 
5 
6 

7 
8 

9 

jAC  and  B. 

AB. 
BC. 
C. 

tan.B  :  tan.  AC  : :  R :  fin.  AB,  (18). 
fin.B:fin.AC::R:fin.BC,      (19). 
cof.  AC  :  cof.  B  : :  R  :  fin.  C,        (23). 

AC  and  BC. 

AB. 
B. 
C. 

cof.  AC  :  cof.  BC  : :  R  :  cof.AB,  (22). 
fin.  BC:  fin  AC::R:fin.B,      (19). 
tan.BC:tan.AC::R:cof,C.    (21.). 

10 
11 
12 

AB  and  AC. 

BC. 

B. 

C. 

R  :  cof.  AB  : :  cof.  AC  :  cof.  BC,(23). 
fin.  AB  :  R  : :  tan.  AC  :  tan.B,  (18). 
fin.AC:R::  tan.AB  :  tan.C,    (18). 

J3 

14 
14 

B  and  C. 

AB. 
AC. 

EG. 

fin.  B  :  cof.  C  : :  R  :  cof.  AB,       (23). 
fin.  C  :  cof.  B  : :  R :  cof.  AC,      (2  3). 
tan. B  :  co-t.  C  :  :  R  :  cof.  BC,      (20). 

16 

,, 

i 

TABI 

,E 
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TABLE  for  determining  when  the  things  found  in  the 
preceding  are  lefs  than  a  Quadrant. 


The  angle  or  arch  found  is  lefs  than  90°. 


When  B  is  lefs  than  900. 

When  BC  and  B  are  of  the  fame  affection. 

When  BC  and  B  are  of  the  fame  affeftion. 


When  C  is  lefs  than  900 

When  AC  and  C  are  of  the  fame  affeilion. 

When  AC  is  lefs  than  00 °. 


Ambiguous. 
Ambiguous. 
Ambiguous. 


When  AC  and  BC  are  of  the  Jfame  affection. 

When  AC  is  lefs  than  900. 

When  AC  and  BC  are  of  the  fame  affection. 


When  AB  and  AC  are  of  the  fame  affedtion. 
When  AC  is  lefs  than  900. 
When  AB  is  lefs  than  90°. 


When  C  is  lefs  than  go9. 
When  B  is  lefs  than  90°. 
When  B  and  C  are  of  the  fame  affection. 


ic 
11 

*12 


the 
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The  cafes  marked  ambiguous  are  thofe  in  which  the  thii 
fought  has  two  values,  and  may  either  be  equal  to  a  certa: 
angle,  or  to  the  fupplement  of  that  angle.  Of  thefe  there  a 
three,  in  all  of  which  the  things  given  are  a  fide,  and  tl 
angle  oppofite  to  it;  and  accordingly,  it  is  eafy  to  fliew,  th: 
two  right  angled  fpherical  triangles  may  always  be  foun 
that  have  a  fide  and  the  angle  oppofite  to  it  the  fame  in  bot 
but  of  which  the  remaining  fides,  and  the  remaining  angle  i 
the  one,  are  the  fupplements  of  the  remaining  fides  and  the  r< 
maining  angle  of  the  other,  each  of  each. 

Though  the  afFe&ion  of  the  arch  or  angle  found  may  in 
the  other  cafes  be  determined  by  the  rules  in  the  fecond  of  tr 
preceding  tables,  it  may  be  ufeful  to  remark,  that  all  the: 
rules,  except  two,  may  be  reduced  to  one,  viz.  that  when  U 
thing  found  by  the  rules  in  the  jirjl  table  is  either  a  tangent 
a  co-Jine  ,•  and  when,  of  the  tangents  or  co-Jines  employed  in  t> 
computation  of  it,  one  only  belongs  to  an  obtufe  angle,  the  ang 
required  is  alfo  obtufe. 

Thus,  in  the  15  th  cafe,  when  cof.  AB  is  found,  if  C  be 
obtufe  angle,  becaufe  of  cof.  C,  AB  mull  be  obtufe  ;  and  i 
caie  16.  if  either  B  or  C  be  obtufe,  BC  is  greater  than  90* 
but  if  B  and  C  are  either  both  acute,  or  both  obtufe,  BC 
lefs  than  90°. 

It  is  evident,  that  this  rule  does  not  apply  when  that  whic 
is  found  is  the  fine  of  an  arch  ;  and  this,  befides  the  three  air 
biguous  cafes,  happens  alfo  in  other  two,  viz.  the  ill  ail 
nth. 


PROP.    XXIV. 

IN  fpherical  triangles,  whether  right  angled  or  ob 
lique  angled,  the  fines  of  the  fides  are  propor 
tional  to  the  fines  of  the  angles  oppofite  to  them. 

Firft,  Let  ABC  be  a  right  angled  triangle,  having  a  righ 
angle  at  A  ;    therefore,  (Prop.  19.)  the  fine  of  the  hypote 
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lfe  EC  is  to  the  radius  (or  the  fine  of  jjie  right  angle  at  A) 

the   fine  of  the  fide  AC  f% 

the  line  of  the  angle  B. 
nd,  in  like  manner,  the 
le  of  BC  is  to  the  fine  of 
e  angle  A,  as  the  fine  of 
B  to  the  fine  of  the  angle 
;  wherefore  ( 1 1 .  5 .)  the  fine 

the  fide  AC  is  to  the 
of  the  anrie  B,  as   the 


C^ 


re. 


le  of  AB  tp  the  fins 


of  the  angle  C. 


Secondly,  Let  ABC  be  an  oblique  angled  triangle,  the  fifle 
any  of  the  fides  BC,  will  be  to  the  fine  of  any  of  the 
her  two  AC,  as  the  fine  of  the  angle  A  oppofite  to  BC,  is 
the  fine  of  the  angle  B  oppofite  to  AC.  Through  the 
»int  C,  let  there  be  drawn  an  arch  of  a  great  circle  CD  per- 
ndicular  upon  AB  •«  and  in  the  right  angled  triangle  BCD, 
'rop.  19.)  the  fine  of  BC   is  to  the  radius,   as  the  fine  of 


D  to  the  fine  of  the  angle  B  ;  and  in  the  triangle  ADC, 

inverfion,   the  radius    is  to  the  fine  of  AC   as  the  fine 

the  an^le  A  to  the  fine  of  DC  :  Therefore,  ex  a  quo  pert  ur^ 

te,  the  fine  of  EC  is  to  the  fine  of  AC,  as  the  fine  of  the 

gle  A  to  the  fine  of  the  angle  B.     Q^  E.  D. 


Z4 


PROP. 


SPHERICAL     TRIGONOMETRY., 
PROP.      XXV. 

WN  oblique  angled  fpherieal  triangles,  a  perpendi 
I  cular  arch  being-  drtawn  from  any  of  the  angle 
upon  the  oppofite  fide,  the  co-fines  of  the  angles  a 
the  B^fe  a^e  proportional;  to  the  fines  of  the  legment 
of  the  vertical  angle. 


Let  ABC  te  a  triangle,  and  the  arch  CD  perpendicular  t 
the  bafe  BA  ;  the  co-fine  of  the  angle  B  will  be  to  the  co-fin 
of  the  angle  A,  as  the  fine  of  the  angle  BCD  to  the  fine 
the  angle  ACD. 

For  (Prop.  23.)  the  co-fine  of  the  angle  B  is  to  the  fine  c 
the  angle  BC,  as  the  co-fine  of  the  fide  CD  is  to  the  radius 
and  alfo  the  co-fine  of  the  angle  D  to  the  fine  of  the  angl 
ACD  in  the  fame  ratio ;  therefore  by  permutation,  the  cc 
fine  of  the  angle  B  is  to  the  co-fine  of  the  angle  A,  as  th 
fine  of  the  angle  BCD  to  the  fine  of  the  angle  ACD^  Q^E.  D 


PROP.     XXV I. 

THE  fame  things  remaining,  the  co-fines  of  th 
fides  BC,  CA,  are  proportional  to  the  co-fine 
of  BD,  DA,  the  fegments  of  the  bafe. 

For  (Prop,  22.)  the  co-fine  of  BC  is  to  the  co-fine 
BD,  as  the  co-fine  of  DC  to  the  radius,  and  the  co-fine  0 
AC  to  the  co-fine  of  AD  in  the  fame  ratio  :  Where/ore,  b; 
permutation,  the  co-fines  of  the  fides  BC,CA  are  proportions 
*•  the  co-fines  of  the  fegments  of  the  bafe  BD,  DA.  Q^E.D 

PRO 
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PROP.     XXVII. 

HE  fame  conftru&ion  remaining,  the  fines  of 
BD,  DA,  the  fegments  of  the  bafe  are  reci- 
rocally  proportional  to  the  tangents  of  B  and  A, 
le  angles  at  the  bafe. 

For  (Prop.  18.)  the  fine  of  BD  is  to  the  radius,  as  the 
mgent  of  DC  to  the  tangent  of  the  angle  B  ;  and  alfo,  the 
idius  to  the  line  of  AD,  as  the  tangent  of  A  to  the  tangentr 
f  DC  :  Therefore,  ex  cequo  perturbate,  the  line  of  BD  is  to 
is  line  of  DA,  as  the  tangent  of  A  to  the  tangent  of  B. 

PROP.      XXVIII. 

r^H'E  fame  conftru&ion  remaining,  the  co-fines 
j[  of  the  fegments  of  the  vertical  angle  are  reci- 
>roprocally  proportional  to  the  tangents  of  the 
ides. 

For  (Prop*  20.)  the  co-fine  of  the  angle  BCD,  is  to  the 
adius,  as  the  tangent  of  CD  is  to  the  tangent  of  BC  ;  and 
Ifo,  (Prop.  21.  by  inverlion),  the  radius  is  to  the  co-line  of 
he  angle  ACD,  as  the  tangent  of  AC  to  the  tangent  cf  CD: 
Therefore,  ex  cequo  periurbate>  the  co-fine  of  the  angle  BCD 
s  to  the  co-fine  of  the  angle  ACD,  as  the  tangent  of  AC 
5  to  the  tangent  of  BC.     Q^  E.  D. 


PROP. 


33%  SPHERICAL    TRIGONOMETRY. 

i 

PROP,      XXIX. 

TF  from  an  angle  of  a  fpherical  triangle  there  b< 
X  drawn  a  perpendicular  to  the  oppofite  lide,  ol 
bafe,  the  re&angle  contained  by  the  tangents  o 
half  the  fum,  and  of  half  the  difference  of  the  feg 
ments  of  the  bafe  is  equal  to  the  rectangle  contain 
ed  by  the  tangents  of  half  the  fum,  and  of  half  th< 
difference  of  the  two  fides  of  the  triangle. 

Let  ABC  be  a  fpherical  triangle,  and  let  the  arch   CD  b^ 
drawn  from  the  angle  C  at  right  angles  to  the  bafe  AB. 

Becaufe  (Prop.  26.),  cof.  BC  :  cof.  AC  : :  cof.  BD  :  cof.  AD| 
by  compofition  and  divifion, 
cof.  BC  +  cof.  AC  :  cof.  BC  —  cof.  AC  :  :  cof.  BD  f  cof.  AD  ; 
cof.  BD  —  cof.  AD.     But,  (1.  Cor.  3.  PI.  Trig.), 

cof.  BC  +  cof.  AC  :  cof.BC  —  cof.  AC  : :  cot.  f  (BC+AC)  : 
tan. J.  (BC— AC) ;  and  alfo,  cof.  BD  +  cof.  AD  :  cof.  BD  I 
cof.  AD  :  :  cot.i  (BD+AD)  :  tan.  JL  (BD— AD),  therefore 
cot.  L  (BC-f  AC)  :  tan.  J_  (BC— AC)  :  :  cot.  JL  (BD-f-AD)  : 
tan.JL(BD — AD).  And  becaufe  rectangles  of  the  fame  alti- 
tude are  as  their  bafes,  therefore,  tan.  i  (BC-f- AC.)  x 
$ot.JL.(BC+AC):  tan.JL(BC+AC)  X  tan.  JL  (BC— AC)  :  : 
tan.JL.(BD+AD)  x  cot.  JL  (BD+AD)  :  tan.JL(BD-f  AD)  X 
tan.JL(BD— AD).  But  tan.  JL  (BC-f  AC)  xcot.JL(BC-f-AC) 
n  R2,  (2.  Cor.  def.  9.  PL  Tr  )  and  alfo,  tan.  JL  (BD+AD)  x 
cot.  JL  (BD+AD)  =:R2,  therefore  (9.  5.)  tan.  JL  (BD-f-AD)  x 
tan.  JL  (BD— AD)  -  tan.  i.  (BC+AC)  x  tan.  L  (BC— AC). 
Q.E.D. 

Cor. 
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Cor.  i.  Becaufe  the  fides  of  equal  re&angies  are  reciprocally 
roportional,    tan. -L  (BD+AD)    ;  tan.-L(BC+AC)  :  : 

in.  i.  (BC-AC)  :  tan.  JL  (BD— AD). 
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Cor.  i.  Since,  when  the  perpendicular  CD  falls  within  the 
riangle,  BD+AD— AB,  the  bafe  ;  and  when  CD  falls  with- 
ut  the  triangle  BD — AQrzAB,  therefore  in  the  firft  cafe, 

le  proportion  in   the  laft.  corollary  becomes,  tan.  JL(AB)  : 

tn.i-CBC-f-AC)  :  :  tan. _i(BC— AC)  :  tan.i(BD— AD>  •, 

nd  in  the  fecond  cafe,  it  becomes  by  inverfion  and  alterna- 
icn,  tan.  JL(AB)  :  tan.  A  (BC+AC)  :  :  tan.  i  (BO— AC)  : 

m.  JL  (BD+AD. 


SOLUTION 
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SOLUTION  of  the  Cases  of  Oblique  Anglec 
Spherical  Triangles. 

PROBLEM. 

IN  any  oblique  angled  fpherical  triangle,   of  tl 
three  fides  and  three  angles,  any  three  being  g 
ven,  the  other  three  may  be  found. 

,  In  this  table,  the  references  (c.  4.)*  (c.  3.),  &-C.  are  to  tl 
cafes  in  the  preceding  tables. 


Given. 


Sought. 


Solutiox. 


One  of  the 
other  angles, 
B. 


Two  fides 
AB,  AC, 

and  the  in- 
cluded angle 
A. 


Let  fall  the  perpendicular  CD  from 
the  unknown  angle  not  required, 
onAB. 

R  :  cof.  A  :  :  tan.  AC  :  tan.  AD, 
(c.  2.);  therefore  BD  isknown,and 
fin.BD  :  fin.  AD : : tan.  A  itan.B, 
(27.) ;  B  and  A  are  of  the  fame 
or  different  affeftion,  according 
as  AB  is  greater  or  lefs  than  AD, 
(16.) 


The  third 
fide 
BC. 


Let  fall  the  perpendicular  CD  from 
one  of  the  unknown  angles  on 
the  fide  AB. 

R  :  cof.  A  :  :  tan.  AC  :  tan.  AD, 
(c.  2.);  therefore  AD  is  known, 
and  cof.  AD  :  cof.  BD  : :  cof.  AC  : 
cof.  BC,  (26.);  according  as  the 
fegments  AD  and  DB  are  of  the 
fame  or  different  affection,  AC 
and  CB  will  be  of  the  fame  or 
different  affeclion. 
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Given. 

Sought. 

Solution. 

Two  angles, 
A  and  AC  B, 

and 

AC, 

the  fide  be- 
tween them. 

The  fide 
BC. 

From  C  the  extremity  of  AC  next 
the  fide  fought,  let  fall  the  per- 
pendicular CD  on  AB. 

R  :  cof .  AC  :  :  tan.  A  :  cot.  ACD, 
(c.  3.)  *,  therefore  BCD  is  known, 
and  cof.  BCD  :  cof.  ACD  :  : 
tan.  AC  :  tan.  BC,  (28).  BC  is 
lefe  or  greater  than  900,  accord- 
ing as  the  angles  A  and  BCD 
are  of  the  fame  or  different  af- 
fection. 

The  third 

angle 

B. 

Let  fall  the  perpendicular  CD  from 
one  of  the  given  angles  on  the 
oppofite  fide  AB. 

R  :  cof.  AC  :  :  tan.  A  :  cot.  ACD, 
(c.  3.)  ;  therefore  the  angle  BCD 
is    given,    and    fin.  ACD  : 
fin.  BCD  :  :  cof.  A  :  cof.  B,  (25.); 
B  and  A  are  of  the  fame  or,  dif- 
ferent affe&ion,  according  as  CD 
falls  within  or  without  the  tri- 
angle, that  is,  according  as  ACB 
is   greater   or  lefe   than    ACD, 
(16.) 

i 

B      D        A. 


Given 
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Given. 


Two  fides 
ACandBC 
and  an  angle 

A 

oppofite  to 

one  of  them, 

BC. 


The  angle   Sin.  BC  :  fin.  AC  : :  fin.  A  :  fin.  B, 

B  (24O     The  affe&on  of  B  is  am- 

oppofite  to       biguous,  unlefs  it  can  be  deter- 

the  other  gi-      mined  by  this  rule,  that  accord- 

ven  fide  ing  as  AC-f-BC  is  greater  or  lefs 

AC.  than  1 8o°,  A-f-B  is  greater  or  lefs 

than  1800,  (10.). 


Sought. 


The  third 
fide 
AB. 


Solution. 


From  ACB  the  angle  fought  draw 
The  angle        CD  perpendicular  to  AB  ;  then 
ACB       R  :  cof.  AC  :  :  tan.  A  :  cot.  ACD, 
contained  by      (c.  3.)*,  and  tan.  BC  :  tan.  AC  : : 
the  given       cof.  ACD  :    cof.  BCD,    (28.). 
fides  ACD+BCDzrACB,  and  ACB 

AC  andBC.     is  ambiguous,  becaufeof  the  am- 
biguous fign  -f-  or  — . 


Let  fall  the  perpendicular  CD  from 
the  angle  C  contained  by  the  gi- 
ven fides  upon  the  fide  AB. 

R  :  cof.  A  :  :  tan.  AC  :  tan.  AD, 
(c.  3.);    cof.  AC   :  cof.  BC   :   : 
cof.  AD;  cof.  BD,  (26.) 
ABz:AD±BD,  wherefore  AB 
is  ambiguous. 


GlVEKr 
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Given,     f   Sought,   f  Solution. 


The  fide 

BG 

oppolite  to 

the  other  gi< 

ven  angle 

A. 


Sin.  B  :  fin.  A  : :  fin.  AG  :  fin.  EC, 
(24.)  ;  the  affe&iort  of  BC  is  un- 
certain, except  when  it  can  be 
determined  by  this  rule,  that  ac- 
cording as  A  -J-B  is  greater  or  lefe 
than  180°,  AC+BC  is  alfo  great- 
er or  lefs  than  1800,  (10.). 


Two  angles 

A,B, 

and  a  fide 

AC 

oppofite  to 

'one  of  them, 

B. 


The  fide 

AB 

adjacent  to 

the  given 

angles 

A,  B. 


The  third 
angle 
ACB. 


The  three 

fides, 

AB,  AC; 

and 

BC. 


One  of  the 
angles 


A. 


From  the  unknown  angle  C  draw 
CD   perpendicular  to  AB  •,  then 

R  :  cof.  A  :  :  tan.  AC  :  tan,  AD, 
(c.  3.)->tan.B  :tan.  A::  fin.  AD  : 
fin.  BD.  BD  is  ambiguous,  and 
therefore  AB  n  AD  ±  BD  may 
have  four  values,  fome  of  which 
will  be  excluded  by  this  condi- 
tion, that  AB  mull  be  lefe  than 
1800. 


From  the  angle  required,  C,  draw 
CD  perpendicular  to  AB. 

R  :  cof.  A  :  :  tan.  A  :  co-t.  ACD. 
(c.3.),  col.  A  :  cof.B  : :  fin.  ACD  : 
fin. BCD,  (25.).  The  affection 
of  BCD  is  uncertain,  and  there- 
fore ACBzrACD+BCD  has 
four  values,  fome  of  which  may 
be  excluded  by  the  condition, 
that  ACB  is  leis  than  i8oQ. 


From  C  one  of  the  angles  not  re- 
quired, draw  CD  perpendicular 
to  AB.  Find  an  arch  E  fuch  that 
tan.  J-  AB  :  tan.  -f-(AC-fBC)  :  . 
tan.  {-(AC—  BC)  :  tan.  \  E; 
then,  if  AB  be  greater  than  E, 
AB  is  the  fum,  and  E  the  diffe- 
rence of  AD  and  DB  ;  but  if 
AB  be  lefs  than  E,  E  is  the  fum, 
and  AB  the  difference  of  AD, 
DB,  (29.).  In  either  cafe,  AD 
and  DB  are  known,  and 
tan.  AC  :  tan.  AD  : :  R  :  cof.  A. 

m  ■>»!       mi  1     ■     11  1  ■    1 

Given. 
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Given. 

Sought. 

Solution. 

The  three 

One  of  the 

Suppofe    the   fupplements     of    thJ 
three  given  angles,  A,  B,  C,  t« 
be  a,  b,  c,  and  to  be  the  fides  ofl 

12 

angles 
A,  B,  C. 

fides 
BC. 

a  fpherical  triangle.  Find,  by  th m 
laft  cafe,  the  angle  of  this  triangl M 
oppofite   to  the  fide    a,    and    itl 
will  be  the  fupplement  of   the! 
fide  of  the  given  triangle  oppoiite 
to  the  angle  A,  that  is,  of  BC, 
(10.)  ;  and  therefore  BC  is  found. 

In  the  foregoing  table  the  rules  are  given  for  afcertainin 
the  affection  of  the  arch  or  angle  found,  whenever  it  can 
done  :  Moll  of  thefe  rules  are  contained  in  this  one  rule,  whicl 
is  of  general  application,  viz.  that  when  the  thing  found  is  ei 
ther  a  tangent  or  a  co-Jine,  and  of  the  tangents  or  co  fines  em 
ployed  in  the  computation  of  it,  either  one  or  three  belong  to  ob 
tufe  angles,  the  angle  found  is  alfo  obtuje.  This  rule  is  parti 
cularly  to  be  attended  to  in  cafes  5.  and  7.  where  it  remove 
part  of  the  ambiguity. 

It  may  be  necefiary  to  remark  with  refpeft  to  the  lit! 
cafe,  that  the  fegments  of  the  bafe  computed  there  are  tlioii 
cut  off  by  the  neareft  perpendicular;  and  alfo,  that  when 
the  fum  of  the  fides  is  lefs  than  1800,  the  leaft  fegment  is  ad- 
jacent to  the  leaft  fide  of  the  triangle  5  otherwife  to  the  great- 
eft  (Prop.  17.). 


F  I  N  I   S. 


NOTES 
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A  a 


NOTES 


ON    THE 


FIRST  BOOK  OF  THE    ELEMENTS. 


DEFINITIONS. 


I. 


Sf  the  definitions  a  few  changes  have  been  made,  of  which  t  Eook  *• 
it  is  neceffary  that  an  account  mould  be  given.  One  of 
fe  changes  refpe&s  the  iirft  definition,  that  of  a  point, 
lich  Euclid  has  faid  to  be,  '  That  which  has  no  parts,  or 
vhich  has  no  magnitude.'  Now,  it  has  been  objected  to 
s  definition,  that  it  contains  only  a  negative,  and  that  it  is 
t  convertible,  as  every  good  definition  ought  certainly  to  be\ 
lat  it  is  not  convertible  is  evident,  for  though  every  point 
mextended,  or  without  magnitude,  yet  every  thing  unex- 
ded,  or  without  magnitude,  is  not  a  point.  To  this  it  is  im-  • 
[fible  to  reply,  and  therefore  it  becomes  neceffary  to  change 
i  definition  altogether,  which  is  accordingly  done  here,  a 
nt  being  defined  to  be,  that  which  has  pojltion  but  not  mag- 
ude.  Here  the  affirmative  part  includes  all  that  is  eflential 
A  a  2  to 
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^  *^ok  *• ,  to  a  point,  and  the  negative  part  excludes  every  thing  tha 

""""*         is  not  elTential  to  it.     I  am  indebted  for  this  definition  to  ; 

friend,  by  whofe  judicious  and  learned  remarks  1  have  ofter 

profited. 


II. 


After  the  fecond  definition  Euclid  has  introduced  the   fol 
lowing,  '  the  extremities  of  a  line  are  points.' 

Now  this  is  certainly  not  a  definition,  but  an  inferenc 
from  the  definitions  of  a  point  and  of  a  line.  For  that  whic} 
terminates  a  line  can  have  no  breadth,  as  the  line  in  which  it  i 
has  none,  and  it  can  have  no  length,  as  it  would  not  then  b 
a  termination,  but  a  part  of  that  which  it  is  fuppofed  to  ter 
ruinate.  The  termination  of  a  line  can  therefore  have  n< 
magnitude,  and  having  neceflarily  pofition,  it  is  a  point.  Bn 
as  it  is  plain,  that  in  all  this  we  are  drawing  a  confequene 
from  two,  definitions  already  laid  down,  and  not  giving  a  nt\ 
definition,  I  have  taken  the  liberty  of  putting  it  down  as  a  cor 
rollary  to  the  fecond  definition,  and  have  added,  ihattbe  inter 
fcBicns  of  gup  line  with  a?wthe?*  are  points^  as  this  affords  a  goo* 
illuitration  of  the  nature  of  a  point,  and  is  an  inference  exaftb 
cf  the  fame  kind  with  the  preceding.  The  fame  thing  near 
ly  has  been  done  with  the  fourth  definition,  where  that  whid 
Euclid  gave  as  a  feparate  definition,  is  made  a  corollary  to  th 
fourth,  becaufe  it  is  in  fact  an  inference  deduced  from  cempa 
lino-  the  definitions  of  a  fuperficies  and  a  line. 

As  it  is  impofable  to  explain  the  relation  of  a  fuperficies, 
line  and  a  point  to  one  another,  and  to  the  folid  in  whic 
they  all  originate,  better  than  Dr  Simfon  has  done,  I   ilia 
here  add,  with  very  little  change,  the  iiluflration  given  by  tha 
excellent  Geometer. 

u  It  is  necefiary  to  confider  a  folid,  that  is,  a  magnitude  whic 
has  length,  breadth  and  thicknefs,  in  order  to  underitan- 
aright  ihe  definitions  of  a  point,  line  and  fuperficies  ;  for  thef 
all  arife  from  a  folid,  and  exifl  in  it  :  The  boundary,  or  boun 
daries  which  contain  a  folid  are  called  fuperficies,  or  the  boun 
dary  which  is  common  to  two  fouds  which  are  contiguous,  o 
which  divides  one  folid  into  two  contiguous  parts,  is  called 
fuperficies  :  Thus,  if  ECGF  be  one  of  the  boundaries  whicl 
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>ntain  the  folid  ABCDEFGH,  or  which  is  the  common  Book  h 
oundary  of  this  folid,  and  the  folid  BKLCFNMG,  and  is  ^•""V— ■ 
lerefore  in  the  one  as  well  as  the  other  folid,  it  is  called  a  fu- 
ftficies,  and  has  no  thiclmefs  :  For  if  it  have  any,  this  thick- 
?{s  ifiuft  either  be  a  part  of  the  thicknefs  of  the  folid  AG, 
*  the  fjlid  BM,  or  a  part  of  the  thicknefs  of  each  of  them. 
:  cannot  be  a  part  of  the  thicknefs  of  the  folid  BM  ;  becaufe, 

this  folid  be  removed  frcm  the  folid  AG,  the  fuperficies 
CGF,  the  boundary  of  the  folid  AG,  remains  ftill  the  fame 

it  was.  Nor  can  it  be  a  part  of  the  thicknefs  of  the  foiid 
lG  ;  becaufe,  if  this  be  removed  from  the  folid  BM,  the  fu- 

rficies  BCGF,  the  boundary  of  the  folid  BM,  does  never- 
lelefs  remain  ;  therefore  the  fuperficies  BCGF  has  no  thick- 
^fs,  but  only  length  and  breadth. 

"  The  boundary  of  a  fuperficies  is  called  a  line;  or  a  line  is 
ie  common  boundary  of  two  fuperficies  that  are  contiguous,  or 

is  that  which  divides  one  fuperficies  into  two  contiguous 
irts :  Thus,  if  BC  be  one  of  the  boundaries  which  contain  the 
peificies  ABGD,  or  which  is  the  common  boundary  of  this 
perficies,  and  of  the  fuperficies  KBCL  which   is  contiguous' 

it,  this  boundary  BC  is  called  a  line,  and  has  no  breadth : 
or,   if   it   have    any,   this 

uft  be    part  either  of  the  H  G  -^r 

eadth  of  the  fuperficies 
BCD,  or  of  the  fuper- 
:ies  KBCL,  or  part  of  each 

them.  It  is  not  part  of 
e  breadth  of  the  fuper- 
;ies  KBCL-,  for,  if  this 
perficies  be  removed  from 
fuperficies  A  BCD,  the 
ie  BC  which  is  the  boun- 
iry  of  the  fuperficies 
wBCD  remains  the  fame 
it  was.  Nor  can  the 
eadth  that  BC  is  fuppofed  to  have,  be  a  part  of  the  breadth 

the  fuperficies  ABCD  ;  becaufe,  if  this  be  removed  from 
ie  fuperficies  KBCL,  the  line  BC,  which  is  the  boundary  of 
lc  fuperficies  KBCL,  does  nevertheless  remain  :  Therefore 
ie  line  BC  has  no  breadth.  And  becaufe  the  line  BC  is  in 
fuperficies,  and  that  a  fuperficies  has  no  thicknefe,  as  was 
A  a  3  Ihewn  * 
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fBook  I.   fhewh ;  therefore  a  line  has  neither  breadth  nor  thickneC 

*— "">  """'but  only  length. 

"  The  boundary  of  a  line  is  called  a  point,  or  a  point  is  th 
common  boundary  or  extremity  of  two  lines  that  are  cont 
guous  :  Thus,  if  B  be  the  extremity  of  the  line  AB,  or  th 
common  extremity  of  the  two  lines  AB,  KB,  this  extremit 
is  called  a  point,  and  has  no  length.:.  For,  if  it  have  any,  th: 
length  muft  either  be  part 


of  the  length  of  the  line 
AB,  or  of  the  line  KB.  It 
is  not  part  of  the  length  of 
KB  ;  for,  if  the  line  KB  be 
removed  from  AB,  the  point 
B  which  is  the  extremity 
of  the  line  AB  remains  the 
fame  as  it  was  :  Nor  is  it 
part  of  the  length  of  the 
line  AB ;  for,  if  AB  be  re- 
moved from  the  line  KB, 
the  point  B,  which  is  the 
extremity  of  the  line  KB, 
does  neverthelefs  remain : 
length  :    And  becaufe 
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Therefore  the  point  B  has 
point  is  in  a  line,  and  a  line  hi 
neither  breadth  nor  thicknefs,  therefore  a  point  has  no  lengtl 
breadth,  nor  thicknefs.  And  in  this  manner  the  definitior 
of  a  point,  line,,  and  fuperficies  are  to  be  underftood*" 


III. 


Euclid  has  denned  a  ftraight  line  to  be  a  line  which  (as  w 
trariflate  it),  "  lies  evenly  between  its  extreme  points."  Th 
definition  is  obvioufly  faulty,  the  word  evenly  Handing  as  muc 
in  need  of  an  explanation  as  the  word  ftraight,  which  it  is  in 
tended  to  define.  In  the  original,  however,  it  muft  be  cor 
feffed,  that  this  inaccuracy  is  at  leaft  lefs  ftriking  than  in  ou 
tranflation ;  for  the  word  which  we  render  eve?ily  is  E%ia>. 
equally 9  and  is  accordingly  tranflated  ex  cequo,  and  eqjialite 
by  Gregory  and  Commandine.  The  definition,  therefore,  h 
that  a  ftraight  line  is  one  which  lies  equally  between  its  ex 
teeme  points  \  and  if  by  this  we  im.lerftand  a  line  that  lie 

betweej 
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between  its  extreme  points  fo  as  to  be  related  exa&ly  alike    Eook  *• 
to  the    fpace    on   the    one    fide   of  it,  and  to  the  fpace  on  ^-^v— ■* 
the    other,  we  have    a    definition   that   is    perhaps    a   little 
00    metaphyfical,    but    which  certainly  contains   in  it   the 
iffential  character  of  a  ftraight  line.       That  Euclid  took  the 
definition  in  this  fenfe,  however,  is  not  certain,  became  he 
has  not  attempted  to  deduce  from  it  any  property  whatfoever 
of  a  ftraight  line,  and  indeed,  it  fliould  feem  not  eafy  to  do  fo, 
without  employing  fome  reafonings  of  a  more   metaphyfical 
kind  than  he  has  any  where  admitted  into  his  elements.     To 
fupply  the  defects  of  his  definition,  he  has  therefore  introdu- 
ced the  Axiom,   that  two  ftraight  lines  cannot  inclofe  a  fpace \ 
on  which  Axiom  it  is,  and  not  on  his  definition  of  a  ftraight 
line,  that  his  demonftrations  are  founded.     As  this  manner  of 
proceeding  is  certainly  not  fo  regular  and  fcientific  as  that  of 
laying  down  a  definition,  from  which  the  properties  of  the 
thing  defined  may  be  logically  deduced,  I  have  fubftituted  an- 
other definition  of  a  ftraight  line   in  the  room   of  Euclid's. 
The  definition  of  a  ftraight  line   given  here  is  taken  from 
Bofcovich,  in  his   Notes   on  the   Philofophical  Poem  of  Pro- 
feflor  Stay.      In    one    of    thefe  he  fays,    '  Redtam  lineam 
reclae  congruere  totam  toti  in  infinitum  produelam  fi  bina 
puncla  unius  binis  alterius  congruant,  patet  ex  ipfa  admo- 
dum    clara    rectitudinis  idea   quam  habemus.'      (Supple- 
men  turn  in  lib.  3.   §  550.)     Now,  that  which  Mr  Bofcovich 
Would  confider  as  an  inference  from  our  idea  of  ftraightnefs, 
feems   itfelf   to  be   the   effence  of  that  idea,  and  to  afford 
the  beft  criterion  for  judging  whether  any   given   line   be 
ftraight   or   not.      From    this  definition  the  Axiom    above 
mentioned,   viz.  That   two   ftraight^lines   cannot  inclofe    a 
fpace,  follows  as  a  neceflary  confequence.     For,  if  two  lines 
inclofe  a  fpace,  they  muft  interfe£t  one  another  in  two  points, 
and  yet  in  the  intermediate  part  muft  not  coincide,  and  there- 
fore by  the  definition  they  are  not  ftraight  lines.     It  follows 
in  the  fame  way,  that  two  ftraight  lines  cannot  have  a  com- 
mon fegment,  or  cannot  coincide  in  part,  without  coinciding 
altogether. 

Since  laying  down  the  definition  of  a  ftraight  line,  as  in 
the  text,  I  have  been  favoured  by  Dr  Reid  of  Glafgow  with 
the  perufal  of  a  MS.  containing  many  excellent  obiervations 
on  the  firft  Book  of  Euclid,  fuch  as  might  be  expected  from 

A  a  4  a 
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Book  I.  a  philofopher  diftinguiihed  for  the  accuracy  as  well  as  rli 
''^  ^  extent  of  his  knowledge.  He  there  defines  a  ftraight  line  near! 
as  has  been  done  here,  viz.  "  A  ftraight  line  is  that  which  ca; 
"  not  meet,  another  ftraight  line  in  more  points,  than  on< 
"  otherwife  they  perfectly  coincide,  and  are  one  and  th 
"  fame."  Br  Reid  alfo  contends,  that  this  muft  have  bee 
Euclid's  own  definition  ;  becaufe  in  the  firft  propofition  of  th 
eleventh  Book,  that  author  argues,  "  that  two  ftraight  line 
"  cannot  have  a  common  fegment,  for  this  reafon,  that  ; 
"  ftraight  line  does  not  meet  a  ftraight  line  in  more  point: 
u  than  one,  otherwife  they  coincide. "  Whether  this  a 
mcamts  to  a  proof  of  the  definition  having  been  actually  Eu 
clid's,  I  will  not  take  upon  me  to  decide  ;  but  it  certainlj 
proves  that  it  is  a  definition  which  the  writings  of  that  geo 
meter  ought  long  fince  to  have  fuggefted  to  his  commentators 
and  it  reminds  me,  that  I  might  have  learnt  from  theft 
writings  what  I  have  acknowledged  above  as  derived  from  r< 
remoter  fource. 

There  is  another  characleriftic,  and  obvious  property  o: 
ftraight  lines,  by  which  I  have  often  thought  that  they  might 
be  Very  conveniently  defined,  viz  that  the  pofnion  of  the 
whole  of  a  ftraight  line  is  determined  by  the  pofition  of  tw( 
of  its  points,  in  fo  much  that,  when  two-  points  of  a  ftraigh 
line  continue  fixed,  the  line  itfelf  cannot  change  its  pofition 
It  might  therefore  be  faid,  that  ajlraight  line  is  one  in  which », 
if  the  pofition  of  two  points  be  determines!,  the  pofition  of 
the  whole  line  is  determined.  But  this  definition,  though  it 
amounts  in  face  jivft  to  the  fame  thing  with  the  former,  is  ra- 
iher  more  ubfiracl  than  it,  and  is  not  fo  eafily  made  the  foun- 
dation of  reafpning  ;  fo  that,  after  endeavouring  as  much  as 
poflible  to  accommodate  it  to  the  underftanding  of  beginners, 
I  have  found  it  beft  to  lay  it  afide,  and  to  adopt  the  definition 
given  in  the  text. 


The  definition  of  a  plane  is  given  firm  Dr  Simfcn,  Euclid's 
r/eing  liable  to  the   fame   objections   with  his  definition  of 
itraight  line,  for  he  fays,  that  "  a  plane  fuperficies  is  one  which 
"  lies  evenly  between  its  extreme  lines.''     The  defecls  of  this 
definition  are  completely  removed  in  that  which  Dr  Sim- 
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fon  has  given.  Another  definition  different  from  both  might  Eook  *• 
have  been  adopted,  viz.  That  thofe  fuperficies  are  called  plane,  "^ 
which  are  fiich,  thnt  if  three  points  of  the  one  coincide 
with  three  points  of  the  other,  the  whole  of  the  one  mull 
coincide  with  the  whole  of  the  other.  This  definition,  as  it 
refembies  that  of  a  ftraight  line,  already  given,  migh,  per- 
haps have  been  introduced  with  fome  advantage  ;  but  as  the 
purpofes  of  demonftration  cannot  be  better  anfwered  than  by 
that  in  the  text,  it  has  been  thought  bell  to  make  no  farther 
ilte  ration. 


VI. 


In  Euclid,  the  general  definition  of  a  plane  angle  is  placed 
before  that  of  a  rectilineal  angle,  and  is  meant  to  comprehend 
thofe  angles  which  are  formed  by  the  meeting  of  other  lines 
than  ftraight  lines.  A  plane  angle  is  faid  to  be  *  the  inclina- 
tion of  two  lines  to  one  another  which  meet  together,  but  are 
not  in  the  fame  direction/  This  definition  is  omitted  here,  be- 
caufe  that  the  angles  formed  by  the  meeting  of  curve  lines, 
though  they  may  become  the  fubjecl  of  geometrical  invefti- 
gation,  certainly  do  not  belong  to  the  Elements;  for  the 
angles  that  mull  firft  be  confidered  are  thofe  made  by  the  in- 
terferon of  ftraight  lines  with  one  another.  The  angles 
forired  by  the  contacl  or  interfeclion  of  a  ftraight  line  and  a 
circle,  or  of  two  circks,  or  two  curves  of  any  kind  with  one 
another,  could  produce  nothing  but  perplexity  to  beginners^ 
and  cannot  poffibly  be  underflood  till  the  properties  of  recti- 
lineal angles  have  been  fully  explained.  On  this  ground, 
without  contefting  the  arguments  which  Prcclus  ufes  in  de- 
fence of  this  definition,  I  have  omitted  it.  Whatever  is  not 
ufeful,  fhould,  in  explaining  the  elements  of  a  fcience,  be  kept 
out  of  light  altogether ;  for,  if  it  does  not  affift  the  progrefs 
of  the  underftanding,  it  will  certainly  retard  it. 


AXIOMS, 
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AXIOMS. 

Among  the  Axioms  there  have  been  made  only  two  alter 
ations.  The  ioth  Axiom  in  Euclid  is,  that '  two  ftraight  line 
4  cannot  inclofe  a  fpace ;'  which  having  become  a  corollarj 
to  our  definition  of  a  ftraight  line,  ceafes  of  courfe  to  be  rankec 
with  felf-evident  propofitions.  It  is  therefore  removed  fron 
among  the  Axioms,  arid  that  which  was  before  the  nth  is  ac 
counted  the  ioth. 

The  1 2th  Axiom  of  Euclid  is,  that  '  If  a  ftraight  lin< 
'  meets  two  ftraight  lines,  fo  as  to  make  the  two   interio: 

*  angles  on  the  fame  fide  of  it  taken  together  lefe  than  twc 
'  right  angles,  thefe  ftraight  lines  being  continually  produced 
i  {hall  at  length  meet  upon  that  fide  on  which  are  the  angle; 

*  which  are  lefs  than  two  right  angles.'  Inftead  of  this  propofi 
tion,  which,  though  true,  is  by  no  means  felf-evident ;  anothei 
that  appeared  more  obvious,  and  better  entitled  to  be  account- 
ed an  Axiom,  has  been  introduced,  viz.  '  that  two  ftraight  line* 

*  cannot  be  drawn  through  the  fame  point  parallel  to  the  fame 
6  ftraight  line,  without  coinciding  with  one  another/  On  this 
fubjecl,  however,  a  fuller  explanation  is  neceffary,  for  which 
fee  the  note  on  the  29th  Prop. 


PROP.  IV.  and  VIII.     B.  I. 


The  fourth  and  eighth  propofitions  of  the  firft  book  are  the 
foundation  of  all  that  follows  with  refpecT;  to  the  comparison 

of 
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of  triangles.  They  are  demonftrated  by  what  is  called  the  me- .  Bf>°k  *\ 
thod  of  fuprapofition,  that  is,  by  laying  the  one  triangle  upon 
the  other,  and  proving  that  they  muft  coincide.  To  this  fome 
objections  have  been  made,  as  if  it  were  ungeometrical  to  fup- 
pofe  one  figure  to  be  removed  from  its  place  and  applied  to 
another  figure.  '  The  laying,'  fays  Mr  Thomas  Simpfon  in 
his  Elements,  '  of  one  figure  upon  another,  whatever  evi- 
7  dence  it  may  afford,  is  a  mechanical  confideration,  and  de- 
6  pends  on  no  poftulate.'  It  is  not  clear  what  Mr  Simpfon: 
meant  here  by  the  word  mechanical '  -,  but  he  probably  intended 
only  to  fay,  that  the  method  of  fuprapolition  involves  the  idea 
of  motion,  which  belongs  rather  to  mechanics  than  geometry  -y  i 
for,  I  think  it  is  impoffible  that  fnch  a  Geometer  as  he  was 
could  mean  to  aifert,  that  the  evidence  derived  from  this  me- 
thod is  like  that  which  arifes  from  the  ufe  of  inftruments, 
and  of  the  fame  kind  with  what  is  furnifhed  by  experience 
and  obfervation.  The  demonftrations  of  the  fourth  and  eighth, 
as  they  are  given  by  Euclid,  are  as  certainly  a  procefs  of  pure 
reafoning,  depending  folely  on  the  idea  of  equality,  as  efta- 
blifhed  in  the  8th  Axiom,  as  any  thing  in  geometry.  But, 
if  Hill  the  removal  of  the  triangle  from  its  place  be  confider- 
ed  as  creating  a  difficulty,  and  as  inelegant,  becaufe  it  involves 
an  idea,  that  of  motion,  not  effential  to  geometry,  this  defect: 
may  be  entirely  remedied,  provided  that,  to  Euclid's  three 
populates,  we  be  allowed  to  add  the  following,  viz.  That  if 
there  he  two  equal Jiraight  lines,  and  if  any  figure  whatfoever 
he  conjiituted  on  the  one,  a  figure  every  way  equal  to  it  may 
he  conftituted  on  the  other.  Thus,  if  AB  and  DE  be  two 
equal  ftraight  lines,  and  ABC  a  triangle  on  the  bafe  AB,  a 
triangle  DEF  every  way  equal  to  ABC  may  be  fuppofed  to 
be  conftituted  on  DE  as  a  bafe.  By  this  it  is  not  meant  to 
affert  that  the  method  of  defcribing  the  triangle  DEF  is  actual- 
ly known,  but  merely  that  the  triangle  DEF  may  be  conceived 
to  exift  in  allrefpefts  equal  to  the  triangle  ABC.  Now,  there 
is  no  truth  whatfoever  that  is  better  entitled  than  this  to  be 
ranked  among  the  Poftulates  or  Axioms  of  geometry ;  for  the 
ftraight  lines  AB  and  DE  feeing  every  way  equal,  there  can 
be  nothing  belonging  to  the  one  that  may  not  alio  belong  to 
the  other. 

On  the  flrength  of  this  pofbilate  the  fourth  Prop,  isjhus  de- 
monftrated* 

If 
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.Bo0^  *».      If  ABC,  DEF  be  two  triangles,  fuch  that  the  two  fidel 
AB  and  AC  of  the  one  are  equal  to  the  two  ED,  DF  of  th( 


other,  and  the  angle  BAG,  contained  by  the  fides  AB,  AC 
of  the  one,  equal  to  the  angle  EDF,  contained  by  the  fides 
ED,  DF  of  the  other  \  the  triangles  ABC  and  EDF  are  every 
way  equal. 

On  AB  let  a  triangle  be  conftituted  every  way  equal  to 
the  triangle  DEF  ;  then,  if  this  triangle  coincide  with  the 
triangle  ABC,  it  is  evident  that  the  proportion  is  true,  for  it 
is  equal  to  DEF  by  hypothefis,  and  to  ABC,  becaufe  it  co- 
incides with  it ;  wherefore  ABC,  DEF  are  equal  to  one  ano- 
ther. But  if  it  does  not  coincide  with  ABC,  let  it  have  the 
pofition  ABG ;  and  firft,  let  G  not  fall  on  AC  ;  then  the 
angle  BAG  is  not  equal  to  the  angle  B  AC.  But  the  angle 
BAG  is  equal  to  the  angle  EDF,  therefore  EDF  and  ABC 
are  not  equal,  and  they  are  alfo  equal  by  hypothefis,  which  is 
irnpoffible.  Therefore  the  point  G  muft  fall  upon  AC  ;  now,  if 
it  fall  upon  AC  but  not  at  C,  then  AG  is  not  equal  to  AC  ; 
but  AG  is  equal  to  DF,  therefore  DF  and  AC  are  not  equal, 
and  they  are  alfo  equal  by  fuppofition,  which  is  irnpoffible. 
Therefore  G  muft  coincide  with  C,  and  the  triangle  AGB 
witli  the  triangle  ACS.  But  AGB  is  every  way  equal  to 
DEF.  therefore  ACB  and  DEF  are  alfo  every  way  equal. 
Q.E.D. 

In  the  fame  manner  may  the  8th  be  demonftrated,  and  even 
with  more  facility,  fo  that  thefe  two  fundamental  Theorems 
may  be  proved  without  having  recourfe  to  the  method  of 
fuprapofition.  Such  demonft rations,  it  muft,  however,  be  ac- 
knowledged, trefpafs  againft  a  rule  which  Euclid  has  uni- 
'  formly  adhered  to  throughout  the  Elements,  except  where 

he 
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was  forced  by  neceffity  to  depart  from  it.  This  rule  is,  ^™*  *•  . 
at  nothing  is  ever  fuppofed  to  be  done,  the  manner  of  doing 
hich  has  not  been  already  taught,  and  the  conftruftion  de- 
ved  either  directly  from  the  three  poftulates  laid  down  in 
e  beginning,  or  from  fome  problems  already  reduced  to 
ofe  poftulates.  Now,  this  rule  is  not  effential  to  geometri- 
1  demonftration,  where,  for  the  purpofe  of  difcovering  the 
'operties  of  figures,  we  aro  certainly  at  liberty  to  fuppofe 
ly  figure  to  be  conflrufled,  or  any  line  to  be  drawn,  the  ex- 
ence  of  which  does  not  involve  an  inipoffibility.  The  on- 
ufe,  therefore,  of  Euclid's  rule  is  to  guard  againft  the  intro- 
clion  of  impoffible  hypothefes,  or  the  taking  for  granted 
at  a  thing  may  exiit  which  in  facl:  implies  a  contradic- 
on ;  from  fuch  fuppofitions,  falfe  conclufions  might,  no 
:>ubt,  be  deduced,    and  this   rule   is  therefore  ufeful  as  far 

it  anfwers  the  purpofe  of  excluding  them.  But  the  % 
regoing  poftulatum  could  never  lead  to  fuppofe  the  ac- 
al  exiftence  of  any  thing  that  is  impoffible  *,  for  it  only 
ippofes  the  exiftence  of  a  figure  equal  and  fimilar  to  one  al- 
iady  exifting,  but  in  a  different  part  of  fpace  from  it,  or,  to 
)eak  more  precifely,  having  one  of  its  tides  in  an  affigned 
ofiticn,  Unlefs  therefore  there  be  an  impoffibility  in  the 
xiftence  of  the  one  of  thefe  figures,  there  can  be  none  in 
lat  of  the  other.  This  new  poftuiate  might,  therefore,  it 
lould  feem,  be  introduced  with  good  effe£t  into  the  Elements 
f  Geometry  \  but  to  have  adopted  it  here  would  have  led 
s  too  far  from  the  text  of  Euclid,  and  it  is  fufiicient  for  the 
refent  purpofe  to  have  pointed  it  out. 


PROP.      VII. 

Dr  Simfon  has  very  properly  changed  the  enunciation  of 
his  propofition,  which,  as  it  (lands  in  the  original,  is  confider- 
bly  embarrafled  and  obfeure.  His  enunciation,  with  very 
ittle  variation,  is  retained  here. 


PROP.     XXI. 

It  is  effential  to  the  truth  of  this  propofition,  that  the 
hraight  lines  drawn  to  the  poinc  within  the  triangle  be  drawn 
rom  the  two  extremities  of  the  baie  3  for,  if  they  be  drawn 
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Book  I.  from  other  points  of  the  bafe,  their  fum  may  exceed  the  fur 
"~~v",~of  the  fides  of  the  triangle  in  any  ratio  that  is  lefs  than  thatl 
of  two   to  one.      This  is  demonftrated  by  Pappus  AlexanJ 
•drinus   in   the    3d    Book    of    his    Mathematical  Colleclionsj 
but  the  demonftration  is  of  a  kind  that  does  not  belong  tc 
this  place.     If  it  be  required  limply  to  fhew,  that  in  certain 
cafes  th^  fum  of  the  two  lines  drawn  to  the  point  within  thel 
triangle  may  exceed  the  fum  of  the  fides  of  the  triangle,  thel 
demonftration  is  eafy,  and  is  given  nearly  as  follows  by  Pap-I 
pus,  and  alfo  by  Proclus,  in  the  4th  Book  of  his  Commentary! 
on  Euclid. 

Let  ABC  be  a  triangle,  having  the  angle  at  A  a  right  angle  J 
let  D  be  any  point  in  AB  ;  join  CD,  then  CD  will  be  great  J 
er  than  AC,  becaufe  in  the 
triangle  ACD,  the  angle  CAD 
is  greater  than  the  angle  ADC. 
From  DC  cut  off  DE  equal  to 
AC  ;  bifecl:  AE  in  F,  and  join 
BF  ;  BF  and  FD  are  greater 
than  BC  and  C A. 

Becaufe  CF  is  equal  to  FE, 
CF  and  FB  are  equal  to  EF 
und  FB,  but  CF  and  FB  are  greater  than  BC,  therefore  EF 
and  FB  are  greater  than  BC.  To  EF  and  FB  add  ED>  and 
to  BC  add  AC,  which  is  equal  to  ED  by  conftmclion,  and 
BF  and  FD  will  be  greater  than  BC  and  CA.     Q^E.  D. 

It  is  evident,  that  if  the  angle  BAC   be  obtufe,  the  fame 
reafoning  may  be  applied* 


This  proposition  is  a  fufiicient  vindication  of  Euclid  for 
having  demonftrated  the  21ft  propofition,  which  fome  afFecT:  to 
coniider  as  felf-evident  *,  for  it  proves,  that  the  circumftance 
on  which  the  truth  of  that  propofition  depends  is  not  obvious, 
nor  that  which  at  firft  fight  it  is  fuppofed  to  be,  viz.  that  of  the 
one  triangle  being  included  within  the  other.  For  this  reafon 
I  cannot  agree  with  M.  Clairault,  that  Euclid  demonftrated  this 
propofition  only  to  avoid  the  cavils  of  the  Sophifts.  But  I 
mull,  at  the  fame  time,  obferve,  that  what  the  former  has  faid 
on  the  fubjecT:  has  certainly  been  mifunderftood,  and  in  one  re- 
ipecl,  unjuftly  cenfured  by  Dr  Simfon.  The  exaft  tranflation 
of  his  words  is  as  follows  :  "  If  Euclid  has  taken  the  trouble 
«  to  demonftrate,  that  a  triangle  included  within  another  has 

"  the 
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1  the  fum  of  its  fides  lefs  than  the  fum  of  the  fides  of  the  tri-    Book  I- a 
angle  in  which  it  is  included,  we  are  not  to  be  furprifed.        v 
That  geometer  had  to  do  with  thofe  obftinate  Sophifts,  who 
'  made  a  point  of  refilling  their  affent  to  the  moil  evident 
truths,"  &c.       (Elemens   de   Geometrie  par  M.  Clairault. 
>ref.) 

Dr  Simfon  fuppofes  M.  Clairault  to  mean  by  the  pro- 
lofition  which  he  enunciates  here,  that  when  one  triangle 
included  in  another,  the  fum  of  the  two  fides  of  the  in- 
luded  triangle  is  neceffarily  lefs  than  the  fum  of  the  two 
ides  of  the  triangle  in  which  it  is  included,  whether  they 
>e  on  the  fame  bafe  or  not.  Now,  this  is  not  only  not  Eu- 
lid's  propofition,  as  Dr  Simfon  remarks,  but  it  is  not  true, 
nd  is  direclly  contrary  to  what  has  juft  been  demonftrated 
n  Proclus.  But,  the  fact  feems  to  be,  that  M.  Clairault's 
ueaning  is  entirely  different,  and  that  he  intends  to  fpeak  not 
f  two  of  the  fides  of  a  triangle,  but  of  all  the  three,  fo  that 
lis  propofition  is,  "  that  when  one  triangle  is  included  within 
another,  the  fum  of  all  the  three  fides  of' the  included  tri- 
angle is  lefs  than  the  fum  of  all  the  three  fides  of  the  other," 
nd  this  is  without  doubt  true,  though.  I  think,  by  no  means 
slf-evident.  It  muft  be  acknowledged  alfo,  that  it  is  not  ex- 
c~tly  Euclid's  propofition,  which,  however,  it  comprehends 
nder  it,  and  is  the  general  theorem,  of  which  the  other  is  on- 
y  a  particular  cafe.  Therefore,  though  M.  Clairault  may  be 
lamed  for  maintaining  that  to  be  an  Axiom  which  requires  de- 
nonftration,  yet  he  ought  not  to  be  accufed  of  mistaking  in 
his  inftance  a  falfe  propofition  for  a  true  one. 


PROP.      XXII. 

Thomas  Simpfon  in  his  Elements  has  objected  to  Euclid's 
Lemonltraticn  of  this  propofition,  becaufe  it  contains  no  proof, 
hat  the  two  circles  made  ufe  of  in  the  coni  ruciion  ot  the 
'roblem  muft  cut  one  another  ;  and  Dr  bim  on,  on  the  other 
and,  always  unwilling  to  acknowledge  the  fmiajleft  blemifh 
n  the  works  of  Euclid,  contends,  thxt  the  dem<  nftmion  is 
>erfe£r.  The  truth,  however,  certaiyly  is,  that  .h  iemon- 
xation  admits  of  fome  improvement  j  for  the  limit  t*on  that 
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is  made  in  the  enunciation  of  any  Problem  ought  always  t< 
be  fhewn  to  be  necefiarily  connected  with  the  conftruclion  o 
it,  and  this  is  what  Euclid  has  negle&ed  to  do  in  the  prefen 
inftance.  The  defect  may  eafily  be  fupplied,  and  Dr  Simfoi 
himfelf  has  done  it  in  effect  in  his  note  on  this  ■  proportion 
though  he  denies  it  to  be  neceffary. 

Becaufe  that  of 
the  three  ftraight 
lines  DF,  FG,  GH, 
any  two  are  greater 
than  the  third,  by 
hypothefis,  FD  is 
!e£s  than  FG  and 
GH,  that  is,  than 
FH,  and  therefore 
the  circle  defcribed 
from  the  centre  F 
with  the  diflance 
FD  mull  meet  the 
line  FE  between  F 
and  H  ;  and  for  the 
like  reafon,the  circle 

defcribed  from  the  centre  G  at  the  diflance  GH,  muft  meei 
DG  between  D  and  G,  and  therefore,  the  one  of  thefe  circle: 
cannot  be  wholly  within  the  other.  Neither  can  the  one  be 
wholly  without  the  other,  becaufe  DF  and  GH  are  greatei 
than  FG ;  the  two  circles  mini  therefore  interfeel  one  ano 
ther. 


PROP.      XXIV. 


The  fubjecl:  of  parallel  lines  is  one  of  the  moll  difficult  1; 
the  Elements  of  Geometry.  It  has  accordingly  been  treat* 
of  in  a  great  variety  of  different  ways,  of  which,  perhaps 
there  is  none  that  can  be  faid  to  have  given  entire  fatisfaclion 
The  difficulty  confifts  in  converting  the  27th  and  28th  o 
Euclid,  or  in  demonftrating,  that  parallel  ftraight  lines,  or 
fuch  as  do  not  meet  one  another,  when  they  meet  a  third  line 
make  the  alternate  angles  with  it  equal,  or  which  comes  tc 

the 
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tie  lame,  are  equally  inclined  to  it,  and  make  the  exterior    Book  Y-  f 
ngle  equal  to  the  interior  and  oppofite.     In  order  to  demon-     "~v""~ 
brate  this  propofition,  Euclid  affumed  it  as  an  Axiom,  that 
if  a  ftraight  line  meet  two  ftraight  lines,  fo  as  to  make   the 
interior  angles  on  the   fame   fide  of  it  lefs  than   two  right 
angles,  thefe  ftraight  lines  being  continually  produced,  will 
at  length  meet  on  the  fide  on  which  the  angles  are  that  are 
lefs  than  two  right  angles.'     This  propofition,  however,  is 
Lot  felf-eviderit,  and  ought  the  lefs  to  be   received  without 
>roof,   that,  as    Proclus  has  obferved,  the  converfe   of  it  is 
i  propofition    that  confeffedly  requires  to  be  demonftrated. 
^or   the  converfe   of   it  is,   that   two   ftraight    lines    which 
neet  one  another  make  the  interior  angles,  with  any  third 
ine,  lefs  than  two  right  angles  ;  or,  in   other  words,  that  the 
wo  interior   angles  of   any  triangle  are  lefs  than  two  right 
ingles,  which  is  the  17th  of  the  Firft  Book  of  the  Elements; 
nd  it  ihould  feem,  that  a  propofition  can  never  rightly   be 
aken  for  an  Axiom,  of  which  the  converfe  requires  a  demon- 
ration. 

This  defect,  in  Euclid  is,  therefore,  abundantly  evident,  but 
he  manner  of  correcting  it  is  by  no  means  obvious,  as  will 
ppear  from  a  review  of  the  methods  chiefly  employed  for 
hat  purpofe. 

Thefe  have  been  of  three  forts :  1.  A  new  definition  of  paral- 
?1  lines  :  2.  A  new  manner  of  reafoning  on  the  properties 
f  ftraight  lines  without  any  new  Axiom  :  3.  The  intro- 
u&ion  of  a  new  Axiom,  lefs  exceptionable  than  Euclid's, 

.  One  of  the  definitions  that  has  been  fubftituted  for  Eu- 
id's  is,  that  ftraight  lines  are  parallel,  which  preferve  always 
le  fame  diftance  from  one  another,  by  the  word  diftance  be- 
icr  underftood,  a  perpendicular  drawn  to  one  of  the  lines  from 
ny  point  whatever  in  the  other.  If  thefe  perpendiculars  be 
very  where  of  the  fame  length,  the  ftraight  lines  are  called 
arallel.  This  is  the  definition  given  by  Wolfius,  by  Bof- 
ovich,  and  by  Thomas  Simpfon,  in  the  firft  edition  of  his 
llements.  It  is,  however,  a  very  faulty  definition,  for  it 
Dnceals  an  Axiom  in  it,  and  takes  for  granted  a  property  of 
raight  lines,  that  ought  either  to  be  laid  down  as  felf  evi- 
ent,  or  demonftrated,  if  poflible,  as  a  Theorem.     Thus,  if 
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from  the  three  points  A,  B,  and  C  of  the  ftraight  line  AC, 
'perpendiculars  AD,  BE,  CF  be 
drawn  all  equal  to  one  another,  it 
is  implied  in  the  definition,  that 
the  points  D,  E  and  F  are  in  the 
fame  ftraight  line,  which,  though  it 
be  true,  it  was  not  the  bufinefs  of 
the  definition  to  inform  us  of.  Two 
perpendiculars,  as  AD  and  CF,  are  alone  fufficient  to  deter- 
mine the  poiition  of  the  ftraight  line  DF,  and  therefore  the 
definition  ought  to  be,  "  that  two  ftraight  lines  are  paralle" 
"  when  there  are  two  points  in  the  one,  from  which  the  per  • 
"  pendicuiars  drawn  to  the  other  are  equal,  and  on  the  fame 
"  fide  of  it." 

Thig  is  the  definition  of  parallels  which  M.  D'Alembert 
feem  to  prefer  to  all  others  ;  but  he  acknowledges,  and  very 
juftly,  that  it  ftill  remains  a  matter  of  difficulty  to  demon 
fixate,  that  all  the  perpendiculars  drawn  from  the  one  of  thefe 
lines  to  the  other  are  equal.   (Encyclopedic,  Art.  Par  allele.) 

Another  definition  that  has  been  given  of  parallels  is,  that 
they  are  lines  which  make  equal  angles  with  a  third  line,  to 
ward  the  fame  parts,  or  fuch  as  make  the  exterior  angle  e- 
qual  to  the  interior  and  oppofite.  Varignon,  Bezout,  and  fe 
veral  other  mathematicians  have  adopted  this  definition,  which, 
it  muft  be  acknowledged,  is  a  perfectly  good  one,  if  it  be  un- 
derftood  by  it,  that  the 
two  lines,  called  parallel, 
are  fuch  as  make  equal 
angles  with  a  certain 
third  line,  but  not  with 
any  line  that  falls  upon 
them.  For,  if  this  laft  is 
fappofed,  we,  in  fact,  in- 
volve a  Theorem  in  the 
definition,  viz.  That  if 
AB  and  CD  make  equal 
angles  with  GH,  they  will 
do  lb  alfo  with  any  other  line  whatsoever,  which  is  a  pro- 
poiition  to  be  proved.  But,  the  definition,  when  thus  ex- 
plained, has  no  advantage  whatever  above  Euclid's  ;  and  it 
ftill  remains  to  demonftrate,  i.  That  ftraight  lines  which  are 
equally  inclined  to  a  certain  line  that  falls  upon  them,  muft  be 
equally  inclined  to  all  the  others  that  fall  upon  them  ;  and  al-j 
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fo,  2.  That  ftraight  lines  which  do  not  meet  when  produ-  BQ?k  *•  t 
ced,  mud  make  equal  angles  with  every  line  that  falls  upon 
them.  On  the  whole,  therefore,  we  may  conclude,  that  of 
the  three  definitions  that  may  be  given  of  parallels,  Euclid's, 
and  the  other  two  juft  mentioned,  no  one,  as  to  the  object  of 
facilitating  the  demonstration  of  the  properties  of  fuch  lines, 
has  any  advantage  above  the  reft. 

Next,  with  refpeel  to  thofe  who  have  fought  to  demonftrate 
the  properties  of  parallel  lines  by  help  of  any  of  the  prece- 
ding definitions,  without  any  new  Axiom,  all  their  attempts, 
as  far  as  I  know,  have  been  unfuccefsful.  Of  thefe  I  (hall, 
however,  mention  only  two,  the  one  the  mod  ancient,  and 
the  other  the  moll  recent  of  which  I  have  any  information. 

The  firft  is  by  Ptolemy  the  aftronomer,  who,  as  Proclus 
informs  us,  wrote  an  entire  Book  in  proof  of  the  propo- 
rtion which  Euclid  has  confidered  as  an  Axiom,  concern- 
ing the  meeting  of  fuch  lines,  as  make  with  another  line  the 
interior  angles  lefs  than  two  right  angles.  Proclus  has  pre- 
fer ved  an  account  of  this  work,  in  the  fourth  book  of  his 
Commentaries,  from  which  it  appears,  that  Ptolemy  had  en- 
deavoured to  give  his  demonftrations  without  introducing  any 
new  Axiom  •,  and  it  is  remarkable,  that  he  reafons  there  ex- 
actly on  the  principle  which  the  moderns  have  diftinguifhed 
by  the  name  of  the  fi/jjicie?it  reafon.  To  prove,  that  if  two 
parallel  ftraight  lines,  AB  and  CD,  be  cut  by  a  third  line  EF, 
in  G  and  H,  the  two  interior  angles  AGH,  CHG  will  he 
equal  to  two  right  angles,  he  reafons  thus :  If  the  angles 
AGH,  CHG  be  not  equal  to  two  right  angles,  let  them,  if 
pomble,  be  greater  than  two  right  angles ;  then,  becaufe  the 
lines  AG  and  CH  are  not  more  parallel  than  the  lines  BG  and 
DH,  the  angles  BGH,  DHG  are  alfo  greater  than  two  right 
angles.  Therefore,  the  four  angles  AGH,  CHG,  BGH, 
DHG  are  greater  than  four  right  angles  ;  and  they  are  alfo 
equal  to  four  right  angles,  which  is  abfurd.  In  the  fame  man- 
ner it  is  fnewn,  that  the  angles  AGH,  CHG  cannot  be  lefs 
than  two  right  angles.  Therefore  they  are  equal  to  two  right 
angles. 

Proclus  objects  to  this  reafoning,  and  it  certainly  cannot  be 
admitted  as  concluiive.  For  why  are  we  to  fuppofe  that  the 
interior  angles  which  the  parallels  make  with  the  line  cut- 
ting them,   are   either  in  every  cafe  greater  than  two  right 
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Book  *•  i  angles,  or  in  every  cafe  lefs  than  two  right  angles  ?  For  any 
thing  that  we  are  yet  fuppofed  to  know,  they  may  be  fome- 
times  greater  than  two  right  angles,  and  fometimes  lefs,  and 
therefore  we  are  not  entitled  to  conclude,  becaufe  the  angles 
AGH,  CHG  are  greater  than  two  right  angles,  that  therefore 
the  angles  BGR,  DHG  are  alfo  necefTarily  greater  than  two 
right  angles.  It  may  fafely  be  afierted,  therefore,  that  Pto- 
lemy has  not  fucceeded  in  his  attempt  tq  demonftrate  the  pro- 
perties of  parallel  lines  without  the  affiftance  of  a  new  Axiom. 

Tne  other  attempt  to  demonftrate  the  fame  propofition  with- 
out the  afiiftan.ee  of  a  new  Axiom  is,  by  a  modern  geometer, 
Francefchinis,  ProfefTor  of  Mathematics  in  the  Univerfity  of 
Eologna,  in  an  effay,  which  he  entitles,  La  Peoria  delle  pa- 
rallele  rigor ofamente  dimqftrata9  printed  in  his  Opufcoli  Mathe- 
matici,  at  Baffano  in  1787. 

The  difficulty  is  there  reduced  to  a  propofition  nearly  the 
fame   with   this,  That   if 
BE  make  an  acute  angle 

with  ED,  and  if  DE  be  J7^ 

perpendicular  to  BD  at  any 
point,  BE  and  DE,  if 
produced,  will  meet.  To 
demonftrate  this,  it  is 
fuppofed,  that  BO,  BC 
are  two  parts  taken  in 
BE,  of  which  BC  is  great- 
er than  BO,  and  that 
the  perpendiculars  ON, 
CL  are  drawn  to  BD  ;  then 
lhall  BL  be  greater  than 
BN.     For,  if  not,  that  is, 

if  the  perpendicular  CL  falls  either  at  N,  or  between  B  and 
N,  as  at  F ;  in  the  firft  of  thefe  cafes  the  angle  CNB  is  equal 
to  the  angle  ONB,  becaufe  they  are  both  right  angles,  which 
is  impoflible  ;  and,  in  the  fecond,  the  two  angles  CFN,  CNF, 
of  the  triangle  CNF,  exceed  two  right  angles.  Therefore, 
adds  our  author,  lince,  as  BC  increafes,  BL  alfo  increafes,  and 
fince  BC  may  be  increaied  without  limit,  fo  BL  may  become 
greater  than  any  given  line,  and  therefore  may  be  greater  than 
BD  *,  wherefore,  iince  the  perpendiculars  to  BD  from  points 
beyond  D  meet  BC,  the  perpendicular  from  D  necefTarily 
fleets  it.     Q^E.  D. 

%  Now, 
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gh  at  firil  fight  this  reafoning  may  appear  found,  it    Book  \t 
*j5o^'ind,  on  examination,  to  be  entirely  incon^lufive.  For,  %mmmmm^rmm 
-qft&^yz  proved,  that  whatever  multiple  BC  is  of  BO,  the 
^le^L  of  BN,  the  indefinite  increafe  of  BC  does  not  ne- 
fctfw"  iniply  the  indefinite  increafe  of  BL,  or  that  BL  may 
^de  to  exceed  BD.     On  the   contrary,  BL   may  always 
^afe,  and  yet  may  do  fo  in  fuch  a  manner  as  never  to  ex- 
d  BD  :  In  order  that  the  demonftration  mould  be  conclu- 
de, it  would  be  neceffary  to  mew,   that  when  BC   increafes 
jy  a  part  equal  to  BO,  BL  increafes  always  by  a  pare  equal 
to  BN ;  but  to  do  this  will  be  found  to  require  the  knowledge 
of  thofe  very  properties  of  parallel  lines  that  we  are  feeking 
to  demonftrate. 

The  foregoing  propofition,  therefore,  is  not  demonftrated ; 
if  it  were,  the  doctrine  of  parallel  lines  would  be  fubjecl  to  no 
farther  difficulty,  as  will  appear  from  the  demonftration  of  Cla- 
vius. 

Clavius  is  one  of  the  geometers  who  has  treated  moil: 
fully  of  this  fubject,  but  it  may  be  doubted,  whether  he  con- 
fidered  his  demonftration  as  being  founded  on  a  new  Axiom, 
or  not.  The  propofition  that  ferves  as  the  foundation  of  his 
reafoning  he  certainly  does  not  lay  down  entirely  as  felf 
evident,  for  he  offers  a  fort  of  metaphyfical  proof  of  it,  by 
which  he  endeavours  to  connect  it  with  Euclid's  definition  of 
a  ftraight  line.  In  this  he  is  not  fuccefsful,  and,  by  what  he  fays 
at  the  conclufion  of  the  whole,  he  appears  to  have  been  wil- 
ling to  wave  this  proof,  and  to  confider  the  faid  propofition  as 
an  Axiom  •,  for  he  fays,  "  ®hiamms  autem>  concejfo  principle*  ' 
nojlro  optime  a  nobis  dtmonjiratum  Jit  tertium  decimum  hoc 
Axioma*  (fc.  Euc/idis,J"  %$c.\  where  he  certainly  fpeaks 
of  the  principle  of  his  demonftration  as  a  thing  taken  for 
granted.  It  is  this,  "  That  a  line  of  which  the  points  are  ail 
equidiftant  from  a  certain  ftraight  line  in  the  fame  plane 
with  it,  is  itfelf  a  ftraight  line."  From  this  propofition, 
which,  however,  ought  not  in  ftriclnefs  to  be  held  an  Axiom, 
it  follows,  that  if  two  equal  perpendiculars  be  drawn  to  any 
ftraight  line  on  the  fame  fide  of  it,  the  ftraight  line  joining 
^their  extremities  will  be  equidiftant  from  the  former  line. 
^of,  if  not,  it  is  plain  from  it,  that  two  ftraight  lines  ma,y 
Comprehend  a  fpace.  J 
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Hence,  if  through  the  extremities  C  and  D  f 
'  pendiculars,  AC   and  BD,  to   the  fame  ftraight     ^°  pe^ 
ftraight  line  CD  be  drawn,  CD  (hall  make  right  «?  ^JB9  g 
the  perpendiculars  AC  and  BD.  es  ^/j 

For,  if  AB  be  bifefted  in  E,  and  EF  be   drawn  j. 
cular  to  AB  meeting  CD  in  F ;   and  if  AF,  BF   befti/k 
becaufe    the    fides    AE,  t?, 

EF  of  the  triangle  AEF 
are  equal  to  the  fides 
BE,  EF  of  the  triangle 
BEF,  and  becaufe  they 
contain  the  equal  angles 
AEF,  BEF,  each  of 
which  is  a  right  angle, 
therefore  the  bafe  AF 
is  equal  to  the  bafe    BF, 

and  the  angle  EFA  to  the  angle  EFB,  as  alfo  the  angle 
EAF  to  the  angle  EBF.  Now,  fince  the  whole  angle  CAE 
is  equal  to  the  whole  DEE,  and  the  part  EAF  to  the  part 
EBF,  therefore  the  remainder  FAC  is  equal  to  the  remain- 
der FBD.  Therefore,  fince  AC  is  equal  to  BD,  and  AF  to 
BF  ;  and,  fince  the  angles  C  AF,  DBF  are  alfo  equal,  the  tri- 
angles ACF,  BDF  are  equal,  the  angle  ACF  to  the  angle 
BDF,  and  the  angle  AFC  to  the  angle  BFD.  Now,  it  has 
been  fliewn,  that  the  angle  AFE  is  equal  to  the  angle  BFE, 
therefore  the  whole  angle  CFE  is  equal  to  the  whole  angle 
DFE,  and  therefore  CFE,  DFE  are  each  of  them  right 
angles.  But,  becaufe  AC  and  EF  are  equal  perpendiculars 
drawn  to  the  line  AE,  and  CF  paffes  through  their  extremi- 
ties, the  angles  ACF,  CFE  will  be  fliewn  to  be  equal,  in  the 
fame  way  that  the  angles  ACF  and  FDB  have  juft  been 
fliewn  to  be  equal.  Biit  CFE  is  a  right  angle,  therefore  ACF 
is  alfo  a  right  angle.-  For  the  fame  reafon  BDC  is  a  rig* 
angle. 

Hence,  laftly,  the  demonftration   of  Euclid's   12th  Ax' 
viz.  that  when  a  ftraight  line,  falling  on  two  other  ftraight 
makes  the  internal  angles,  on  the  fame  fide  of  it,  lef>  t^ 
right  angles,  the  two  lines  will  meet,  if  continually 
towards  that  fide   on  which  the  two  angles  are  th? 
than  two  right  angles. 
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BD   be  two  ftraight  lines,  on  which  AB 


Let  AC  and 
falls  and  makes 
the  angles  CAB, 
ABD  lefs  than 
two  right  angles, 
AC  and  BD  will 
meet,  if  produ- 
ced on  the  fide 
Df  C  and  D. 

Firft,letABD 
be  a  right  an^le, 
and  therefore 
CAB  an  acute 
angle.  In  AC 
take  any  point  E, 

md  draw  EF  perpendicular  to  AB  ;  alfo,  let  AL  be  a  multiple 
Df  AF  fuch  as  to  exceed  AB,  and  let  AM  be  the  fame  mul- 
:iple  of  AE  that  AL  is  of  AF.  Take  FG  equal  to  AF, 
md  EK  equal  to  EA,  produce  FE  to  H,  fo  that  EH  may  be 
?qual  to  EF,  and  join  HK  •,  join  alfo  LM. 

Becaufe  AE  is  equal  to  EK,  FE  to  EH,  and  the  angle 
AEF  to  the  angle  KEH,  the  triangles  AFE,  KHE  are  equal, 
he  bafe  HK  to  the  bafe  AF,  and  the  angle  EHK  to  the  angle 
AFE.  But  AFE  is  a  right  angle,  wherefore  EHK  is  alfo  a 
right  angle,  and  HK  being  equal  to  AF,  that  is,  to  FG,  KGF 
s  a  right  angle,  by  the  laft  proportion,  and  KG  a  perpen- 
iicular  to  AB  \  and,  as  the  fame  may  be  proved  of  all  the 
ines  joining  the  correfponding  points  of  divifion  in  AB  and 
AC,  it  is  true  alio  of  LM,  and  therefore  LM  is  perpendicu- 
lar to  LA.  But  BD  is  alfo  perpendicular  to  LA,  therefore 
LM  and  BD  are  parallel,  and  the  whole  of  the  line  LM  is 
therefore  on  the  fame  fide  of  BD,  namely,  on  the  fide  of  it 
oppofite  to  A,  therefore  the  line  MA,  that  is,  AC,  muft  cut 
the  line  BD. 

Next,  Let  the  angles  BAC  and  ABD,  which  the  two 
ines  make  with  the  third  line,  be  neither  of  them  fight  angles. 
Through  A  draw  HAF  making  the  angle  BAF  equal  to  the 
angle  EBD,  and  make  AG-  perpendicular  to  BD ;  and.  be- 
caule  the  angles  BAC,  ABD  are  lefs  than  two  right  angles, 
and  the  angles   EBD,  ABD  equal  to  two  right  angles,  the 
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Book  I.    angles  EED  and  ABD  are  together  greater  than  the  angl 

* '  CAB,  ABD,  and  ta- 
king away  the  angle 
ABD,  there  remains 
the  angle  EBD  great- 
er   than     the     angle 
BAG;    but  EBD  is 
equal  to  BAF,  there- 
fore  BAF   is  greater 
than  BAG,  and  AC 
falls  between  AF  and 
BD.  Now,  becaufe  the 
angle  EBD  is  equal  to 
the    angle  BAF,  BD 
is  parallel  to  AF  ;  and 
becaufe     AG    is     at 
right  angles  to  BD,  it  is  alfo  at  right  angles  to  AF  ;  for, 
not,  the  angle  GAF  will  either  be  acute  or  obtufe,  but  it 
nol  acute,  for  then,  by  the  laft  cafe,  the  ftraight  lines  AC  anj 
BD  would  meet  toward  C  and  D,  which   is  abfurd,  for  A| 
and  BD   are  parallel.     Neither   is  the   angle  GAF    obtufJ 
for  the  angle  HAG  would   then  be   acute,  and  the   ftraigti 
lines  AH  and  GB  would  meet,  if  produced  toward  B  and  E 
Since  the  angle  GAF,  therefore,  is  a  right   angle,   the   angl 


GAG  is  lefs  than  a  right  angle,  and  therefore,  by  the  laft  cafe 
AC  and  GD  will  meet,  if  produced  continually  toward  ( 
andD.     Q^E.  D. 


It  is  thus  that  Clavius  demonftrates  Euclid's  Axiom,  and 
of  confequence,  the  whole  doctrine  of  parallel  lines,  in  a  man 
ner  altogether  unexceptionable,  if  the  principle  be   taken  fcs 
granted,  "  that  a  line,  of  which  the  points  are   all  equidiftan 
u  from  a  certain  ftraight  line,  in  the  fame  plane  with  it,  is  it 
u  felf  a  ftraight   line."     A  demonftration,  not  very  different 
from  the  preceding,  is  given  by  Dr  Simfon  in  the  fecond, 
and   the  fubfequent  editions  of  his  Euclid.     In  his  firft  edi- 
tion he  followed   a  method  which  he  admits  not  to  be  ftrict- 
ly  demonstrative,  grounded  on  this,   than   when  two  ftraight 
lines  cut   one   another,  they  may  be  produced  till  their  di- 
fiance  become  greacer  than   any  given  line,  a  principle  which 
Proclus  has  alfo  employed  for  the  fame  purpofe.     In  his  other 

demonftratioa 
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demonftration  he  differs  from  Clavius,  firft,  as  to  the  prin-  JB°Q^  r-  ^ 
ciple  which  he  takes  for  granted  ;  which  is,  u  that  a  ftraight 
I  line  cannot  firft  come  nearer  to  another  ftraight  line,  and 
R  then  go  farther  from  it  without  meeting  it ;"  where,  by 
coming  nearer ■,  is  underftood,  according  to  a  previous  definition, 
the  diminution  of  the  perpendiculars  drawn  from  the  one  line 
upon  the  other  ;  and  the  contrary  by  going  farther  qj\  This 
Axiom  is,  no  doubt,  more  readily  aifented  to  than  that  of  Cla- 
vius, and  mull  be  regarded  as  the  more  fundamental  propoil- 
tion  of  the  two,  though  there  be,  in  fact,  no  great  difference 
between  them.  It  is  evident  how  it  may  be  employed  to 
demonftrate  Clavius's  firft  Theorem,  viz.  That  if  the  perpen- 
diculars drawn  upon  one  ftraight  line  from  two  points  in  ano- 
ther be  equal,  all  the  perpendiculars  drawn  to  the  firft  of 
thefe  lines  from  the  points  of  the  fecond  are  equal  to  one 
another.  For  otherwiie  the  perpendiculars  nraft  firft  in- 
crease and  then  decreafe,  which,  by  the  Axiom,  is  iinpofiible. 
After  this  the  demonftration  proceeds  in  the  fame  manner 
with  that  which  has  juft  been  given,  except  that  in  fome  parts 
the  proof  is  rendered  direcl  where  Clavius  has  it  indiieft,  as 
in  the  fecond  cafe  of  the  laft  proportion.  On  the  whole, 
however,  the  two  demonstrations  are  fo  nearly  alike,  that  as 
the  one  of  them  has  been  fully  explained,  the  other  does  not 
require  a  particular  consideration, 

Thefe,  then,  are  fome  of  the  moft  remarkable  demonftra- 
tions  of  the  properties  of  parallel  lines,  that  have  been  given, 
io  far  as  I  know,  by  ancient  or  modern  geometers.  I  fliall 
mention  only  one  more,  which  1  cannot  help  regarding  as  Su- 
perior in  fimplicity  and  neatnefs  to  any  of  them.  It  is  that 
which  rs  given  by  Mr  Thomas  Simpfon,  in  the  fecond  edition 
of  his  Elements,  which  is  very  different  from  that  o:  the  firft 
edition,  where  he  lays  down  the  faulty  definition  of  parallel 
lines  that  was  already  taken  notice  of.  The  Axiom  employ- 
ed by  Simpfon  is  eifentially  the  fame  with  that  which  was 
laft  mentioned,  but  it  is  prefented  in  a  fimpler  form.  It  is, 
that  "  if  two  points  in  a  ftraight  line  are  pofited  at  unequal 
"  diftances  from  another  ftraight  line  in  the  fame  plane,  thefe 
P  two  lines  being  indefinitely  produced  on  the  iide  of  the 
"  leaft  dittance  will  meet  one  another." 

By  help  of  this  Axiom  it  is  eaiy  to  prove,  that  if  two  ftraight 
lines  AB,  CD  be  parallel,  the  perpendiculars  to  the  one,  termi- 
nated by  the  other,  are  all  equal,  and  are   aifc  perpendicular 

to 
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Book  I.   to  both  the  parallels.     That  they  are  equal  is  evident,  othel 

— —v— ■~/  wife  the  line3  would  meet  by  the  Axiom  :  That  they  are  pel 

pendicular  to  both  is  demonstrated   thus 

If  AC  and  BD,  which  are  perpendicular  to  AB,  and  equal 
one  another,  be  not  alfo  perpendi- 
cular to  CD,  from  C  let  CEbe 
drawn   at   right  angles   to  BD. 
Then,  becaufe  AB  and  CE  are 
both  perpendicular  to  BD,  they 
are  parallel,  and  therefore,   the 
perpendiculars  AC  and  BE  are 
equal.     But  AC  is  equal  to  BD,    (by  hypothefis),  therefor] 
BE  and  BD   are  equal,  which  is  impoilible  \   BD  is  thereforj 
at  right  angles  to  CD. 


Hence  the  propofition,  that  "  if  a  flraight  line  fall  on  twe 
"  parallel  lines,  it  makes  the  alternate  angles  equal,"  is  eafilj 
derived.  Let  FH 
and  GE  be  perpen- 
dicular to  CD,  then 
they  will  be  paral- 
lel to  one  another, 
and  alfo  at  right 
angles  to  AB,  and 
therefore  FG  and 
HE  are  equal  to  one 
another,  by  the  laft 
propofition.  Wherefore  in  the  triangles  EFG,  EFH,  the  fides 
HE  and  EF  are  equal  to  the  fides  GF  and  FE,  each  to  each, 
and  alfo  the  third  fide  HF  to  the  third  lide  EG,  therefore 
the  angle  HEF  is  equal  to  the  angle  EFG,  and  they  are  al- 
ternate angles.     Q^  E.  D. 


This  method  of  .treating  the  doctrine  of  parallel  lines  is  ex- 
tremely plain  and  concife,  and  perhaps  does  not  admit  of  any 
improvement,  except  that  of  nutting  the  Axiom  on  which  it 
is  founded  into  a  more  fimple  form  :  It  might,  for  example, 
be  exprefled  thus  :  "  If  two  flraight  lines  interfect  one  ano- 
"  ther,  and  if  from  any  two  points  of  the  one,  perpendicu- 
"  lars  be  drawn  to  the  other  ;  the  perpendicular  that  is  near- 
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er  to  the  point  of  interferon  is  lefs  than  that  which  is  more    £o°k  I. 
remote."  ^ 

The  demonft  ration  founded  on  this  Axiom,  and  conducted 

the  manner  juft  explained,  I  am  difpofed  to  think  prefer- 
le  to  any  that  has  yet  been  given.  If  I  have  not  followed 
is  method,  it  is  becaufe  I  wilhed  to  prefer ve  the  text  of  Eu- 
d  with  the  leaft  alteration  poffible.     I  therefore  aftumed  as 

Axiom,  a  propofition  that  is  not  perhaps  fo  obvious  a  pro- 
rty  of  ftraight  lines  as  that  which  has  juft  been  ftated,  but 
lich  is  certainly  much  more  fo  than  Euclid's,  and  one  which 

now  from  experience  that  beginners  find  no  difficulty  hi 
mprehending,  or  in  admitting  to  be  true.  By  means  of  it 
e  29th,  and  alfo  what  was  formerly  the  12th  Axiom,  are  de- 
onftrated  without  changing  any  thing  in  the  feries  of  En- 
id's propofitions. 
From  the  detail  that  has  juft  been  given,  it  is  evident,  that 

demonstrate  the  properties  of  parallel  lines  without  having 
courfe  to  forne  Axiom,  or  which  is  the  fame  thing,  without 
fuming  fonle  properly  of  ftraight  lines,  not  contained  in  the 
finition  of  a  ftraight  line,  is  ftill  a  deiideratum   in  elementa- 

geometry.  And,  if  we  coniider  how  much  ikill  and  in- 
nuity  have  in  the  courfe  of  many  ages  been  applied  to 
is  inveftigation  *,  and  alio  reflect,  that  the  thing  fought 
r  belongs  to  the  very  rudiments  of  the  fcience,  and  there- 
re,  if  it  exifts  at  all,  can  be  at  no  great  diftance,  we  mall 
!  inclined  to  coniider  the  difcovery  of  it,  as  a  problem  in 
tometry  never  likely  to  be  refolved.  At  the  fame  time, 
appears  extraordinary,  that  the  definition  of  a  ftraight  line,  . 
it  is  complete,  ihould  not  lead  us  to  the  knowledge  of  every 
'operty  of  fuch  a  line,  without  the  affumption  of  any  thing* 
ot  contained  in  it.  Why  ought  not  the  propofition,  for  inftance, 
Lat  has  been  juft  ftated  as  an  Axiom,  that  "  if  two  ftraight  lines 
interfect  one  another,  and  if  from  any  two  points  in  the  one 
perpendiculars  be  drawn  to  the  other,  the  perpendicular 
nearer  to  the  point  of  interfeclion  will  be  lefs  than  that 
which  is  more  remote,"  to  be  capable  of  et'monftradon,  or. 
F  being  deduced  from  the  definition  of  a  ftraight  line  ?  If 
lere  be  nothing  obfcure  or  imperfect  in  our  notions  of  a 
raicht  line,  of  a  perpendicular,  or  of  the  interfeclion  of  two 
raight  lines,  from  whence  can  it  poffibly  anfe  tiiat  we  are 
Sable  to  demonftrate  this  proportion  ?  It  was  no  way  won- 
erful,  that,  when  Euclid  gave  his  vague  and  obfcure  defi- 
nition 
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J3ook  1.  ^  n;t;on  0f  a  ftraight  line,  he  fhould  not  be  able  to  dem 
Urate  even  the  mofl  fimple  property  of  rectilineal  figu: 
without  the  aflumption  of  the  Axiom,  that  two  ftrai 
lines  cannot  inclofe  a  fpace.  But,  when  the  defects  of  t 
definition  feem  to  be  wholly  corrected,  we  might  certai: 
expect  to  be  able  to  derive  all  the  properties  of  ftraight  li: 
directly  from  that  definition,  and  yet  the  fact  is,  that  we 
not  at  all  affifted  by  it,  in  the  cafe  before  us.  I  confefs  t 
is  not  eafily  accounted  for ;  but  there  are  two  confideratioi 
which,  though  they  may  not  contain  the  folution  of  the  pa; 
dox,  will  perhaps  ferve  to  render  it  lefs  wonderful. 

The  firft  is,  that  the  definition  given  of  an  angle  is  certain 
imperfect.  An  angle  is  the  inclination  of  two  lines  ;  now,  t! 
word  inclination  is  not  much  better  underftood  than  the  wo 
angle,  fo  that  we  have  here  the  very  lame  defect  that  the: 
is  in  Euclid's  definition  of  a  ftraight  line.  It  is,  at. the  fan 
time,  difficult  to  conceive  any  way  in  which  this  definitic 
can  be  amended  ;  and  it  is,  perhaps,  on  account  of  its  imp.e 
fection  that  we  are  obliged  to  aflume  fome  property  of  the  lin 
fub tending  an  angle,  or  of  two  lines  making  angles  with 
third  line,  as  an  Axiom  ;  juft  as  the  imperfect  definition  of 
ftraight  line  muft  be  affifted  by  the  aflumption,  that  two  ftraigl 
lines  cannot  inclofe  a  fpace. 

It  muft  farther  be  remarked,  that  whatever  be  the  fc-un 
of  this  difficulty,  it  is  not  the  only  one  of  the  kind  that  w 
meet  with  in  the  Elements  of  Geometry.  A  fecond  inftanc 
occurs,  where  a  certain  relation  between  the  lengths 
ftraight,  and  curve  lines  is  aflumed  as  an  Axiom,  withou 
being  logically  deduced  from  our  ideas,  either  of  ftraigh 
nefs,  or  of  curvature.  This  is  the  Axiom  on  which  Arch 
medes,  and  all  the  geometers  after  him  have  founded  the  com 
parifon  of  the  lengths  of  curves  with  the  lengths  of  ftraigh 
lines,  and  is  the  fame  which  is  placed  here  at  the  beginning  o 
the  8th  Book.  It  would  be  in  vain,  I  believe,  that  one  woul 
feek  to  give  a  rigorous  demonftration  of  that  propofition,  ye 
it  is  of  a  nature  purely  elementary,  though  more  complex 
without  doubt,  than  that  which  we  have  been  confidering 
There  is  a  third  propofition  of  this  fort,  relative  to  furfaces 
which  is  alia  laid  down  by  Archimedes,  for  the  foundation  o: 
the  com  parifon  of  curve  fuperficies  with  plane  figures,  and  o: 
which  no  demonftration  is  given,     Thefe  are  the  only  three 

propertie; 
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>perties  of  geometrical  magnitudes  in  the  whole  fcience,  JBookl. 
t  are  taken  for  granted  without  being  deduced  from  the 
initions ;  that  it  is  impoffible  to  demonstrate  any  of  them, 
vhat  no  one  will  take  upon  him  to  affirm  ;  but  the  many 
I  powerful  efforts  made  for  that  purpofe,  which  they  have 
:ady  withftood,  ought  to  deter  any  one  from  throwing  a- 
y  much  of  his  time  in  fearching  after  fuch  demonftra- 
iis. 


BOOK   II.    PROP.  VII. 


rHE  demonftration  of  this  propofition  ufually  occalions  Book  II. 
fome  difficulty  to  beginners,  and  on   that  account  ano^  '      * 
*r  is  added,  which  is  fomewhat  fhorter. 


PROP.     A  and  B. 

Thefe  Theorems  are  added  on  account  of  their  great  ufe  in 
ometry,  and  their  clofe  connection  with  the  other  propoii- 
>ns  which  are  the  fubjeft  of  this  Book.  Prop.  A  is  an  ex- 
alion  of  the  9th  ^nd  10th. 


BOOK    III. 


NOTES. 


BOOK      III. 
DEFINITIONS. 

THE  definition  which  Euclid  makes  the  firft  of  this  Bo 
is  that  of  equal  circles,  which  he  defines  to  be  "  th 
"  of  which  the  diameters  are  equal."  This  is  rejefted  fn 
among  the  definitions,  as  being  a  Theorem,  the  truth 
which  is  proved  by  fuppofing  the  circles  applied  to  one  ai 
ther,  fo  that  their  centres  may  coincide,  for  the  whole  of  t 
one  muft  then  coincide  with  the  whole  of  the  other.  T 
converfe,  viz.  That  circles  which  are  equal  have  equal  d 
meters,  is  proved  in  the  fame  way. 

The  definition  of  the  angle  of  a  fegment  is  alfo  omitte 
becaufe  it  is  not  a  reclilineal  angle,  but  one  underftood  to 
contained  between  a  firaight  line  and  a  portion  of  the  c 
cumference  of  a  circle.  For  the  fame  reafon,  no  notice 
taken  in  the  16th  propofition  of  the  angle  comprehended  b 
tween  the  femicirele  and  diameter,  which  is  faid  by  Euclid 
be  greater  than  any  acute  rectilineal  angle.  The  reafon  f 
theie  omifiions  has  already  been  affigned  in  the  notes  on  t 
fifth  definition  of  the  firft  Eock. 


BOOK      V. 

JJook  V.  rTpHE  fubjecl  of  proportion  has  been  treated  fo  different] 
Jl  by  thole  who  have  written  on  elementary  geometr 
and  the  method  which  Euclid  has  followed  has  been  fo  oftei 
and  fo  inconfiderately  cenfured,  that  in  thefe  notes  it  will  n< 
perhaps  be  more  neceflfary  to  account  for  the  changes  that 
have  made,  than  for  thofe  that  I  have  not  made.  The  change 
are  but  few,  and  relate  to  the  language,  not  to  the  efience  of  th 

demonftrations 
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*monftrations ;  they  will  be  explained  after  fome  of  the  de-    Book  V. 
mitions  have  been  particularly  confidered.  ^— v— r- 


DEF.     III. 

The  definition  of  ratio  given  here  has  been  greatly  extol- 
d  by  fome  authors ;  but  whatever  value  it  may  have  in  the 
yes  of  a  metaphyfician,  it  has  but  little  in  thofe  of  a  geome- 
>r,  becaufe  nothing  concerning  the   properties   of  ratios    can 
e  deduced  from  it.   Dr  Barrow  has  very  judicioufly  remark- 
d  concerning  it,  "  That  Euclid  had  probably  no  other  defign 
in  making  this  definition,  than  to  give   a  general  fummary 
idea  of  ratio  to  beginners  by   premiiing  this  metaphyfical 
definition,  to  the  more  accurate  definitions  of  ratios  that  are 
equal  to  one  another,  or  one  of  which  is  greater  or  lefs  than 
the  other :  I  call  it  a  metaphyfical,  for  it  is   not  properly  a 
mathematical  definition,  fince  nothing  in  mathematics  de- 
pends on  it,  or  is  deduced,  nor,  as  I  judge,  can  be  deduced 
from  it."     (Barrow's  LecTures,  left.  3.)    Dr  Simfon  thinks 
le  definition  has  been  "added   by  fome  linfkilful  editor,  but 
rere  is  no  ground  for  that  fuppofition,  other  than  what  arifes 
rom  the  definition  being  of  no  uie  •,  we  may,  however,  well 
nough  imagine,  that  a  certain  idea  of  order  and  method   in- 
uced  Euclid  to  give  fome  general  definition  of  ratio,  before 
e  ufed  the  term  in  the  definition  of  equal  ratios. 


D  E  F.     IV. 

This  definition  is  a  little  altered  in   the  expreffion ;  Euclid 
las  it,  that  "  magnitudes  are  faid  to  have   a  ratio  to  one  ano- 
ther, when  the  lefs  can  be  multiplied  fo  as  to  exceed  the 
greater." 

D  E  F.      V. 

One  of  the   chief  obftacles  to  the  ready  underftanding  of 
he  5th  Book  of  Euclid  is  the  di  riculty  that  mod  people  find 

of 
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15-  ok  V.  0f  reconciling  the  idea  of  proportion  which  they  ha\ 
*"  already  acquired,  with  the  account  of  it  that  is  given  in  th 
definition.  Our  firft  ideas  of  proportion,  or  of  proportional 
ty,  are  got  by  trying  to  compare  together  the  magnitud 
of  external  bodies ;  and,  though  they  be  at  firft  abundantl 
vague  and  incorrect,  they  are  ufually  rendered  tolerably  pre 
cife  by  the  ftudy  of  arithmetic  •,  and  we  then  learn  to  diftin 
giiifh  a  particular  relation,  in  point  of  magnitude,  which  bein 
in  any  cafe  the  fame  between  two  things  that  it  is  betwee 
other  two,  we  fay  of  all  the  four,  that  they  are  proportion 
als. 

The  fimpleft  form  in  which  this  relation  can  appear  is,  whe: 
the  firft  contains  the  fecond  the  fame  number  of  times  tha 
the  third  contains  the  fourth  ;  or,  as  we  may  exprefs  it,  whei 
the  firft  is  the  fame  multiple  of  the  fecond  that  the  third  is  o 
the  fourth.  From  this  fimilitude  of  relations  between  th 
firft  two  and  the  fecond  two,  we  call  them  proportionals,  o 
fay,  that  the  firft  is  to  the  fecond  as  the  third  to  th< 
fourth. 

Proceeding  to  general ife  this  idea,  and  taking  number  ii 
the  firft  place  for  the  fubjeft  of  comparison,  we  foon  come  t( 
fix  on  this  as  the  general  notion  of  proportional  numbers,  tha 
when  there  are  four  numbers,  fuch  that  the  quotient  arifinj 
from  dividing,  according  to  the  common  rules  of  arithmetic 
the  firft  by  the  fecond,  is  the  fame  with  the  quotient  that  ari- 
les  from  dividing,  in  like  manner,  the  third  by  the  fourth 
thefe  numbers  are  proportionals,  or,  we  fay  that  the  firft  is  tc 
the  fecond  as  the  third  to  the  fourth. 

s  Now,  as  the  operation  of  arithmetical  divifion  applies  as readi 
ly  to  any  two  magnitudes,  of  the  fame  kind,  as  it  does  to  twc 
numbers,  the  notion  of  proportion  thus  obtained  may  be  confi- 
dered  as  perfectly  general.  For,  in  arithmetic,  after  finding 
hew  often  the  divifor  is  contained  in  the  dividend,  we  multiply 
the*  remainder  by  jc,  or  ioo,  or  iooc,  or  any  power,  as  it  is 
called,  of  10,  and  proceed  to  enquire  how  oft  the  divifor  is 
contained  in  this  new  dividend;  and,  if  there  be  any  remain- 
der, we  go  on  to  multiply  it  by  10,  ioo,  &c.  as  before,  and 
to  divide  the  product  by  the  original  divifor,  and  fo  on,  the 
divifion  fometimes  terminating,  by  no  remainder  being  left, 
and  fometimes  going  on  ad  infinitum,  in  confequence  of  a  re- 
mainder being  left  at  each  operation.  Now,  this  procefs 
may  eafily  be  imitated  with  any  two  magnitudes  A   and  B, 

providing 
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>roviding  they  be  of  the  fame  kind,  or  filch  that  the  one  Book  V. 
:an  be  multiplied  fo  as  to  exceed  the  other,  For,  fuppbfe  that  ^mm>/^m -* 
$  is  the  leaft  of  the  two ;  take  B  out  of  A  as  oft  as  it  can  be 
bund,  and  let.  the  quotient  be  noted,  and  alfo  the  remainder, 
f  there  be  any  ;  multiply  this  remainder  by  10,  or  ioo,  &c. 
b  as  to  exceed  B,  and  let  B  be  taken  as  oft  as  it  can  be  found 
mt  of  the  quantity  produced  by  this  multiplication,  and  let 
he  quotient  be  noted,  and  alfo  the  remainder,  if  there  be  any. 
Jroceed  with  this  remainder  as  before,  and  fo  on  continually; 
nd  it  is  evident,  that  we  have  an  operation  that  applies  to  all 
nagnitudes  whatfoever,  and  that  may  be  performed  with  re- 
pect  to  any  two  lines,  any  two  plane  figures,  or  any  two  folids, 

£C, 

Now,  when  we  have  two  magnitudes  and  two  others,  and 
ind  that  the  firft  divided  by  the  fecond,  according  to  this  me- 
hod,  gives  the  very  fame  feries  of  quotients  that  the  third 
oes  when  divided  by  the  fourth,  we  fay  of  thefe  magnitudes, 
s  we  did  of  the  numbers  above  defer ibed,  that  the  firft  is  to 
he  fecond  as  the  third  to  the  fourth.  There  are  only  two 
lore  circumftances  to  be  taken  notice  of  as  neceffary  to  give 
o  this  idea  of  proportion,  the  utmoft  generality  of  which  it  is 
apable. 

Firft,  it  is  known  from  arithmetic,  tjiat  the  multiplication 
f  the  fucceftive  remainders  each  of  them  by  ic,  is  equi- 
alent  to  multiplying  the  quantity  to  be  divided  by  the  pro- 
uct  of  all  thofe  tens  \  fo  that  multiplying,  for  inftance,  the 
rft  remainder  by  10,  the  fecond  by  10,  and  the  third  by  10, 

the  fame  thing,  with  refpect  to  the  quotient,  as  if  the  quanti- 
y  to  be  divided  had  been  at  firft  multiplied  by  icoo  ;  and 
lerefore,  our  ftandard  of  the  proportionality  of  numbers  may 
e  expreflect  thus  :  If  the  firft  multiplied  any  number  of  times 
y  10,  and  then  divided  by  the  fecond,  gives  the  fame  quo- 
ient  as  when  the  third  is  multiplied  as  often  by  io  and  then 
ivided  by  the  fourth,  the  four  magnitudes  are  proportion  ds. 

Again,  it  is  evident,  that  there  is  no  neceffity  in  thefe  mul- 
plications  for  confining  ourfelves  to  ic,  or  the  powers  of  io, 
nd   that  we  do  fo,  in  arithmetic,   only  for  the  conveniency 

the  decimal  notation  *,  we  may  th  refore  ufe  any  num- 
ers  whatfoever.  providing  we  ufe  the  fame  in  both  caies. 
Lence,  we  have  this  definition  of  proportionals,  when  there 
re  four  magnitudes,  and  any  multiple  whatfoever  of  the 
rft,  when  divided  by  the  fecond,  gives  the  lame  quotient 

C  c  with 
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Book  V.  with   the  i^e  multiple  of  the    third  when  divided  by  tl 

*"—**•**  fourth,  the  four  magnitudes  are  proportionals,  or  the  firft  h 

the  fame  ratio  to  the  fecond  that  the  third  has  to  the  fourtl 

We  are  now  arrived  very  near  to  Euclid's  definition ;  fo 
let  A,  B,  C,  D  be  four  proportionals,  according  to  the  defin 
tion  juft  given,  and  m  any  number ;  and  let  the  multiple  < 
A  by  m9  that  is  mA>  be  divided  by  B ;  and,  firft,  let  th 
quotient  be  the  number  n  exactly,  then  alfo,  when  md 
divided  by  D,  the  quotient  will  be  n  exactly.  But,  wh 
mA  divided  by  B  gives  ?i  for  the  quotient,  mA  zz  n&  by  tl 
nature  of  divifion,  fo  that  when  mAzz  #B,  mC  zz  //D,  whic 
is  one  of  the  conditions  of  Euclid's  definition. 

Again,  when  m A  is  divided  by  B,  let  the  divifion  not  b 
exactly  performed,  but  let  n  be  the  quotient  as  far  as  it  can  b 
expreffed  in  whole  numbers,  then  mA  >  t/B  ;  and,  for  th 
fame  reafon,  mC  >  /zD,  which  is  another  of  the  conditions 
Euclid's  definition. 

Laftly,  Let  us  fuppofe,  that  wA  does  not  contain  B  fo  oftei 
as  there  aiv  units  in  «,  then  mA  will  be  lefs  than  rcB  ;  bn 
becaufe,  by  hypothefis,  mC  does  not  contain  D  oftener  tha 
viA  contains  B,  mC  will  not  contain  D  fo  often  as  ther 
are  units  in  #,and  therefore  ?nC  <  ?iD.  Therefore,  we  ca 
A,  B,  C,  D  proportionals,  when  they  are  fuch,  that  i 
mA  >  «B,  mC  >  «D ;  if  mA  zz  «B,  mCzz  #D  ;  and  i 
mA  <  #B,  mC  <  «D,  m  and  n  being  any  numbers  whatfc 
ever.  Now,  this  is  exactly  the  criterion  of  proportionality 
eftablifhed  by  Euclid  in  the  5th  definition,  and  is  derived  her 
by  generalifing  the  common  and  moil  familiar  idea  of  propor 
1  tion. 

It  appears  from  this,  that  the  condition  of  mA  containing 
f?,  whether  with  or  without  a  remainder,  as  often  as  mi. 
contains  D,  with  or  without  a  remainder,  and  of  this  bein^ 
the  cafe  whatever  value  be  afligned  to  the  number  m,  include 
in  it  all  the  three  conditions  that  are  mentioned  in  Euclid 
definition^,  and  hence,  that  definition  may  be  expreffed 
little  more  limply  by  faying,  that  four  magnitudes  are  pro 
portionals,  when  any  multiple  of  the  firft  contains  the  fecond 
(with  or  without  remainder),  as  oft  as  the  fame  multiple  o\ 
the  third  contains  the  fourth.  But,  though  this  definition  is  cer 
tainly,  in  the  expreflion,  more  fimple  than  Euclid's,  it  is  not, 
as  will  be  found  on  trial,  10  eafily  applied  to  the  purpofe  oi 
demonflration.     The  three   conditions  which  Euclid  bring: 

togethe 
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ogether  in  his  definition,  though  they  fomewhat  embarrafs  the  cBook  v- 
xpreflion  of  it,  have  the  advantage  of  rendering  the  demon- 
orations  more  Ample  than  they  would  otherwife  be,  by  avoiding 
11  difcuffion  about  the  magnitude  of  the  remainder  left,  after 
\  is  taken  out  of  mA  as  oft  as  it  can  be  found.  All  the  at- 
mpts,  indeed,  to  demonilrate  the  properties  of  proportion- 
Is  rigoroufly,  by  means  of  other  definitions,  than  Euclid's,  either 
aat  1  have  made  myfelf,  or  that  I  have  feen  others  make, 
ave  only  ferv^  to  convince  me  of  the  excellence  of  the  me- 
iod  followed  by  the  Greek  geometer,  and  of  his  lingular 
iccefs  in  generalifing  the  idea  of  porportion. 

The  great  objection  to  the  other  methods  is,   that  if  they 

re  meant  to  be  rigorous,  they  require  twTo  demonftrations  to 

very  propofition,   one   when   the   divifion  ojf  wA  into  parts 

qual  to  B  can  be  exactly  performed,  the  other   when   it  can- 

ot  be  exactly  performed,  whatever  value  be   afligned  to  mt 

when  A  and  B  are  what  is  called  incommenfurable  ;  and 

lis  laft  cafe  will  in  general  be  found  to  require  an  indirect 

monft ration,  or  a  reduBio  ad  abfurdum. 

M.  D'Alembert,  fpeaking   of  the  doctrine  of  proportion, 

t  a  difcourfe  that  contains*  many  excellent  obfervations,  but 

which  he  has  overlooked  Euclid's  manner  of  treating  this 

ibject  entirely,  has  the  following  remark :  "  On  ne  peut  de- 

montrer  que  de  cette  maniere,  (la  redaction  a  rabfurde)  la 

plupart  des  propofitions  qui  regardent  les  incommenfura- 

bies.     L'idee  de  rinfini  entre  au  moins  implicitement  dans 

la  notion  de  ces  fortes  des  quantites  ;    et  comme  nous  n'a- 

vons  qu'une  idee  negative  de  rinfini  on  ne  peut  demontrer 

directement,  et  a  priori,  tout  ce  qui  concerne  l'infini  mathe- 

matique."     (Encj/clopedie.  Mot,   Geometric) 

This  remark  fets  in  a  ftrong  and  juft  light  the  difficulty  of 

imonftrating  the  propofitions  that  regard  the  proportion  of 

commenfurable  magnitudes,  without  ha\ing  recourfe  to  the 

duBio  ad  abfurdum ,  but  it  is  furprifing  that  M.  D'Alem- 

iit,  a  geometer  no  lefs  learned  than  profound,  mould  have 

^glected  to  make  mention  of  Euclid's  method,  the  only  one 

which  the  difficulty  he  Hates  fo-'ftrongly  is  completely  over- 

>me.     It  is  overcome  by  the  introduction  of  the  idea  of  in- 

ifinitude,  (if  I  maybe  permitted  to  ufe  the  word),  mrtead  of 

idea  of  infinity  \  for  m  and  n,  the  multipliers  employed, 

e  fuppoled  to    be  indefinite,  or  to  admit  of  all  poffible  va- 

es,  and  it  is  by  the  fkilful  ufe  of  this  condition  that  the  ne- 

C  c  2  ceflity 
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^Book  V.  cef£tv  0f  indirect  demonftrations  is  avoided.  In  the  whol 
of  geometry,  I  know  not  that  any  happier  invention  is  to  b 
found ;  and  it  is  worth  remarking,  that  Euclid  appears  in  an 
other  of  his  works  to  have  availed  himfelf  of  the  idea  0 
indefinitude  with  the  fame  fuccefs,  viz.  in  his  books  c 
Porifms,  which,  have  been  reftored  by  Dr  Simfon,  and 
which  the  whole  analyfis  turned  on  that  idea,  as  I  have  (hew; 
at  length,  in  the  third  volume  of  the  Tranfactions  of  th 
Royal  Society  of  Edinburgh.  The  inveftrgations  of  thof 
propofitions  were  founded  entirely  on  the  principle  of  certai] 
magnitudes  admitting  of  innumerable  values  ;  and  the  me 
thods  of  reafoning  concerning  them  feem  to  have  been  ex 
tremely  fimilar  to  thofe  employed  in  the  fifth  of  the  Ele 
ments  It  is  curious  to  remark  this  analogy  between  the  di 
ferent  works  of  the  fame  author ;  and  to  confider,  that  th 
Ik  ill,  in  the  con  duel  of  this  very  refined  and  ingenious  me 
thod,  which  Euclid  had  acquired  in  treating  the  propertie 
of  proportionals,  may  have  enabled  him  to  fucceed  fo  well  ii 
treating  the  flill  more  difficult  fubjecl  of  Porifms. 

With  fuch  an  opinion  of  Euclid's  manner  of  treating  pro 
portion,  as  I  have  now  expreffed,  it  was  impoffible  that 
ihould  attempt  to  change  any  thing  in  the  principle  of  his  de 
monftrations.  I  have  only  fought  to  improve  the  language 
of  them,  by  introducing  a  concife  mode  of  exprefiion,  o 
the  fame  nature  with  that  which  we  ufe  in  arithmetic,  anc 
in  algebra.  Ordinary  language  conveys  the  ideas  of  the  dif 
ferent  operations  fuppofed  to  be  performed  in  thefe  demon 
fixations  fo  (lowly,  and  breaks  them  down  into  fo  many  parts 
that  they  make  not  a  fufficient  impreffion  on  the  underftand 
ing.  This,  indeed,  will  generally  happen  when  the  thing 
treated  of  are  not  reprelented  to  the  fenfes  by  Diagrams,  a 
they  cannot  be  when  we  reafon  concerning  magnitude  ii 
general  as  in  this  part  of  the  Elements.  Here  we  ough 
certainly  to  adopt  the  language  of  arithmetic  or  algebra 
which,  by  its  fhortnefs,  and  the  rapidity  with  which  i 
places  objecls  before  us,  makes  up  in  the  befl  manner  pof 
fible  for  being  merely  a  conventional  language,  and  uimj 
fymbols  that  have  no  refemblance  to  the  things  exprefled  hy 
them.  Such  a  language,  therefore,  I  have  endeavoured  tc 
introduce  here  ;  and,  I  am  convinced,  that  if  it  fliall  be  founc 
an  improvement,  it  is  the  only  one  of  which  the  fifth  of  Eu- 
clid 
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lid  will  admit.      In  other  refpects  I  have  followed  Dr  Sim-  Bo°k  v- 
on's  edition,  to  the  accuracy  of  which  it  would  be  difficult  to  "" ~v— - ^ 
nake  any  addition. 

In  one  thing  I  mud  obferve,  that  the  doctrine  of  proportion, 
s  laid  down  here,  is  meant  to  be  more  general  than  in  Euclid's 
Elements.  It  is  intended  to  include  the  properties  of  propor- 
ional  numbers  as  well  as  of  all  magnitudes    Euclid  has  not  this  • 

'elign,  for  he  has  given  a  definition  of  proportional  numbers  in 
he  feventh  Book,  very  different  from  that  of  proportional 
nagnitudes  in  the  fifth  ;  and  it  is  not  eafy  to  juftify  the  logic 
f  this  manner  of  proceeding  ;  for  we  can  never  fpeak  of  two 
lumbers  and  two  magnitudes  both  having  the  fame  ratios, 
mlefs  the  word  ratio  have  in  both  caies  the  fame  fignifi- 
ation.  All  the  propofitions  about  proportionals  here  given 
ire  therefore  underitood  to  be  applicable  to  numbers  ;  and 
tccordingly,  in  the  eighth  Book,  the  propofition  that  proves 
quiangular  parallelograms  to  be  in  a  ratio  compounded  of 
he  ratios  of  the  numbers  proportional  to  their  fides,  is  de- 
nonftrated  by  help  of  the  propofitions  of  the  fifth  Book. 

On  account  of  this,  the  word  quantity,  rather  than  magni- 
ude,  ought  in  ftriclnefs  to  have  been  ufed  in  the  enunciation 
f  thefe  propofitions,  becaufe  we  employ  the  word  quantity 
o  denote,  not  only  things  extended,  to  which  alone  we  give 
he  name  of  magnitudes,  but  alfo  numbers.  It  will  be  fuffi- 
:ient,  however,  to  remark,  that  all  the  propofitions  refpe&ing 
he  ratios  of  magnitudes  relate  equally  to  all  things  of  which 
nultiples  can  be  taken,  that  is,  to  all  that  is  ufually  expreffed 
Dy  the  word  quantity  in  its  molt  extended  fignification,  ta- 
dng  care  always  to  obferve,  that  ratio  takes  place  only  among 
ike  quantities.     (See  Def.  4.) 


D  E  F.      X. 

The  definition  of  compound  ratio  was  firft  given  accurate- 
ly by  Dr  Simfon  ;  for,  though  Euclid  ufed  the  term,  he  did  fo 
without  defining  it.  I  have  placed  this  definition  before  thofe 
of  duplicate  and  triplicate  ratio,  as  it  is  in  fact  more  general, 
and  as  the  relation  of  all  the  three  definitions  is  belt  feen 

C  c  3  when 
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^'        v  ■    --?  ranged  in  thL- 

ner  done  here  ;  duplicate  ratio  being  called  a  ratio  compounc    } 

equal  ratios,  and  triplicate  of  three  equal  ratio. 

It  •  by  Dr  r  that  the  ex 

compomm.:  ;ircumlocutior 

and  for   the  fakr  :ing  thole  propofition 

with  concifenet  that  are  den: :  :ut 

bj  reafoning  from  the  2  id  or  23d  of  this  Book.     Thi 

will  be  e  one  who  coniiders  carefully  the  Prop 

1  :hf    :  3d  of  the  6th  Book. 


BOOK      VI. 
DEFINITION     II. 


H::::  V; 


THI 5  definition  is  changed  from  that  of  reciprocal ' f. 
:  no  ufe,  to  one   th2t  corresponds  to  the 
g  .  _;>.  md  15th  "-'  [  y&tiaps,  znd  in  other 
of  geome: 

PROP.      XX  ."II.     XXVIII.     XXIX. 

As  DonfideraMe  liberty  has  been  taken  with  thefe  propor- 
tions (bos  for  doing  fo  fhould  be  ex- 
plained.    In  the  nrit  place,  when  the  enunciations   are  tranf- 
lated  literally  from  the   Greek,  they  found  very  harfhh 
are,  in  &  The  phrafe  of  applying  to 
a  ftraight  line,  a  parallelogram  dz  ig  by  ano- 
parallelogram,  is     fo  elliptical  and  fo  little  analogous  to 
that  there  could  be  no  doubt  of  the  pro- 
.ail  changing  the  enunciations. 

3  & 
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It   next   occurred,  that  the    problems    themfeives  in  the   Book  VI 
;8th  and  29th  proportions  are  propofed  in  a  more   general  """""^ 
orm  than   is  neceiTary   in   an    elementary    work,  and  that, 
herefore,    to   take    thcfe   cafes   of   them    that  are  the   moil 
lfeful,   as   they  happen   to  be   the   moft  fimple,  mull  be  the 
>efi  way  of  accommodating  them  to  the  capacity  of  a  learn- 
er.    The    problem    which   Euclid  propoies    in   the    28th   is, 
To  a  given  ftraight  line  to  apply  a  parallelogram   equal  to 
a  given  rectilineal  figure,  and  deficient  by  a  parallelogram 
fimilar  to  a  given  parallelogram  ;M    which   alfo   might  be 
nore  intelligibly  enunciated  thus  :  "  To  cut   a   given  line,  fo 
that  the  parallelogram  that  has  in  it  a  given  angle,  and  that 
is  contained  under  one  of  the  fegments  of  the   given  line, 
and  a  ilraight  line  which  has  a  given  ratio  to  the  other  feg- 
ment,  may  be  equal  to  a  given  fpace  m"  inltead  of  which 
roblem   1   have   fubilituted   this  other ;  "  to  divide  a  given 
ilraight  line  fo  that  the   rectangle  under  its   fegments  may 
;  be  equal  to  a  given  fpace."     In  the  actual  folution  of  pro- 
blems, the  greater  generality  of  the  former  proportion  is  an 
advantage  more  apparent  than  real,  and  is  fully  compenfated 
by  the  limplicity  of  the  latter,  to    which,  alfo,  it   i3   always 
eaiily  reducible. 

The  fame  may  be  faid  of  the  29th,  which  Euclid  enunci- 
ates thus  :  u  To  a  given  ftraight  line  to  apply  a  parallelo- 
gram equal  to  a  given  rectilineal  figure,  exceeding  by  a  pa- 
rallelogram fimilar  to  a  given  parallelogram. "  This  might 
be  propofed  otherwife  \  fc4  to  produce  a  given  line,  fo  that  the 
parallelogram  having  in  it  a  given  angle,  and  contained  by 
the  whole  line  produced,  and  a  ftraight  line  that  has  a  gi- 
ven ratio  to  the  part  produced,  may  be   equal  to  a   given 

*  rectilineal  figure."  Initead  of  this,  is  given  the  following 
problem,  more  limple,  and,  as  was  obierved  in  the  former  in- 
itance,  very  little  lefs  general  :  "  To  produce  a  given  ilraight 
•'  line,  fo  that  the   rectangle   contained  by  the  fegments,  be- 

♦  tween  the  extremities  of  the  given  line,  and  the  point  to 
*'  which  it  is  produced,  may  be  equal  to  a  given  fpace." 


C  c  4  PROP. 
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Book  VI. 


PRO  P.     A,  B,  C,  lie. 

There  are  eight  propofitions  added  to  this  Book,  on  ac 
count  of  their  utility  and  their  connection  with  this  part  o: 
the  elements.      The  firft  four  of  them  are  in  Dr  Simfon*! 
edition,  and  among  thefe  Prop.  A  is  given  immediately  afte 
the  third,  being,  in  faft,  a  fecond  cafe  of  that  propofition,  am 
capable  of  being  included  with  it,  in  one  enunciation.  Prop.  Dl 
is  remarkable  for  being  a  theorem  of  Ptolemy  the  aftrono- 
mer,  in  his  Mzyaln  £wra|i$,  and  the  foundation  of  the  conftruc- 
tion  of  his  trigonometrical   tables.     Prop.  E  is  the  fimplefl: 
cafe  of  the  former  ;    it  is  alfo  ufeful  in  trigonometry,  and, 
under  another  form,  was  the  97th,  or,  in  fome  editions,  the 
94th  of  Euclid's  Data.     The  propofitions  F  and  G  are  very 
ufeful  properties  of  the  circle,   and  are  taken  from  the  Loci 
Plani  of  Apollonius.     Prop.  H  is  a  very  remarkable  proper- 
ty of  the  triangle. 


BOOK      VII. 


Book  VIT,      The  reafon  for  departing  from  Euclid  in  the  geometry  of 
feryr:     '  folids  has  been  already  explained  in  the  Preface,  fo  that  it 

only  remains  to  make  a  few  remarks  on  fome  particular  de* 

finitions  and  theorems. 


DEF.     VIII.      and    PROP.     XX. 

Solid  angles,  which  are  defined  here  in  the  fame  manner  as 
in  Euclid,  are  magnitudes  of  a  very  peculiar  kind,  and  may 
be  remarked  for  not  admitting  of  that  accurate  comparison, 
pne  with  another,  which  is  common  in  the  ©ther  fubjecls  of 

geometry. 
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geometry.  It  cannot,  for  example,  be  faid  of  one  folid  angle,  Book  VI[- 
that  it  is  the  half,  or  the  double  of  another  folid  angle,  nor  "  ' 
iid  any  geometer  ever  think  of  propofing  the  problem  of  bi- 
fefling  a  given  folid  angle.  In  a  word,  no  multiple  or  fub- 
multiple  of  fuch  an  angle  can  be  taken,  and  we  have  no  way 
of  expounding,  even  in  the  fimpleft  cafes,  the  ratio  which  one 
of  them  bears  to  another. 

In  this  refpecl,  therefore,  a  folid  angle  differs  from  every 
other  magnitude  that  is  the  fubjecl  of  mathematical  reafon- 
ing,  all  of  which  have  this  common  property,  that  multiples 
and  fubmultiples  of  them  may  be  found.  It  is  not  our  bufi- 
nefs  here  to  enquire  into  the  reafon  of  this  anomaly,  but  it  is  ' 

plain,  that  on  account  of  it,  our  knowledge  of  the  nature  and 
the  properties  of  fuch  angles  can  never  be  very  far  extended, 
and  that  oar  reafonings  concerning  them,  muft  be  chiefly  con- 
ined  to  the  relations  of  the  plane  angles,  by  which  they  are 
contained.  One  of  the  moil  remarkable  of  thofe  relations  is 
that  which  is  demonflrated  in  the  20th  of  this  Book,  and  which 
is,  that  all  the  plane  angles  which  contain  any  folid  angle  muft 
together  be  lefs  than  four  right  angles.  This  propofition  is 
the  2 ill  of  the  nth  of  Euclid. 

This  propofition,  however,  is  fubje£l  to  a  reftri£lion  in  cer- 
tain cafes,  which,  I  believe,  was  firfl  obferved  by  M.  le  Sage 
of  Geneva,  in  a  communication  to  the  Academy  of  Sciences 
of  Paris  in  1756.  When  the  fe&ion  of  the  pyramid  formed 
by  the  planes  that  contain  the  folid  angle,  is  a  figure  that  has 
none  of  its  angles  exterior,  fuch  as  a  triangle,  a  parallelo- 
gram, &c.  the  truth  of  the  propofition  juft  enunciated  cannot 
be  quellioned.  But,  when  the  aforefaid  fe&ion  is  a  figure  like 
that  which  is  annexed,  viz. 
ABDC,  having  fome  of  its 
angles,  fuch  as  BDC,  exte- 
rior, or,  as  they  are  fome- 
times  called,  re-entering 
angles,  the  propofition  is  not 
neceflarily  true ;  and  it  is 
plain,  that  in  fuch  cafes  the 
demonftration  which  we 
have  given,  and  which 
is  the  fame  with  Euclid's, 

will  no  longer  apply.  Indeed,  it  were  eafj  to  ftiew.  that  on 
J>afes  of  this  kind,  by  multiplying  the  number  of  fides,  folid 

angles 
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BookVIL  angles  may  be  formed,  fuch  that  the  plane  angles  which  con- 
tain them  fhall  exceed  four  right  angles  by  any  quantity  af- 
figned.  An  illuftration  of  this  from  the  properties  of  the 
fphere  is  .perhaps  the  fimpleft  of  all  others.  Suppofe  that, 
on  the  furfaee  of  a  hemifphere  there  is  defcribed  a  figure, 
bounded  by  any  number  of  arches  of  great  circles  making 
angles  with  one  another,  on  oppofite  fides  alternately,  the 
plane  angles  at  the  centre  of  the  fphere  that  ftand  on  thefe 
arches  may  evidently  exceed  four  right  angles,  and  that,  too, 
by  multiplying  and  extending  the  arches,  in  any  afiigned  ra- 
tio. Now,  thefe  plane  angles  contain  a  folid  angle  at  the  centre 
of  the  fphere,  according  to  the  definition  of  a  folid  angle. 

We  are  to  underftand  the  propofition  in  the  text,  therefore, 
to  be  true  only  of  thofe  folid  angles  in  which  the  inclination 
of  the  plane  angles  are  all  the  fame  way,  or  all  directed  to- 
ward the  interior  of  the  figure.  To  diftinguiih  this  clafs  of 
folid  angles  from  that  to  which  the  propofition  does  not  ap- 
ply, it  is  perhaps  belt  to  make  ufe  of  this  criterion,  that  they 
are  fuch,  that  when  any  two  points  wrhatfoever  are  taken  in 
the  planes  that  contain  the  folid  angle,  the  ftraight  line  join- 
ing thofe  points  falls  wholly  within  the  folid  angle  ;  or  thus, 
they  are  fuch,  that  a  ftraight  line  cannot  meet  the  planes  which 
contain  them  in  more  than  two  points.  It  is  thus,  too,  that  I 
would  diftinguifn  a  plane  figure  that  has  none  of  its  angles 
exterior,  by  faying,  that  it  is  a  rectilineal  figure,  fuch  that  a 
ftraight  line  cannot  meet  the  boundary  of  it  in  more  than  two 
points. 

We  diftinguiih,  therefore,  folid  angles  into  two  fpecies,  one 
in  which  the  bounding  planes  can  be  iaterfefted  by  a  ftraight 
line  only  in  two  points ;  and  another  where  the  bounding 
planes  may  be  interfered  by  a  ftraight  line  in  more  than  two 
points ;  to  the  firft  of  thefe  the  propofition  in  the  text  applies, 
to  the  fcconcl  it  does  not. 

Whether  Euclid  meant  entirely  to  exclude  the  confidera-- 
tion  of  figures  of  the  latter  kind,  in  all  that  he  has  faid  of  fo- 
lids,  and  of  folid  angles,  it  is  not  now  eafy  to  determine :  It  is 
certain,  that  his  definitions  involve  no  fuch  exclusion ;  and 
as  the  introduction  of  any  limitation  would  conliderably  em- 
barrafs  thefe  definitions,  and  render  them  difficult  to  be  un- 
derftood  by  a  beginner,  I  have  left  it  out,  refcrvmg  to  this 
place  the  full  explanation  of  the  difficulty.  I  cannot  con- 
clude this  note  without  remarking;,  with  the  hiftorian  of  the 

Academy* 
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Academy,  that  it  is  extremely  Angular,  that  not  one  of  all  BookVH. 
thofe  who  had  read  or  explained  Euclid  before  M.  le  Sage, 
appears  to  have  been  fenfible  of  this  miftake.  ( Memoir es  de 
VAcad.  des  Sciences  1756,  Hift.  p.  77.  J  A  circumftance  that 
renders  this  ftill  more  lingular  is,  that  another  miftake  of  Eu- 
clid on  the  fame  fubjeft,  and  perhaps  of  all  other  geometers, 
eicaped  M.  le  Sage  alio,  and  was  firft  difcovered  by  Dr  Sim- 
fon,  as  will  appear  in  the  following  note. 


D  E  F.      IX.       and    PRO  P.     XXI. 

Thefe  relate  to  fimilar  and  equal  folids,  a  fubjeft  on  which 
miftakes  have  prevailed  not  unlike  to  that  which  has  juft 
been  mentioned.  The  equality  of  folids,  it  is  natural  to  ex- 
pect, muft  be  proved  like  the  equality  of  plane  figures,  by 
{hewing  that  they  may  be  made  to  coincide,  or  to  occupy  the 
fame  fpace.  But,  though  it  be  true  that  all  folids  which  can 
be  fliewn  to  coincide  are  equal  and  limilar,  yet  it  does  not  hold 
converfely,  that  all  folids  which  are  equal  and  limilar  can  be 
made  to  coincide.  Though  this  aflertion  will,  perhaps,  at 
firft,  appear  a  paradox,  yet  the  proof  of  it  is  extremely 
fimple. 

Let  ABC  be  an  ifofceles  triangle,  of  which  the  equal  fides 
are  AB  and  AC  *,  from  A  draw  AE  perpendicular  to  the 
bafe  BC,  and  BC  will  be  bifefted 
in  E.  From  E  draw  ED  per- 
pendicular to  the  plane  ABC, 
and  from  D,  any  point  in  it,  draw 
DA,  DB,  DC  to  the  three  angles 
of  the  triangle  ABC.  The  py- 
ramid DABC  is  divided  into 
two  pyramids  DABE,  DACE, 
which,  though  no  one  will  dif- 
pute  their  equality,  cannot  be  fo 
applied  to  one  another  as  to  co- 
incide. For,  though  the  triangles 
ABE,  ACE  are  equal,  BE  be- 
ing equal  to  CE,  EA  common 
to  both,  and  the  angles  AEB,  AEC  equal,  becaufe  they  are 


right 
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Book  VI!.  right  angles,  yet  if  thefe  two  triangles  be  applied  to  one  ano- 
v  ther,  fo  as  to  coincide,  the  folid  DACE  will,  neverthelefs,  as 
is  evident,  fall  without  the  folid  DABE,  for  the  two  folids 
will  be  on  the  oppofite  fides  of  the  plane  ABE.  In  the  fame 
way,  though  all  the  planes  of  the  pyramid  DABE  may  eafi- 
ly  be  (hewn  to  be  equal  to  thofe  of  the  pyramid  DACE, 
each  to  each  ;  yet  will  the  pyramids  themfelves  never  coin 
cide,  though  the  equal  planes  be  applied  to  one  another,  be- 
caufe  they  are  on  the  oppofite  fides  of  thofe  planes. 

It  may  be  faid,  then,  on  what  ground  do  we  conclude  the 
pyramids  to  be  equal  ?  The  anfwer  is,  becaufe  their  conftruc- 
tion  is  entirely  the  fame,  and  the  conditions  that  determine 
the  magnitude  of  the  one,  identical  with  thofe  that  determine 
the  magnitude  of  the  other.  For  the  magnitude  of  the  py- 
ramid DABE  is  determined  by  the  magnitude  of  the  tri- 
angle ABE,  the  length  of  the  line  ED,  and|  the  pofirion 
of  ED,  in  refpecl  of  the  plane  ABE  •,  three  circumftances 
that  are  precifely  the  fame  in  the  two  pyramids,  fo  that  there 
is  nothing  that  can  determine  one  of  them  to  be  greater  than 
another. 

This  reafoning  appears  perfectly  conclufive  and  fatisfactory, 
and  it  feems  alfo  very  certain,  that  there  is  no  other  principle 
on  which  the  relation  of  the  folids  DABE,  DACE  to  one 
another,  can  be  determined.  Neither  is  this  a  cafe  that  oc- 
curs rarely  *,  it  is  one,  that  in  the  comparifon  of  magnitudes 
having  three  dimenfions,  prefents  itfelf  continually  •,  for,  though 
two  plane  figures  that  are  equal  and  fimilar  can  always  be 
made  to  coincide,  yet,  with  regard  to  folids  that  are  equal 
and  fimilar,  if  they  have  not  a  certain  regularity  in  their 
conftru&ion,  there  will  be  found  juft  as  many  cafes  in 
which  they  cannot,  as  in  which  they  can  coincide.  Even 
figures  described  on  furfaces,  if  they  are  not  plane  furfa- 
ces,  may  be  equal  and  fimilar  without  the  poflibility  of  co- 
inciding. Thus,  in  the  figure  defcribed  on  the  furface  of  a 
fphere,  called  a  fpherical  triangle,  if  we  fuppofe  it  to  be  iiof- 
celes,  and  a  perpendicular  to  be  drawn  from  the  vertex  on  the 
bale,  it  will  not  be  doubted,  that  it  is  thus  divided  into  two 
right  angled  fpherical  triangles  equal  and  fimilar  to  one  ano- 
ther, and  which,  neverthelefs,  cannot  be  fo  laid  on  one  another 
as-  to  agree.     The  fame  holds  in  innumerable  other  inftances, 

and 
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and  therefore  it  is  evident,  that  the  Axioms  at  prefent  admit-  Bookvrr. 
ted  into  Geometry  are  not  fufficient  for  the  companion  of 
all  geometrical  magnitudes,  and  that  there  is  a  principle,  n'  re 
general,  and  fundamental  than  that  of  the  equality  of  coinci- 
ding figures,  which  ought  to  be  introduced.  What  this  principle 
is  has  alio  appeared  very  clearly  in  the  courfe  of  thefe  remarks  ; 
and  i'c  is  indeed  no  other  than  the  principle  fo  celebrated  in 
the  philofophy  of  Leibnitz,  under  the  name  of  the  sufficient 
reason.  For  it  was  fhewn,  that  the  pyramids  DABE  and 
DACE  are  concluded  to  be  equal,  becaufe  each  of  them  is 
determined  to  be  of  a  certain  magnitude,  rather  than  of  any 
other,  by  conditions  that  are  the  fame  in  both,  fo  that  there  is 
no  reason  for  the  one  being  greater  than  the  other.  This 
Axiom  may  be  rendered  general  by  faying,  That  things  of 
which  the  magnitude  is  determined  by  conditions  that  are  ex-  • 
aftly  the  fame,  are  equal  to  one  another;  or,  it  might  be  ex- 
preffed  thus  :  Two  magnitudes  A  and  B  are  equal,  when  there 
is  no  reafon  that  A  mould  exceed  B,  rather  than  that  B  mould 
exceed  A.  Either  of  thefe  will  ferve  as  the  fundamental  prin- 
ciple for  comparing  geometrical  magnitudes  of  every  kind  ; 
they  will  apply  in  thofe  cafes  where  the  coincidence  of  mag- 
nitudes with  one  another  has  no  place  ;  and  they  will  apply 
with  great  readinefs,  to  the  cafes  in  which  a  coincidence  may 
take  place,  fuch  as  in  the  4th,  the  3th,  or  the  26th  of  the  Firlt 
Book  of  the  Elements. 

The  only  objection  to  this  Axiom  is,  that  it  is  fomewhat  cf 
a  metaphy ileal  kind,  and  belongs  to  the  doclrine  of  the  fuf- 
ficient reafon^  which  is  looked  on  with  a  fufpicious  eye  by 
fome  philofophers,  But  this  is  no  folid  objection ;  for 
fuch  reafoning  may  be  applied  with  the  greateit.  fafety  *to 
thofe  objects  with  the  nature  of  which  we  are  perfectly  ac- 
quainted and  of  which  we  have  complete  definition;,  as  ia 
pure  mathematics.  In  phyfical  quefiions,  the  fame  principle 
cannot  be  applied  with  equal  fafety,  becaufe  in  fuch  cafes  we 
have  feldom  a  complete  definition  of  the  things  we  reafon 
about,  or  one  that  includes  in  it  all  their  properties.  Thus/ 
when  Archimedes  proved  the  fpherical  figure  of  the  earth,  by 
reafoning  on  a  principle  of  this  fort;  he  was  led  to  a  falfe  con- 
clulion,  becaufe  he  knew  nothing  of  the  rotation  of  the  earth 
on  its  axis,  which  piaces  the  particles  of  that  body,  though  at 
equal  diilances  from  the  centre,  in  circumftances  very  different 
from  one  another.    But,  concerning  thofe  things  that  are  the 
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Book  Vil.  creatures  of  the  mind  altogether,  like  the  objects  of  mathe 
v        matical  inveftigation,  there  can  be  no  danger  of  being  mifle 
by  the  principle  of  the  fufficient  reafon,  which   at  the  fame 
time  furnifhes  us  with  the  only  fingle  Axiom,  by    help   of 
which  we   can  compare  together  geometrical  quantities,  whe- 
ther they  be   of  one,  of  two,  or  of  three  dimenfions. 

From  the  remarks  juft  made,  it  neceffariiy  follows,  that  fome 
demon  fixations  relating  to  the  comparifon  of  folids  that  have 
hitherto  been  reckoned  unexceptionable,  are  not  conclufive, 
at  leaft,  not  fo  generally  fo,  as  the  enunciations  import.  Such 
is  the  Prop.  C,  which  13r  Simfon  has  introduced  into  the  Iith 
of  Euclid,  with  a  view  of  fupplying  the  defects  of  Euclid's 
method.  The  propofition  is,  that  "  folid  figures  contained  by 
the  fame  number  of  equal  and  fimilar  planes,  alike  fituated, 
and  having  none  of  their  folid  angles  contained  by  more  than 
three  plane  angles,  are  equal  and  iimilar  to  one  another."  Dr 
Simfon  proves  the  truth  of  this  propofition  by  placing  the  fo- 
lids on  the  fame  bafe,  and  fo  making  them  to  coincide.  This, 
however,  cannot  always  be  done  with  folids  that  are  iimilar 
and  equal,  as  has  been  fhewn,  fo  that  the  propofition  is  necef- 
fariiy limited  in  its  extent,  and  that  limitation  ought  not  to  be 
underftood  as  implied  in  the  words,  alike  fituated.  For 
this  phrafe  is  applied  to  plane  figures,  in  which,  when  they 
are  fimilar  and  equal,  a  coincidence  may  always  be  fuppofed  ; 
and  it  certainly  iignifies  in  that  cafe  nothing  but  that  the  fides 
are  placed  in  the  fame  order,  and  that  the  angles  they  make 
with  one  another,  are  directed  the  fame  way  with  refpecl  to 
the  figure  in  each  ;  that  is,  if  any  angle  is  exterior,  or  re-e?i- 
tering  in  the  one,  it  is  the  fame  in  the  other,  and  fo  on.  It 
is  in  the  fame  way  that  it  Ihould  be  underftood  when  applied 
to  folids. 

For  the  fame  reafon,  the  2ifl  propofition  of  the  feventh 
Book  of  thefe  Elements  is  not  demonftrated  in  its  full  extent. 
This,  however,  does  not  affect  the  fubfequent  reafoning,  be- 
caufe  the  cafe  which  is  demonftrated  is  fufficient  for  the  proof 
of  the  propofitions  that  follow. 

Another  remark  concerning  the  geometry  of  folids  is,  that 
Euclid,  and  the  mathematicians  who  followed  him,  were  in 
the  wrong,  when  they  held,  that  thofe  folids  are  equal  which 
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are  contained  under  the  fame  number  of  equal  and  limilar  planes, Book  VI*» 
without  adding,  that  the  planes  muft  be  fimilarly  fituated.  *—-* 
For  this  remark  we  are  indebted  to  Dr  Simfon,  who  has  Ihewn, 
that  unlefs  the  condition,  of  the  planes  being  fimilarly  fituated, 
be  added,  the  proportion  is  falfe,  in  fo  much  that  innumerable 
folids  may  exift,  contained  by  the  fame  number  of  limilar 
and  equal  planes,  that  fhall  be  all  unequal  to  one  another. 
He  has  proved  the  fame  with  refpect  to  folid  angles,  which 
were  before  held  to  be  equal  when  they  were  contain- 
ed by  the  fame  number  of  equal  plane  angles ;  for  he  fhews 
that  there,  too,  unlefs  the  plane  angles  be  fimilarly  fitua- 
ted, the  folid  angles  may  be  unequal. 

This  remark  was  publiflied  by  Dr  Simfon,  in  the  firfl  edi- 
tion of  his  Euclid,  in  1756,  on  the  very  fame  year  when  M, 
le  Sage  communicated  to  the  Academy  of  Sciences  the  obfer- 
vation  on  the  fame  fubjecl  mentioned  in  the  laft  note ;  and 
it  is  lingular,  that  thefe  two  geometers,  without  any  commu- 
nication with  one  another,  ihould,  almoft  at  the  lame  time, 
have  made  two  difcoveries  fo  nearly  connecled  with  one  ano- 
ther, and  yet,  that  neither  of  them  fbould  have  perceived  the 
whole  of  the  truth,  fo  that  the  difcovery  of  each  is  incomplete 
without  that  of  the  other. 

When  we  fpeak  of  the  planes  of  two  folids  being  Similarly 
fituated,  it  is  always  meant,  that  the  planes  are  in  the  fame 
order,  and  their  inclinations  directed  the  fame  way  in  refpect 
of  the  folid.  Dr  Simfon  has  proved  the  truth  of  his  re- 
mark as  follows : 

"  Let  there  be  any  plane  rectilineal  figure,  as  the  triangle 
ABC,  and  from  a  point  D  within  it,  draw  the  ftraight  line 
DE  at  right  angles  to  the  plane  ABC  ;  in  DE  take  DE,  DF 
equal  to  one  another,  upon  the  oppofite  fides  of  the  plane, 
and  let  G  be  any  point  in  EF ;  join  DA,  DB,  DC  ;  EA 
EB,  EC  ;  FA,  FB,  FC  ;  GA,  GB,  GC  :  Becaufe  the  ftraight 
line  EDF  is  at  right  angles  to  the  plane  ABC,  it  makes  right 
angles  with  DA,  DB,  DC,  which  it  meets  in  that  plane  ',  and 
in  the  triangles  EDB,  FDB,  ED  and  DB  are  equal  to  FD 
and  DB,  each  to  each,  and  they  contain  right  angles  ;  there- 
fore the  bafe  EB  is  equal  to  the  bafe  FB  ;  in  the  fame  manner 
EA  is  equal  to  FA,  and  EG  to  FC  :  And  in  the  triangles 
E3A,  FBA,  EB,  BA  are  equal  to  FB,  BA,  and  the  bafe 
E  A  is  equal  to  the  bafe  FA;    wherefore  the  angle  EBA  is 
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Book  VII,  equal  to  the  angle  FBA,  and  the  triangle  EBA  equal  to  the 
*— v— -*  triangle  FBA,  and  the  other  angles  equal  to  the  other  angles 
therefore    thefe   tri- 
angles  are    fimilar  : 
In  the  fame  manner 
the  triangle  EBC  is 
iimilar    to     the    tri- 
angle FBC,  and  the 
triangle     EAC      to 
FAC  ;        therefore 
there  are  two   folid 
figures,  each  of  which 
is  contained  by   fix 
triangles,  one  of  them 
by    three    triangles, 
the  common  vertex 
of  which  is  the  point 
G,   and   their    bafes 
the  ftraight  lines  AB, 

BC,  CA,  and  by  three  other  triangles  the  common  vertex 
of  which  is  the  point  E,  and  their  bafes  the  fame  lines  AB, 
BC,  C  A :  The  other  folid  is  contained  by  the  fame  three  tri- 
angles, the  common  vertex  of  which  is  G,  and  their  bafes  AB, 
BC,  CA ;  and  by  three  other  triangles,  of  which  the  com- 
mon vertex  is  the  point  F,  and  their  bafes  the  fame  ftraight 
lines  AB,  BC,  CA  :  Now  the  three  triangles  GAB,  GBC, 
GCA  are  common  to  both  folids,  and  the  three  others  EAB, 
EBC,  EGA  of  the  firft  folid  have  been  fhown  equal  and  fi- 
milar to  the  three  others  FAB,  FBC,  FC  A  of  the  other  fo- 
lid, each  to  each  ;  therefore,  thefe  two  folids  are  contained  by 
the  fame  number  of  equal  and  fimilar  planes  :  But  that  they 
are  not  equal  is  manifelt,  becaufe  the  firft  of  them  is  contained 
in  the  other  :  Therefore  it  is  not  univerfally  true,  that  folids 
are  equal  which  are  contained  by  the  fame  number  of  equal 
and  fimilar  planes." 

"  Cor.  From  this  it  appears,  that  two  unequal  folid  angles 
may  be  contained  by  the  fame  number  of  equal  plane  angles." 
"  For  the  folid  angle  at  B,  which  is  contained  by  the  four 
plane  angles  EBA,  EBC,  GBA,  GBC  is  not  equal  to  the  fo- 
lic! angle  at  the  fame  point  B,  which  is  contained  by  the  four 
plane  angles  FBA,  FBC,  GBA,  GBC  *,  for  this  laft  contains 
*  2  the 
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the  other:  And  each  of  them  is  contained  by  four  piane  Book  VII 
angles,  which  are  equal  to  one  another,  each  to  each,  or  are  w~ v"""" J 
the  felf  fame,  as  has  been  proved :  And  indeed,  there  may 
be  innumerable  folid  angles  all  unequal  to  one  another,  which 
are  each  of  them  contained  by  plane  angles  that  are  equal  to 
one  another,  each  to  each  :  It  is  likewife  manifeft,  that  the 
before  mentioned  folids  are  not  fimilar,  fince  their  folid  angles 
are  not  all  equal." 


PRO?.      X2tXIII. 

The  principal  departure  from  the  method  of  Euclid,  intro- 
duced into  this  Book,  refpecls  the  pyramid  ;  in  treating  of 
which,  the  method  of  exhaultions  is  firft  employed,  as  in  this 
proportion.  The  demonftration  ufed  here  has  the  advantage 
of  applying  very  generally  to  all  the  folids  whkh  require  that 
method,  and  which  can  be  treated  of  In  the  Elements  ;  and  it 
has  alfo  a  very  clofe  and  evident  affinity  to  the  methods  ufed 
hi  the  higher  geometry. 


BOOK      VIIL 


r|"^tiE  0bje£t  0f  tJiia  Book  being  to  compare  with  one  ana- Book  VIIL 
A  ther,  amd  with  the  parallelepiped,  the  folids  that  depend  u" m^Tmmmt 
on  the  circle,  it  is  neceflary  to  begin  with  the  quadrature  of 
that  figure,  or  the  comparifon  of  the  fpace  contained  within 
it  with  rectilineal  figures.  „  The  firft  eight  propositions  relate 
entirely  to  this  fubjecl,  and  contain  the  rules  both  for  finding 
the  length  ;  of  the  circumference  nearly,  and  alfo  the  fpace 
contained  within  it,  and  in  demonftrating  them,  I  have 
followed  partly  the  method  of  Thomas  Simpfon,  in  his  Ele- 
ments, and  partly  that  of  Archimedes,  in  his  Dimenjio  cir- 
cuit    As  the  foundation  of  the  propofition  for  finding  the 
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Book  VIII.  length  of  the  circumference,  an  Axiom  is  prefixed  to  the  be- 
ginning of  this  Book,  the  fame  in  effecl:  with  that  which  Ar- 
chimedes employs  as  the  bans   of  his  inveftigation,  though 
fomewhat  more  conciiely  exprefTed.     I   have  already  taken 
notice  of  this  Axiom,  in  the  notes  on  parallel  lines,  (p.  372.) 
as  a  propolition  which  it   has  been  found  impoffible  to  de- 
monstrate, though  it  certainly  might  be  expected  to  follow 
neceffarily  from  the   ideas  of  a  ftraight,   and   a   curve  line. 
Another  thing  remarkable    concerning  this  Axiom  is,  that 
in  the  fimpleft  cafe  of  it,  when  the  figures  are  rectilineal, 
it  admits   of  demonftration  ;    for  it  then  coincides  with  the 
20th  and  21ft  of  the  firft  of  Euclid,  in  the  former  of  which  it 
is  fhewn,  that  any  two  fides  of  a  triangle  are  greater  than  the 
third,  and  in  the  latter,  that  of  two  triangles  which  have  the 
fame  bafe,  that  which  is  within  the  other,  has  the  fum  of  its  fides 
the  leaft.     But  when,  inftead  of  two  fides   of  a  triangle,  we 
have  a  curve  AEB,  and  a  ftraight  line 
AB  terminated   in   the  fame   points 
A  and  B,  it  then  ceafes  to  be  poflible 
to  prove,  that  AEB  is  greater  than 
AB ;  as    alfo,  that   any    curve   line 
which  includes   AEB,  and    is    ter- 
minated in  A  and  B,  is  greater  than 
AEB ;   and  the  truth  of  both  thefe  propofitions  muft  be  taken 
for  granted.     At  leaft,  after  Archimedes  has  confidered  them 
as  Axioms,  we  may  reafonably  defpair  of  ever  feeing  them 
demonflrated.     Here,  therefore,  we  find  ourfelves  under  the 
necemty  of  taking  for  granted  a  general  propofition,   after 
having  demonflrated  the  fimpleft  cafe  of  it.     For  all  this,  the 
trouble  taken,  to  demonftrate  that  cafe,  ought  not  to  be  confi- 
dered as  fuperfluous,  for  we  are  thereby  prepared  to  admit  the 
general  Axiom,  and  have  the  Satisfaction  of  obferving  its  per- 
fect agreement  with   truths,  previoufly  demonflrated.     It  is 
probably  from  the  circumftance,  of  a  curve  line  having  no 
definition,  but  one  which  is  merely  negative,  viz.  that  it  is  al 
line  of  which  no  part  is  a  ftraight  line,  that  the  impoflibijityl 
of  demonstrating  this  propofition  takes  its  rife. 
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PROP.  IV.    V.    &c. 

The  demonftrations  of  the  5  th  and  6th  propofitions  require 
the  method  of  exhanftions,  that  is  to  fay,  they  prove  a  certain 
property  to  belong  to  the  circle,  becaufe  it  belongs  to  the  rec- 
tilineal figures  infcribed  in  it,  or  defcribed  about  it  according 
to  a  certain  law,  in  the  cafe  when  thofe  figures  approach  to 
the  circle  fo  nearly  as  not  to  fall  fhort  of  it,  or  to  exceed  it 
by  any  afiignable  difference.  This  principle  is  general,  and  is 
the  only  one  by  which  we  can  poffibly  compare  curvelineal, 
with  rectilineal  fpaces,  or  the  length  of  curve  lines  with  the 
length  of  ftraight  lines,  whether  we  follow  the  methods  of  the 
ancient  or  of  the  modern  geometers.  It  is,  therefore,  a  great 
injuftice  to  the  latter  methods  to  reprefent  them  as  {landing 
on  a  foundation  iefe  fecure  than  the  former ;  they  fland  in 
reality  on  the  fame,  and  the  only  difference  is,  that  the  ap- 
plication of  the  principle,  common  to  them  both,  is  more  ge- 
neral and  expeditious  in  the  one  cafe  than  in  the  other. 
This  identity  of  principle,  and  affinity  of  the  methods 
ufed  in  the  elementary  and  tire  higher  mathematics,  it  feems 
the  more  neceffary  to  obferve,  that  fome  learned  mathe- 
maticians have  appeared  not  to  be  fufficiently  aware  of  it, 
and  have  even  endeavoured  to  demonflrate  the  contrary.  An 
inftance  of  this  is  to  be  met  with  in  the  preface  of  the 
valuable  edition  of  the  works  of  Archimedes,  lately  print- 
ed at  Oxford.  In  that  preface,  Torelli,  the  learned  com- 
mentator, whofe  labours  have  done  fo  much  to  elucidate 
the  writings  of  the  Greek  geometer,  but  who  is  fo  unwilling 
to  acknowledge  the  merit  of  the  modern  analyfis,  undertakes 
to  prove,  that  it  is  impoffible  from  the  relation  which  the  rec- 
tilineal figures  infcribed  in,  and  circumfcribed  about,  a  given 
curve,  have  to  one  another,  to  conclude  any  thing  concerning 
the  properties  of  the  curvelineal  fpace  itfelf,  except  in  certain 
circumftances  which  he  has  not  precifely  defcribed.  With 
this  view  he  attempts  to  fhew,  that  if  we  are  to  reafon  from 
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Book  VI II. {fog  relation  which  certain  rectilineal  figures  belonging  to  the 
"r~v"""  circle  have  to  one  another,  notwithstanding  that  thofe  figures 
may  approach  fo  near  to  the  circular  fpaces  within  which 
they  are  infcribed,  as  not  to  differ  from  them  by  any  affign- 
able  magnitude,  we  fhall  be  led  into  error,  and  mall  leem  to 
prove^  that  the  circle  is  to  the  fquare  of  its  diameter  exact- 
ly as  3  to  4.  Now,  as  this  is  a  conclufion  which  the  dis- 
coveries of  Archimedes  himfelf,  prove  fo  clearly  to  be  falfe, 
Toreili  argues,  that  the  principle  from  which  it  is  deduced 
mull  be  falfe  alfo ;  and  in  this  he  would  no  doubt  be 
right,  if  his  former  conclufion  had  been  fairly  drawn.  But  the 
truth  is,  that  a  very  grofs  paralogifm  is  to  be  found  in  that 
part  of  his  reafoning,  where  he  makes  a  tranfition  from 
the  ratios  of  the  fmall  rectangles,  infcribed  in  the  circular 
fpaces,  to  the  ratios  of  the  funis  of  thofe  rectangles,  or 
of  the  whole  rectilineal  figures.  In  doing  this,  he  takes 
for  granted  a  propofition  which,  it  is  wonderful,  that  one  who 
had  iludied  geometry  in  the  fchool  of  Archimedes,  fhould  for 
a  moment  have  fuppofed  to  be  true.  The  propofition  taken 
in  the  fimpleit  view  of  it  is  this  :  If  A,  B,  C,  D,  E,  F,  be 
any  number  of  magnitudes,  and  a,  b,  c,  d,  e,  f,  as  many 
others  ;  and  if  A  :  B  : :  a  :  b, 

C  :  D  : :  c  :  d, 

E  :  F  :  ;  e  :  f,  then  the  fum  of  A,  C  and  E 
will  be  to  the  fum  of  B,  D  and  F,  as  the  fum  of  a,  c  and  e, 
to  the  fum  of  b,  d  and  f  •,  or  A-f-C-f  E  •  B-j-D+F  :  :  a-f-c-j-e  : 
b-f-dff.  Now,  this  propofition,  which  Toreili  fuppofes  to  be 
perfectly  general,  is  not  true,  except  in  two  cafes,  viz.  either 
firft,  when 


A 

:C: 

:  a 

:  c,  and 

A 

:E: 

:  a 

e ;  and  confequently, 

B 

D  : 

:b 

d,  and 

B 

:F: 

:b 

.  f  ;    or,  fecpndly,  when  all 

the  ratios  of  A  to  B,  C  to  D,  E  to  F,  &c.  are  equal  to  one 
another.  To  xlemonflrate  this,  let  us  fuppofe  that  there  are 
four  magnitudes,  and  four  others, 

thus,  A  :  B  :  :  a  :  b,  and 

C  :  D  :  ;  c  :  d,  then  we  cannot  have 
A  +  C  :  B-f  D  :  :  a-f-c  :  b-fd,  unlefs  either,  A  :  C  :  :  a  :  c,  and 
B  :  D  :  :  b  :  d  \  or  A  :  C  :  :  b  :  d,  and  confecmently  a  :  b  :  : 
c:d. 

3  Take 
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Take  a  magnitude  K,  fuch  that  a  :  c  :  :  A  :  K,  and  another  Book  VIIL 
L,  fuch  that  b  :  d  :  :  B  :  L  ;  and  fuppofe 
it  true,  that  A+C  :  B+D  :  :  a+c  :  b+d. 
Then,  becaufe  by  inverfion,  K  :  A  : : 
c  :  a,  and,  by  hypothefis,  A  :  B  :  :  a  :  b, 
and  alfo  B  :  L  : :  b  :  d,  ex  &quo,  K  :  L  :  : 
c  :  d  j  and  confequently,  K  :  L  : :  C  :  D. 


K,  A,  B,  L. 

c,    a,    b,   d. 


Again,  becaufe  A  :  K  : :  a  :  c,  by  addition, 

A+K  :  K  :  :  a-fc  :  c  \  and,  for  the  fame  reafon, 

B+L  :  L  :  :  b+d  :  d,  or,  by  inverlion, 

L  :  B+L  : :  d  :  b+d.     And,  fince  it  has  been, 

fhewn,  that  K  :  L  :  :  c  •  d  *,  therefore,  ex  aquo, 


I    A+K,  K,  L,  B+L. 
a+c,     c,   d,     b+d. 


A+K  :  B-j-L  :  :  a+c  :  b-fd;  but  by  hypothefis, 
A-fC  :  B+D  : :  a+c  :  b-f-d,  therefore 
A+JS: :  AH-C  : :  B+L  :  B+D. 

Now,  firft,  let  K  and  C  be  fuppofed  equal,  then,  it  is  evi- 
dent, that  L  and  D  are  alfo  equal ;  and  therefore,  fince  by 
conftrucTion  a  :  c  :  :  A  :  K,  we  have  alio  a  :  c  :  :  A  :  C  ;  and, 
for  the  fame  reafon,  b  :  d  : :  B  :  D,  and  thefe  analogies  form 
the  firft  of  the  two  conditions,  of  which  one  is  affirmed  above 
to  be  always  effential  to  the  truth  of  Torelli's  propofition. 

Next,  if  K  be  greater  than  C,  then,  fince 

A+K  :  A+C  :  :  B+L  :  B+D,  by  divifion, 
A+K  :  K— C  :  :  B+L  :  L— D.     But,aswasfhewn, 
K  :  L  :  :  C  ;  D,  by  converfion  and  alternation, 
K — C  :  K  :  ;  L — D  :  L,  therefore,  ex  cequo> 
A+K  :  K  :  :  B+L  :  L,  and,  laftly,  by  divifion, 
A  :  K  : :  B  :  L,  or  A  :  B  : :  K  :  L,  that  is, 
A  :  B  :  :  C  :  D. 


Wherefore,  in  this  cafe  the  ratio  of  A  to  B  is  equal  to  that 
of  C  to  D,  and  confequently,  the  ratio  of  a  to  b  equal  to  that 

of 
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-00k^V1!1  of  c  t0  d-  The  fame  ma7  be  fliewn,  if  K  is  lefs  than  C ;  there- 
fore, in  every  cafe  there  are  conditions  neceiTary  to  the  twith 
of  Torelli's  propofition,  which  he  does  not  take  into  account, 
and  which,  as  is  eafily  fliewn,  do  not  belong  to  the  magni- 
tudes to  which  he  applies  it. 

In  confequence  of  this,  the  conclusion  that  is  meant  to  be 
eiiahlifhed  refpecling  the  circle  falls  entirely  to  the  ground, 
and  with  it  the  more  general  inference  that  was  aimed  again  ft 
the  modern  analyfis. 

It  will  not,  I  hope,  be  imagined,  that  I  have  taken  notice 
of  thefe  circumftances  with  any  defign  to  leffen  the  reputation 
of  the  learned  Italian,  who  has  in  fo  many  refpefts  deferved 
well  of  the  mathematical  fciences,  or  to  detract  from  the  va- 
lue of  a  poilhumous  work,  which,  by  its  elegance  and  correcl- 
nefs,  does  fo  much  honour  to  the  Englifh  editors.  But  I  would 
warn  the  ftudent  againft  that  fpirit  of  party,  which  feeks  to 
introduce  itfelf  even  into  the  inveftigations  of  geometry,  and 
to  perfuade  us,  that  elegance,  and  even  truth,  are  qualities 
poffeffed  exclufively  by  the  ancient  methods  of  demonstration. 
The  high  tone  in  which  Torelli  cenfures  the  modern  mathe- 
matics, is  the  more  calculated  to  produce  an  opinion  of  this 
kind,  that  it  is  affumed  by  one  who  had  ftudied  the  writings 
of  Archimedes  with  fo  much  diligence  ;  and  therefore,  the  ob- 
servations, that  have  been  made  above,  may  be  ufeful,  by 
teaching  us  to  liiten  with  caution  to  his  deciiions. 


PROP.      VII. 


This  propofition  is  the  foundation  of  the  application  of 
arithmetic  to  geometry,  and  may  be  faid  to  be  the  truth  that 
connefts  together  thefe  two  branches  of  the  mathematics, 
though,  in  elementary  treatifes,  I  think,  it  has  for  the  moft 
part  been  omitted.  In  no  cafe  do  we  compute,  in  numbers, 
the  area  of  any  figure,  or  even  calculate  the  length  of  a 
lide  of  a  triangle,  from  the  other  parts  which  determine  it 
being  given,  without  having  recourfe  to  this  Theorem.  If, 
for  inftance,  from  having  two  /ides  of  a  right  angled  triangle 
as  ABC  expreffed  in  numbers,  we  would  compute  the  length 
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of  the  remaining  fide  BC,  we  muft  make  ufe  of  this  propo- Book  VII r. 
fition,  as  well  as  of  the   47th  of  v  "^ 

the  firft  Eook.  If,  for  inftance, 
AB=6,  and  AC=8,  and,  if  it  be 
required  to  find  BC  ;  then,  fince 
AB  is  to  AC  as  6  to  8,  the 
fquare  of  AB  will  be  to  the 
fquare  of  AC?  by  this  propofition, 


,s  6x6  to  8x8,  or  as  36  to  64, 


and  therefore,  alfo  the  fum  Gf  the 
fquares  on  AB  and  AC  wTill  be 
to  the  fquare   of  AB  as   ico  to 

6.  But  the  fquares  of  AB  and  AC  are  equal  to  the  fquare 
of  BC  *,  therefore,  the  fquare  of  BC  is  to  the  fquare  of  AB  as 
ico  to  36,  and  therefore,  by  the  fecond  corollary,  BC  is  to 
BA  as  10  to  6.  It  is  the  fame  in  other  cafes;  and,  though 
the  fteps  may  not  all  be  taken  fo  regularly  as  is  done  here, 
they  are  neverthelefs  as  certainly  implied. 


PROP.     VIII. 


This  enunciation  is  the  fame  with  that  of  the  third  of  the 
Dimenjio  Circuli  of  Archimedes;  but  the  demonstration  is 
different,  though  it  proceeds,  like  that  of  the  Greek  geome- 
ter, by  the  continual  bileclion  of  the  6th  part  of  the  circum- 
ference. In  this  propofition  a  particular  notation  is  ufed,  by 
putting  the  fign  -f  after  a  number,  to  denote  that  fome  thing 
is  to  be  added  to  it,  and  the  iign  — ,  to  denote  the  contrary. 
Thus,  when  it  is  {aid,  that  AQJs  to  AD  as  866.0254+  to  1000, 
this  Signifies,  that  AQJis  to  AD  as  a  number  greater  than 
866x254  is  to  1000,  and  it  is  the  fame  thing  with  faying,  that 
AQJias  to  AD  a  greater  ratio  ^-than  866.0254  to  1000.  la 
the  lame  manner,  when  it  is  demonstrated  in  the  fecond  part 
of  the  propofition,  that  LN  is  to  CD  as  32.7x927 —  to  1000, 
it  is  meant,  that  LN  is  to  CD  as  a  number  lefs  than  32.7  1927 
to  1000,  or  that  LN  has  to  CD  a  lefs  ratio  than  that  of 
32.71927  to  1000. 

The  advantage  that  refults  from  this  mode  of  expreflion  is, 
that  when  we  are  to  reafon  about  the  fums  or  diiferences  of 
two  lines,  of  which  the  ratio  is,  thus  exprefled,  it  can  be  dons 
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BookVIIT,  by  ^  fimple  addition  or  divifion  of  proportionals,  without 
*  '  any  new  propofition.  Thus,  when  it  is  fhewn  that  AQj  or 
which  is  the  fame,  DH  is  to  DA  as  866.0254+  to  1000,  it  i; 
evident  from  the  1 8th  of  the  -5th,  that  DH  and  DA  toge 
ther,  thas  is,  AH  is  to  DA  as  1866.0254+  to  1000  ;  whereas, 
if  it  had  been  faid  that  DH  is  to  DA  in  a  greater  ratio  than 
866.0254  to  1000,  a  fepurate  propofition,  or  lemma,  mufl  have 
been  introduced,  for  the  exprefs  purpofe  of  proving  that  HA 
has  to  D  \  a  greater  ratio  than  1866.0254  to  1000. 

It  mufl:  alfo  be  attended  to,  in  reading  this  propofition,  that 
the  fecond  figure  is  a  part  of  the  firft,  reprefented  on  a  larger 
fcale,  for  the  fake  of  rendering  the  fmall  divifions  of  the  cir- 
cumference, and  the  lines  belonging  to  them,  more  diitincl. 
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